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1. Introduction A central modeling primitive in mathematical optimization is the disjunc-
tive constraint: any feasible solution must satisfy at least one of some fixed, finite collection of
alternatives. This type of constraint is general enough to capture structures as diverse as boolean
satisfiability, complementarity constraints, special ordered sets, and (bounded) integrality. The
special case of polyhedral disjunctive constraints corresponds to the form

relJ P (1)

where we have that each P* CR" is a polyhedron. In this work, we will focus on V-polyhedra; that
is, we have a description of the P’ in terms of their extreme points ext(P?).

We are particularly interested in the case where constraint (1) is primitive, or a basic building
block for a much more complex optimization problem. For this reason, we are interested in mod-
eling it in a generic, composable way. In particular, if (1) is embedded in a larger, more complex
optimization problem

min xz,y), 2
o n () (2)

we hope for a mathematical description sufficiently structured such that we may use more advanced
algorithmic approaches, beyond naive enumeration, to solve (2). In particular, ) could be described
by any number of different types of constraints: linear inequalities, conic constraints, integrality
conditions, or additional disjunctive constraints. In this context, it is well known that merely con-
structing the convex hull Comv(U?:1 P?") is not sufficient for solving (2); we will need a formulation
for UL, P directly.
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Mixed-integer programming (MIP) has emerged as an incredibly expressive modeling methodol-
ogy, with advanced computational methods capable of solving many problems of practical interest,
often at very large scale [13, 30]. Constraint (1) with polyhedral sets P is particularly well-suited
for a mixed-integer programming approach. Indeed, standard formulations for (1) were presented
in [29], and are ideal, or as strong as possible with respect to their continuous linear programming
relaxations (see Section 4.1 for a formal definition). However, this formulation requires introducing
d auxiliary binary variables, which may be impractically large, especially in the context of the
larger problem (2).

However, it is sometimes possible to construct ideal formulations with considerably fewer auxil-
iary variables. In particular, a string of recent work [3, 42, 53, 57| has presented ideal formulations
for certain highly structured constraints such as SOS2 [9] with only O(log(d)) auxiliary binary vari-
ables and additional constraints (excluding variable bounds). Moreover, these formulations have
proven practically useful, and indeed are the most performant by a significant margin for a large
swath of instances of the problem classes to which they have been applied [55]. However, building
these formulations is complex and ad-hoc, hindering the construction, analysis, and implementation
of such formulations for new constraints.

One relatively generic and versatile approach to construct small ideal formulations is the indepen-
dent branching (IB) scheme framework introduced by Vielma and Nemhauser [57]. The approach
is to find some (particularly structured) polyhedra Q7 and Q%7 such that (1) can be rewritten as

L= N, @7ue>). (3)

This represents the disjunctive constraint in term of a series of simple choices between two alter-
natives. Given such a representation, it is often straightforward to construct a simple, small, and
ideal formulation for (1) by formulating each of the t alternatives separately, and then combining
them. Furthermore, when the polyhedra P’ are V-polyhedra, the construction of the independent
branching scheme-based formulation is purely combinatorial, based on the extreme points that are
shared between the different polyhedra P‘. As we will see, we can therefore approach formulating
(1) combinatorially, by studying the shared structure amongst the extreme points.

In this work we generalize and provide a systematic study of the applicability and limitations
of the independent branching approach. The contributions of this work can be categorized in the
following way.

1. We generalize the notion of independent branching schemes to allow for multiple alternatives,
and provide an exact characterization of when there exists any independent branching represen-
tation for (1), in terms of the graphical representation of the shared extreme points amongst the
polyhedra P?. In particular:

(a) We demonstrate that the widely-used cardinality constraints cannot be expressed by any
independent branching scheme with few alternatives. We argue that this negative result provides
theoretical justification for the practical observation that both MIP formulations and simple con-
straint branching schemes struggle with modeling cardinality constraints effectively.

(b) We show that arbitrary piecewise linear functions in the plane can be modeled with at
most three alternatives, and provide a polynomial-time verifiable condition for representability
with two alternatives.

(c) We argue that nonconvex polygonal set avoidance constraints are always representable
with two alternatives.

2. We provide an exact characterization for when there exists a two-alternative independent
branching representation for (1) of size t, in terms of the classical biclique covering problem.
This relation allows the algorithmic construction of small independent branching formulations
for (1). In particular, we study and apply simple properties of biclique covers and their composition
to systematically construct explicit descriptions of small independent branching formulations for
special structures.
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3. We apply our framework to a variety of constraints of the form (1) to give an indication of the
expressive power of the IB scheme approach and the advantage of using biclique cover techniques
to construct formulations. In particular:

(a) We review and develop several generic properties of biclique covers that lead to systematic
construction techniques. Using these techniques we construct explicit, small (i.e. logarithmic in d),
ideal formulations for generalizations of the special ordered sets of Beale and Tomlin [9], piece-
wise linear functions over arbitrary 2-dimensional grid triangulations, and outer-approximating
discretizations of multilinear terms. This last formulation generalizes the popular logarithmically-
sized formulation of Misener et al. [40, 41] for nonconvex quadratic optimization, which we show
is not ideal in general.

(b) We provide matching lower bounds for these constructions, showing that they are asymp-
totically optimal with respect to the size of any possible MIP formulation.

2. Preliminaries: Definitions, notation, and nomenclature A (bounded) V-polyhedra
(or polyhedra in V-form) is a set P C R™ that can be expressed as

P:Conv(V)d:Ef{ZAvv:)\eAV}

veV

for some finite set of vectors V C R™, where AV £ {\ e RY : 3" o Ay =1} is the standard simplex.
According to the celebrated Minkowski-Weyl Theorem (e.g. [15, Corollary 3.14]), any polyhedral
disjunctive constraint (1) can be expressed as the union of V-polyhedra in terms of their extreme
points ext(P?)*.

When the disjunctive constraint (1) is a union of V-polyhedra, it suffices to consider only the
combinatorial structure of the extreme points of the polyhedra P¢. To see why, consider J =
UL, ext(P?) as the ground set and take 8§ = {ext(P?)}?_, C 2”7 as the collection of extreme points
for each of the polyhedra. We can then define a corresponding disjunctive constraint that is purely
combinatorial on the sets 8.

DEFINITION 1. A combinatorial disjunctive constraint (CDC) induced by the sets 8 is

AeCDC(8) = | Q(9),

Ses8

where Q(S) = {\ € A7 : \j\g <0} is the face that S C J induces on the standard simplex.
Combinatorial disjunctive constraints may also appear as natural primitive constraints that do

not explicitly arise from unions of V-polyhedra, as we will see in Sections 3.2 and 3.3. However,

when they do arise from unions of V-polyhedra, it is straightforward to construct a corresponding

formulation for (1) as
{Z AU : )\GCDC(S)}. (4)

veJ

One advantage of this approach is that formulation (4) allows us to divorce the problem-specific
data (i.e. the values v € J) from the underlying combinatorial structure encapsulated in CDC(S).
As such, we can construct a single, strong formulation for a given structure CDC(8) and this formu-
lation will remain valid for transformations of the data, so long as this transformation sufficiently
preserves the combinatorial structure of CDC(S8). For instance, if {P"}?:1 are the polyhedra for the
original constraint represented by CDC(S), and {P?}%, are those associated with the new data,

! For the moment we are assuming that the P are bounded; the unbounded case is more delicate, as we will discuss
shortly.
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then a sufficient condition for the formulation of CDC(8) yielding a valid formulation for U?Zl Pi
is the existence of a bijection 7:.J — J (with J = J{_, ext(P") and J = J;_, ext(P")) such that

v € ext(P?) <= 7(v) € ext(P?) Vie[d],veJ, (5)

where [d] £ {1,...,d}. In this way, we can construct a single small, strong formulation for CDC(S),
and use it repeatedly for many different “combinatorially equivalent” instances of the same con-
straint.

We note that one subtle disadvantage of this data-agnostic approach is that, even if condition
(5) is satisfied, the resulting formulation for Ule P’ may be larger than necessary. An extreme
manifestation of this would be when the new polyhedra { P}, are such that P, C P, for all i € [d].
In this case, Ule Pi=P' and so formulating this does not require a MIP formulation at all. Less
pathological cases could occur where some subset of the disjunctive sets become redundant after
changing the problem data. However, we note that in many of the applications considered in this
work, the combinatorial representation leads to redundancy of this form only in rare pathological
cases (e.g. Sections 3.1 and 3.5). In the remaining cases we will take care to consider, for example,
the geometric structure of the data before constructing the disjunctive constraint (e.g. Section 6.2).

Finally, we also note that if we wish to model the case where the polyhedra P’ are unbounded, a
result of Jeroslow and Lowe [29] [52, Proposition 11.2] tells us that we may only construct a (binary)
MIP formulation for (1) if the recession cones coincide for each P’. In the case this condition is
met, we may formulate (1) with

{E:&w+§:uw:AGCDC@%uERf}, (6)
ved

reR

where R is the shared set of extreme rays for each of the P’. Therefore, we will restrict our
attention to the case where each of the P’ are bounded, as formulating the unbounded case is a
straightforward extension.

In the remainder of the paper, we will make the following assumptions on 8 that are without
loss of generality.

ASSUMPTION 1. We assume the following about S.
e 8 is irredundant: there do not exist distinct S,T € 8 such that S CT.
e 8 covers the ground set: | Jg .S =J.

We will say that a set S C J is a feasible set with respect to CDC(8) if Q(S) C CDC(8) (equiv-
alently, if S CT for some T € 8) and that it is an infeasible set otherwise.

3. Motivating examples As mentioned, we can represent any polyhedral disjunctive con-
straint (1) as the union of V-polyhedra. However, there are many disjunctive constraints for which
the V-form of (1) is especially natural. We now present some as running examples that we will
return to throughout.

One motif to appear repeatedly will be the graph of a continuous piecewise linear function. That
is, given some bounded domain 2 C R™ and some polyhedral partition szl P"=Q (i.e. the relative
interiors do not overlap?), we are interested in modeling a continuous function f: £ — R such that
x € P! = f(z) = a'x + b; for some appropriate a’ € R" and b € R. In order to model the graph
gr(f;Q) Z{(z, f(x)): 2 € Q}, we can construct a formulation for CDC(S) (with 8 = {ext(P!)},)
and express

gdf%={§:AA%f@DIA€CDCGﬁ}a (7)

veJ

2 Formally, relint(P*) Nrelint(P?) =@ for each i # j.
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where we will use the notation gr(f) = gr(f;Q) when  is clear from context.?

3.1. Univariate piecewise linear functions and the SOS2 constraint Consider a uni-
variate (nonconvex) piecewise linear function f characterized by N breakpoints ' <22 <... <.
We may model the graph of this function via (7), where 8§ = {{z?, 271} :j € [N —1]}.

As long as the ordering of the breakpoints is preserved, it is easy to see that condition (5) will
be satisfied for any transformations of the problem data. Furthermore, the only case in which
knowledge of the specific data {(z7, f(27))}?_, allows the simplification of the original disjunctive
representation of gr(f) is when f is affine in on two adjacent intervals, e.g. affine over [z7, 2772
for some j € [IN — 2]. Therefore, the potential disadvantage of disregarding the specific data when
formulating the constraint occurs only in rare pathological cases which are easy to detect.

For this reason, we will strip out the problem data and instead express the constraint with
respect to the indices j of the vertices {/}},. That is, we take J = [N] and write 8§ = {{r,7+1}:
7 € [N —1]} to emphasize the data independence of the constraint and highlight the combinatorial
structure. In this form, we can recognize the special ordered set of type 2 (SOS2(/V)) constraint of
Beale and Tomlin [9], which requires that at most two components of A may be nonzero, and that
these nonzero components must be consecutive in the ordering on J.

3.2. SOSkK A generalization of the special ordered sets considers the case where at most k
consecutive components of A may be nonzero at once. In particular, if J = [N], we have 8§ =
{{r,7+1,...,7+k—1}:7 € [N — k+1]}. This constraint may arise, for example, in chemical
process scheduling problems, where an activated machine may only be on for k£ consecutive time
units and must produce a fixed quantity during that period [21, 33].

3.3. Cardinality constraints An extremely common constraint in optimization is the car-
dinality constraint of degree £, where at most £ components of A may be nonzero. This corresponds
to 8 ={I C J:|I| =¢}. A particularly compelling application of the cardinality constraint is in
portfolio optimization [11, 12, 14, 54|, where it is often advantageous to limit the number of invest-
ments to some fixed number ¢ to minimize transaction costs, or to allow differentiation from the
performance of the market as a whole.

3.4. Discretizations of multilinear terms Consider a multilinear function f(z1,...,z,) =
[T]_, ; defined over some box domain “ [[,u] C R". This function appears often in optimization
models [22], but is nonconvex, and often leads to problems which are difficult to solve to global
optimality in practice [5, 47, 58]. As a result, computational techniques will often “relax” the graph
of the function gr(f) with a convex outer approximation, which is easier to optimize over [49].*

For the bilinear case (7= 2), the well-known McCormick envelope [38] describes the convex hull
of gr(f). Although traditionally stated in an inequality description, we may equivalently describe
the convex hull via its four extreme points, which are readily available in closed form. For higher-
dimensional multilinear terms, the convex hull has 2" extreme points, and can be constructed in a
similar manner (e.g. see equation (3) in [36] and the associated references).

Misener et al. [40, 41] propose a computational technique for optimizing problems with bilinear
terms where, instead of modeling the graph over a single region Q = [I, u] C R?, they discretize the
region in a regular fashion and apply the McCormick envelope to each subregion. They model this
constraint as a union of polyhedra, where each subregion enjoys a tighter relaxation of the bilinear

3 We note that the results to follow can potentially be extended to certain discontinuous piecewise linear functions
by working instead with the epigraph of f; we point the interested reader to [55, 56] for further discussion.

4 Note that these relaxations are useful in the context of global optimization, coupled with algorithmic techniques
such as spatial branch-and-bound.



Huchette and Vielma: A combinatorial approach for disjunctive constraints
6 Article submitted to Mathematics of Operations Research; manuscript no. (Please, provide the manuscript number!)

term. Additionally, they propose a logarithmically-sized formulation for the union. However, it is
not ideal (see Appendix A), it only applies for bilinear terms (n =2), and it is specialized for
a particular type of discretization (namely, only discretizing along one component x;, and with
constant discretization widths {h},, —h} };ll:;l).

For a more general setting, we have that the extreme points of the convex hull of the graph
Conv(gr(f)) are given by {(z, f(x)) : x € ext(2)} [36, equation (3)], where it is easy to see that
ext(Q) =[1"_,{li,u;}. Consider a grid imposed on [[,u] C R; that is, along each component i € [n],
we partition [I;,u;] along the points I; = h} < h) <--- <hj _, <h} =wu,. This yields [, (d; — 1)
subregions; denote them by R < {IT. [h, b ] - k€ TT [ds — 1]}

We can then take the polyhedral partition of € given by PR < Conv(gr(f; R)) for each subregion
R, the sets as 8§ = {ext(P")},_x, and the ground set as J =(J{S € 8}. In particular, we have that
J=TI_{h%,..., hi }. Analogously to the notational simplification we took with the SOS2 con-
straint, for the remainder we will take J =[["_,[d;] and 8 ={I[_, {ki,k: +1} : ke [, [d; — 1]}
We also note that condition (5) is satisfied as long as the ordering of the discretization is respected
along each dimension.

3.5. Piecewise linear functions in the plane and grid triangulations Consider a
(potentially nonconvex) region Q C R?. We would like to model a (also potentially nonconvex)
piecewise linear function f with domain over Q. Take {P*}% | as the set of pieces of the domain,
and the corresponding ground set as J = Ule ext(P") and sets as 8 = {ext(P")}%_,. We may then
model the piecewise linear function via the graph representation (7).

An important special case occurs when the function f is affine over a triangulation of a grid
similar to the one used for multilinear terms. A description of the associated CDC that emphasizes
its combinatorial structure can be obtained through the same simplification from Section 3.4 as
follows. Consider a rectangular region in the plane Q = [1, M] x [1, N], and the regular grid points
J=A{1,...,M} x{1,...,N}. A grid triangulation 8 of {2 is then a set § where:

e Each S €8 is a triangle: |S| =3.

e 8 partitions Q: [Jg g Conv(S) = and relint(Conv(S)) Nrelint(Conv (7)) =} for each distinct
S, T eS8.

e §is on a regular grid: S C J for each S €8, and ||v — w|| <1 for each v,w € S.

As concrete examples, consider Figure 1, where we depict three different triangulations with M =
N = 3. Grid triangulations are often used to model bivariate, non-separable, piecewise linear func-
tions using (7) [55, 57]. Furthermore, any formulation constructed for a given grid triangulation
can be readily applied to any other grid triangulation obtained by shifting the grid points in the
plane, so long as the resulting triangulation is strongly isomorphic to, or compatible with, the
original triangulation [4].

FIGURE 1. Three grid triangulations of Q = [1,3] x [1,3]: the Union Jack (J1) [51] (Left), the K1 [34] (Center), and
a more idiosyncratic construction (Right).
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3.6. Obstacle avoidance Consider an unmanned aerial vehicle (UAV) which you would like
to navigate through an area with fixed obstacles. At any given time, you wish to impose the
constraint that the location of the vehicle z € R? must lie in some (nonconvex) region Q C R?,
which is the plane, less any obstacles in the area. MIP formulations of this constraint has received
interest as a useful primitive for path planning [10, 19, 46, 39].

We may model x € Q by partitioning the region {2 with polyhedra such that = Ule Pt. Tra-
ditional approaches to modeling constraints (1) of this form use a linear inequality description for
each of the polyhedra P’ and construct a corresponding big-M formulation [45, 46], which will not
be ideal in general. In the V-polyhedra framework, we will instead take the P* as V-polyhedra that
partition €2, and be able to construct small, ideal formulations.

4. MIP formulations for combinatorial disjunctive constraints Using standard MIP
formulation techniques, we now present formulations for CDC(8) for comparison with our approach.
In particular, we will argue that the framework we will present later can lead to formulations that
are smaller (in terms of the number of auxiliary variables), and enjoy other favorable properties
we enumerate in Section 5.

4.1. MIP formulations: Definitions, size, and strength Formally, we say that a (binary)
MIP formulation F for a constraint = € () C R™! is the composition of linear inequalities (the linear
programming (LP) relazation, or just relaxation in the context of this work)

RE{(x,y,2) € [I”,u*] x [I¥,u¥] x [0,1]"% : Az + By + Cz < d}
with (binary) integrality conditions
FERNR™ xR™ x {0,1}"3) (8)

such that Proj,(F) = Q.° Finally, we assume R is line-free (i.e. has at least one extreme point),
which is satisfied by essentially all practical formulations.

Throughout, we will be interested in ways of understanding both the strength of a given formu-
lation, as well as in quantifying the size or complexity of a formulation. We say that a formulation
is ideal if each extreme point of the relaxation naturally satisfies the integrality conditions, i.e.
Proj, (ext(R)) € {0,1}"s. The choice of name is apt, as this is the strongest possible MIP formula-
tion we can expect.®

As a measure of the complexity of the formulation, we count the number of auxiliary continuous
variables y and continuous binary variables z used by the formulation, as well as the number of
inequalities in our description of R. We ignore the size of z, since this is intrinsic to the constraint we
wish to model. We will say that a formulation is extended if there are auxiliary continuous variables
y in the representation F' (that is, ny > 0) and non-extended otherwise (n, = 0). Furthermore, as
suggested by the definition of R, we distinguish between variable bounds (e.g. ¥ <y <wu¥) and
general inequalities (Az + By + Cz < d), as modern MIP solvers are able to incorporate variable
bounds with minimal extra computational cost. Finally, we note that from now on (with a single
exception), any statements regarding formulation properties or size will be with respect to the
combinatorial disjunctive constraint CDC(S), rather than the V-polyhedral disjunctive constraints
itself. In other words, all statements are with respect a fixed combinatorial structure, with no
possible simplifications from the specific data as discussed in Section 2. The sole exception will be
in Section 6.2, where we will make use of some geometric properties inherent in a given realization
of the data.

5 To handle the unbounded case, we allow the variable bounds [® < z < u® and [Y <y < uY to take infinite values.

6 An ideal formulation is also sharp, i.e. its relaxation projects down to the convex hull of the set we are formulating
(Proj, (R) = Conv(Q)).
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4.2. Existing formulations for combinatorial disjunctive constraints A standard for-
mulation for CDC(8) adapted from Jeroslow and Lowe [29] is

Ay = Z o YveJ (9a)
Seswes
Zg = va VS es (9b)
veS
Z zg=1 (9c)
ses
75 e A VS ed (9d)
(A, 2) € A7 x {0,1}5. (9e)

This formulation has d = |§| auxiliary binary variables, » ¢ |S| auxiliary continuous variables,
and no general inequalities. Additionally, it is ideal.

Using Proposition 9.3 from [52], we can construct an ideal MIP formulation with fewer auxiliary
binary variables:

Ay = E v YvedJ (10a)
Seswes
Sy e (10b)
Ses ves
ZZhS'yUS:z (10c)
Se8 ves
>0 VSes (10d)
z€{0,1}", (10e)

where {h%}scs € {0,1}" is some set of distinct binary vectors. This formulation is actually a
generalization of (9), which we recover if we take h® = e% € R® as the canonical unit vectors. If
instead we take r to be as small as possible (while ensuring that the vectors {h®}scs are distinct),
we recover r = [log,(d)]. Therefore, formulation (10) yields an ideal extended formulation for (1)
with [log,(d)| auxiliary binary variables, ). ¢ |S| auxiliary continuous variables, and no general
inequalities. The following corollary shows that this is the smallest number of auxiliary binary
variables we may hope for.

PROPOSITION 1. If the sets 8 are irredundant, then any binary MIP formulation for CDC(8)
must have at least [log,(d)] auziliary binary variables.

Proof See Appendix B. [

The formulations thus far have been extended formulations, as they are constructed by formu-
lating each polyhedra @ (S) separately and then aggregating them, rather than working with the
combinatorial structure underlying the shared extreme points. Therefore, each of these formulations
requires a copy of the multiplier 77 for each set S € § for which v € S, and so Z?zl IS| auxiliary
continuous variables total.

In contrast, we can construct non-extended formulations for CDC(8) that work directly on
the A variables and the underlying combinatorial structure of 8. An example of a non-extended
formulation for CDC is the widely used ad-hoc formulation (see [52, Section 6] and the references
therein) given by

MY oz el (11a)
SeS:weS
D zs=1 (11b)
Ses

(A z)e A7 x{0,1}5. (11c)
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This formulation is not necessarily ideal, and it requires no auxiliary continuous variables, d aux-
iliary binary variables, and |J| general inequalities.

In summary, we have seen an ideal extended formulation (10) for CDC(8) with relatively few
auxiliary binary variables, but relatively many auxiliary continuous variables. On the other end
of the spectrum, we have a non-extended formulation (11) with no auxiliary continuous variables,
but which requires relatively many auxiliary binary variables and which may fail to be ideal.
However, we know that in special cases we can construct ideal, non-extended formulations with
only O(log(d)) auxiliary variables and constraints (e.g. SOS1, SOS2, and particular 2-dimensional
grid triangulations [53, 57]). This work provides a framework for constructing such small, strong,
non-extended MIP formulations for CDC(8), which are automatically ideal, and in the best case
will have O(log(d)) auxiliary binary variables and general inequality constraints.

5. Independent branching schemes Vielma and Nemhauser [57] introduced the notion
of an independent branching scheme as a natural framework for constructing formulations for
combinatorial disjunctive constraints. The independent branching scheme is a logically equivalent
way of expressing a CDC in terms of a conjunction of dichotomies: that is, as a series of choices
between two (simple) options. This approach is parsimonious: if you are given an independent
branching scheme for a particular CDC, it is straightforward to construct an ideal formulation
whose size is on the order of the number of dichotomies. For our purposes, we present a generalized
notion, where we allow potentially more than two alternatives.

DEFINITION 2. A k-way independent branching (IB) scheme of depth t for CDC(8) is given by
a family of sets (L7,...,L}) (where each L] C .J) for j € [t], where

CDC(S) :ﬁ (

We say that such an IB scheme has depth t, and that each j € [t] yields a corresponding level of
the IB scheme Ule Q(L)), given by the k alternatives Q(L?).

An equivalent way of understanding these representations, which we will be using for the remain-
der of this work, is by eschewing the polyhedra Q(Lg) and working directly on the underlying set
Lf That is, a valid k-way IB scheme satisfies the condition that

k

Q(L§)> : (12)

T C J is a feasible set <= Vj € [t], Ji € [k] s.t. T C L.

First, we observe that, due to our assumption that 8 covers the ground set, we have that for each
element v € J and level j € [t], there will be at least one alternative i € [k] such that v € L.
We will use this extensively in the analysis to come, as it simplifies some otherwise tedious case
analyses. Second, we see that this definition can capture potential schemes with a variable number of
alternatives in each level by adding empty alternatives LZ = (), provided we take k as the maximum
number of alternatives for all levels. For notational simplicity, we say that a 2-way 1B scheme is a
pairwise IB scheme, and in this case we write the sets as {(L’, R’)}!_, as in [57]. In contrast, we
will call the case with k> 2 a multi-way IB scheme.

In this form, we have replaced the monolithic constraint CDC(8) by t constraints, each of which
require the selection between k alternatives. We may then use standard techniques to construct a
corresponding mixed-integer formulation.

PROPOSITION 2.  Given an independent branching scheme {(L},..., L) t_, for CDC(S), the
following is a valid formulation for CDC(8):
YA <1-2 Vjielt]Vie[k] (13a)

J
vgL;
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Y d=1 Ve[ (13b)
Thea’ (13¢)
2 e{0,1}* Vvje[t]. (13d)

The formulation is known to be ideal for k=2 [55, 57]. It has no auxiliary continuous variables, kt
auxiliary binary variables, and kt general inequalities.

5.1. Constraint branching via independent branching-based formulations The
canonical algorithmic technique for solving mixed-integer programming problems is some variation
of branch-and-bound [35], which implicitly enumerates all possible values for the binary variables.
In its simplest form, a sequence of problems are solved, starting with the relaxation of the MIP
formulation, after which a binary variable z; is chosen for branching. That is, the current problem
is branched into two subproblems: one with the additional constraint z; <0, another with z; > 1.
Repeating this procedure, the subproblems form a (binary) tree whose leaves correspond to all
2"3 possible values for the n3 binary variables in formulation (8). At any given subproblem, the
augmented relaxation to be solved is described by the set of binary variables fixed to zero, and the
set of those fixed to one.

The spirit of constraint branching is to allow richer branching decisions. For example, a branch-
ing decision might be between k alternatives of the form {Q‘}*_,, where each Q' is formed by
adding a general inequality constraint to the existing relaxation at the current node. This con-
cept has significant overlap with the broader field of constraint programming [7, 28], which has
been recognized and exploited in the mixed-integer programming literature [1, 6, 25, 44, 48]. More
complex constraint branching can often lead to a more balanced branch-and-bound tree, which
can significantly improve computational performance (see, for example, [52, Section 8] and [59] for
more discussion). Combinatorial disjunctive constraints are a natural setting to apply constraint
branching directly on the continuous A variables [9, 18, 31, 32, 37]. Indeed, the classical examples
of the SOS1 and SOS2 constraints [9] show that we do not necessarily require a MIP formulation
(or the auxiliary binary variables z) for modeling combinatorial disjunctive constraints, as the
disjunction can be enforced directly through constraint branching on the A variables. These con-
straint branching approaches without auxiliary binary variables can be implemented in an ad-hoc
branch-and-bound procedure, or through branching callbacks available in some MIP solvers, such
as CPLEX. In theory, this approach should outperform a MIP formulation like (11) that introduces
additional variables and constraints. However, realizing this performance advantage in practice can
require significant effort and technical expertise. For instance, Vielma et al. [55, 56] observe that
the basic formulation (11) clearly outperformed the SOS2 branching implementation in CPLEX
v9.1. However, CPLEX v11 implemented an optimized version of SOS2 branching that used the
advanced branch selection techniques available for variable branching, reversing this performance
gap with respect the MIP formulation approach.

One way to avoid re-implementing the advanced branching selection techniques for a new
constraint branching approach is by constructing a MIP model that automatically inherits the
advanced constraint branch selection, but using the solvers traditional variable branching [6, 57].
For simplicity, assume that the constraint branching approach has ¢ branching options, each of
which creates k branches, and that each constraint added has support on the A variables, with
variable coefficients in {0, 1} and a zero right-hand-side. That is, branch ¢ € [k] of branching option
j € [[t] adds a constraint of the form ) ogLd Ay <0. This is equivalent to a multi-variable branching
approach that fixes groups of variables to zero, and it includes as special cases most constraint
branching approaches, including SOS1/SOS2 branching. Then (13) is a MIP formulation for this
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multi-variable constraint branching scheme, as variable branching on {z/}*_, enforces constraint
branching option j on the A variables.

This connection highlights the natural theoretical equivalence between a multi-variable branch-
ing and an independent branching formulation. A practical difference between the two is that
direct multi-variable branching must implement an explicit branch selection and implementation
routine, while an independent branching formulation inherits the variable branching selection and
implementation routines of the MIP solver. The upshot of this is that the independent branching
formulation must provide a complete catalog of all possible branching options up-front (i.e. through
the formulation), while direct multi-variable branching can have a large catalog of branching options
that are implicitly defined by the branching routines.

We finally note that, as discussed by Vielma and Nemhauser [57, Section 3], variable branching
on a non-IB formulation such as (10) can fix components of A to zero in a fashion that is dependent
on previous branching decisions. This is not the case with independent branching formulations,
hence the name. We review this independence property in detail in Appendix C.

6. Independent branching scheme representability To start, we observe that the inde-
pendent branching approach is not sufficiently general to capture every possible formulation for
CDC(8). In particular, there is the restriction that each alternative Q(L}) restricts the \ variables
to lie on a single face of the standard simplex. A natural first question is then: given a family of
sets 8, do any k-way IB schemes exist for CDC(8)? We provide an answer, based on a graphical
characterization of the constraint.

DEFINITION 3. Let H £ (J,€) be a hypergraph with hyperedge set £ C 27.

e The rank of H is r (H) € max {|E| : E € £}.

o A (weakly) independent set of H is a set U C J that does not contain any element of £ as a
subset.

e The conflict hypergraph of 8 is HE = (J,Es), where £ = {E C J : E is a minimal infeasible set}.

LEMMA 1. The mazimal independent sets S in HS are exactly the sets S € 8.

Proof If S € 8, it is obviously a feasible set, and so we have immediately that S is an independent
set in Hg. If it is not maximal, then we could add some v € J\S and maintain feasibility, which
would violate our nunredundancy assumption (i.e. SU{v}C S €8, S€8, and SCSCS").

If S is a maximal independent set in Hg, then it must be a feasible set with respect to 8 as well.
As it is maximal, there is no set S eS8 with S C S , and so we must have S €8 as well. [

THEOREM 1. A k-way IB scheme exists for CDC(8) if and only if r (HS) < k. In particular, if

) ) ) t
gg = {EJ = {ejl,...,e‘jEj‘}} -~
way IB scheme for CDC(Sﬁ is given by

y:{de}ismu

is the hyperedge set for the conflict hypergraph HS, then an r (H§)-
1

1= ST vie @)L e (14)

Proof To show the “if” direction, it suffices to show the validity of (14). First note that every
minimally infeasible set E7 € £ is rendered infeasible by level j, which implies that every infeasible
set is rendered infeasible as well. Then note that for any S € 8 and for any j € [t], we have E7 € S,
so there exists i € [|E7|] such that ] € E7\ S. Hence, S € L! and S is feasible for level j.

To show the “only if” direction, assume for a contradiction that there exists a k-way IB scheme
with k <r(HgS) — 1. Take a minimal infeasible set £ = {ey, ..., e, }€ Es, where r = r(Hg). Then take
j €[t] as a level of the IB scheme that renders FE infeasible. By the minimality of E, we have that,
for all £ € [r], there exists some i(£) € [k] such that E(£) < E\ {e,} C Lf(e). As k <r, we may apply



Huchette and Vielma: A combinatorial approach for disjunctive constraints
12 Article submitted to Mathematics of Operations Research; manuscript no. (Please, provide the manuscript number!)

the pigeonhole principle to see that there must exist some distinct £*, 2 € [r] such that i(¢') = i(£?),
and such that E(¢') C LZ(@) and E(¢*) C LZ(EQ). As E=E((")UE(¢?) and LZ(el) = Lg(EQ), this implies
that £ C Lz( oy which contradicts our supposition that level j rendering F infeasible. [

Throughout, we will say that CDC(8) is k-way IB-representable (or pairwise IB-representable

for k= 2) if it admits a k-way IB scheme.

6.1. Cardinality constraints Our first application of Theorem 1 is to derive a strong restric-
tion on the existence of multi-way IB schemes for the cardinality constraint.

COROLLARY 1. A cardinality constraint of degree £ is k-way IB-representable if and only if
k>{.

Proof Direct from Theorem 1 by observing that r (HS) =/¢+1. O

We observe that the IB scheme (14), when applied to the cardinality constraint, is a natural MIP
formulation for the “conjunctive normal form” [8], and is unlikely to be practical for even moder-
ately large £. In addition, both specialized constraint branching schemes for cardinality constraints
[27] and the binary variable branching induced by standard formulations for cardinality constraints
are quite imbalanced. The existence of a pairwise independent branching scheme for cardinality
constraints would likely have finally produced the sought-after balanced constraint branching. How-
ever, Corollary 1 implies that such a balanced constraint branching cannot be produced via 1B
schemes, or equivalently by constraint branchings that do not use general inequalities (i.e. are only
multi-variable branchings).

6.2. Polygonal partitions of the plane Consider a (nonconvex) bounded region in the
plane  C R? that describes all possible locations for a UAV, as described in Section 3.6. Assume
that Q can be partitioned into polyhedra { P'}¢_, such that |JI_, P = Q and relint(P?) Nrelint(P7) =
() for each distinct i,j € [d]. We note that this partition will not, in general, be unique, and its
selection can have a significant effect on questions of representability or formulation size. Figure 2
illustrates this for a convex region with a “hole.” The figure shows three ways to partition the
resulting nonconvex region into convex polyhedra. Once this partition is fixed, we describe the
associated polyhedra in V-form, and so the corresponding combinatorial disjunctive constraint is
given by 8§ = {ext(P")}¢_, and J = J{S € 8}. We additionally forbid polyhedra with “internal
vertices” by requiring that

vE P <= v cext(P) Vie[d],velJ, (15)

so that 8 corresponds to the maximal elements of a polyhedral complex [60, Section 5.1]. For
example, the second and third partitions in Figure 2 satisfy this condition, while the first does not.
In this setting, minimal infeasible sets have a natural characterization.

THEOREM 2. Take bounded 2 C R? and a polyhedral partition {P'}¢_, of Q satisfying the inter-
nal vertex condition (15). If 8 = {ext(P")}._,, then r (HE) < 3.

=1’

Proof Take some minimal infeasible hyperedge E € £ of Hg, assuming for contradiction that
r=|E| >3, and label the points F = {v'}!_,. First, we show that the points may not be in general
position, i.e. that w.l.o.g. v" € Conv({v’}/Z}). Then, we argue that the points not being in general
position implies that {v?};_] is also an infeasible set, violating the minimality condition.

Assume for contradiction that the points are in general position; that is, that none can be written
as a convex combination of the others. This implies that ext(Conv(F)) = E. Assume that the
ordering {v',...,v"} forms a path around the edges of Conv(F); that is, v* and v’ both lie on an

edge of Conv(E) if and only if |i —j| =1 or {4,j} = {1,r}.



Huchette and Vielma: A combinatorial approach for disjunctive constraints
Article submitted to Mathematics of Operations Research; manuscript no. (Please, provide the manuscript number!) 13

Choose some set S € § and some 2 < j < r such that v!,v7 € S and v? & S'; the associated poly-
hedron is P'. Such a set exists, else F is not a minimal infeasible set (choose instead E\{v?}). Now
choose S? € 8 such that v?,v" € S?; the associated polyhedron is P2. Such as set exists, as {v?,v"} C
E and F is minimal. As the nodes v',v? 07 v" are interlaced along the boundary of Conv(E), we
have that Conv({v',v’}) N Conv({v?,v"}) C Conv(E) is nonempty. As each of the four points is on
the boundary of Conv(FE), and the points are in general position, it follows that Conv({v',v7})N
Conv({v?,v"}) = relint(Conv({v',v’})) Nrelint(Conv({v?,v"})). Therefore, there must exist some
point y with y € relint(Conv({v*,v7})) C relint(P') and y € relint(Conv({v?,v"})) C relint(P?).
However, this implies that relint(P') Nrelint(P?) # @, which contradicts the assumption that our
sets partition the region €.

Finally, it just remains to show that {v?}/=} is also an infeasible set, and therefore {v'}’_, cannot
be a minimal infeasible set. Assume for contradiction that it is not: i.e. that there exists some j
such that {v'}7=} Cext(P7). But this implies that v" € J and v" € Conv(E) C P, yet v" ¢ ext(P’),
a contradiction of the internal vertices assumption. [

In other words, every polyhedral partition of the plane is 3-way independent branching-
representable, and pairwise IB representability can be checked in time polynomial in |J| (for exam-
ple, by enumerating the subsets of J of cardinality 3). To illustrate, in Figure 2 we depict the three
possible cases for a partition with respect to Theorem 2: 1) it does not satisfy the internal vertices
condition, 2) it admits a pairwise IB scheme (r(H$) =2), or 3) it does not admit a pairwise IB
scheme, but does admit a 3-way IB scheme (r(H§) = 3).

FI1GURE 2. Partitions of a nonconvex region in the plane obtained by removing a central non-convex portion from a
convex polyhedron. The first partition does not satisfy the internal vertices condition (15) (Left), the second partition
admits a pairwise IB scheme (Center), and the third partition admits a 3-way IB scheme but not a pairwise one
(Right).

Furthermore, we can argue that we can always represent a obstacle avoidance constraint in
such a way that it admits a pairwise IB scheme. Inspecting Figure 2, we see that the region  is
the same in each, and it is only the partition of 2 that can potentially lead to constraints that
are not pairwise IB-representable. Therefore, the obstacle avoidance constraint is invariant to the
specification of the partition, and if any polyhedral partitioning exists, then it is always possible
to construct one that satisfies the conditions of Theorem 2.7

"Note that this result does not carry over to piecewise linear functions over €2, as the choice of the partition is
intimately connected with the values the function may take.
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6.3. SOS2 OQur first example of a constraint that is always pairwise IB-representable is the
SOS2(N) constraint. Recall that J = [N] and 8 = {{r,7+ 1} : 7 € [N — 1]} for SOS2. Then
Es={{r,7+t}: 7,7+t €[N], t >2}, r (H) =2, and formulation (14) has depth ¢t = () — N + 1.
However, Vielma and Nemhauser [57] construct a pairwise IB scheme for SOS2(N) constraints of
depth logarithmic in N. The construction is built around a Gray code [50], or sequence of distinct
binary vectors {h'} ' C {0,1}1°22(N=D1 where each adjacent pair (h', h'*1) differs in exactly one
component. Notationally, here and throughout, take h® & il and hY £ AV-1. The pairwise IB
scheme is then given by

L'={re[N]:hj'=1lorh]=1}, R'={re[N]:h]"'=0orh]=0} Vj € [[logy(N —1)]]-

We observe that the resulting formulation matches the lower bound from Proposition 1 with respect
to the number of auxiliary binary variables and is significantly smaller than formulation (14).
Indeed, formulation (14) is likely to be unnecessarily large for the other constraints we consider
as well, so we turn our attention to finding smaller IB schemes in Section 7. We end this section by
applying Theorem 1 to succinctly prove the pairwise IB-representability of two other constraints.

6.4. Other pairwise IB-representable constraints
SOSk 1In this case Es ={{r,7+t}: 7,7+t €[N], t > k+1} and r (HS) = 2.

Grid triangulations We show that r (HS) = 2 by seeing that for any infeasible set 7' C .J
there exist some distinct v,w € T' such that {v,w} is infeasible. Indeed, if there are some v,w €T
such that ||v — w||s > 1, then there does not exist any triangle on the grid that contains both, so
{v,w} is also an infeasible set. Otherwise, we have that T'C {r,r + 1} x {s,s+ 1} for some 7, s, and
that T' contains elements in both of the triangles in this square. For each of the two triangles, we
can select an element of 7" that is not contained in the other triangle, which yields an infeasible
pair contained in 7. Therefore, any grid triangulation is pairwise IB-representable.

7. Pairwise independent branching schemes The pairwise independent branching
scheme framework was initially introduced by Vielma and Nemhauser [57], where it was used to
model particularly structured piecewise linear functions. In the remainder of this work, we will
focus on pairwise IB schemes and offer a complete picture of their expressive powers, along with
an algorithmic framework for constructing them.

7.1. Graphical representations of pairwise IB-representable CDCs From our covering
assumption J =|J{S € 8}, we can see that |E| > 2 for each F € &. By applying Theorem 1, we
then immediately have that CDC(8) is pairwise IB-representable if and only if H§ is (equivalent
to) a graph. Along this line, for any constraint we may define a conflict graph for any CDC(S)
as GS = (J,E), where E = Es = {{u,v} € [J]?: u # v, {u,v} is an infeasible set} is the set of all
infeasible pairs of elements of J. Checking for pairwise IB-representability then reduces to verifying
if & = Es. The following corollary of Theorem 1 shows that this can also be verified by only
working with Gg.

COROLLARY 2. CDC(8) is pairwise IB-representable if and only if the sets 8 are exactly the
maximal independent sets of G§.

Proof 1f CDC(S8) is pairwise IB-representable, then G§ is equivalent to HS. By applying Theo-
rem 1, the maximal independent sets of G§ are exactly the elements of 8. For the converse, assume
for a contradiction that 8 is exactly the maximal independent sets of G§, but that there exists
some E € & with |E| > 3. By the minimal infeasibility of E, we have that {r,s} ¢ Es for any
distinct r,s € E, and therefore E is an independent set in G§. This implies that E is contained in
a maximal independent S. By assumption, S € 8§, which contradicts the infeasibility of £. [
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Therefore, verifying general pairwise IB-representability reduces to enumerating the maximal
independent sets of G§ and identifying them to exactly the sets 8. As an example, we can see that,
for cardinality constraint of degree ¢ with 2 < /¢ < |J|, the only maximal independent set of G§ is
the entire ground set J, which certainly cannot be identified with 8 ={S C J:|S| = ¢}.

7.2. Representation at a given depth Once a CDC has been shown to be pairwise 1B-
representable, a natural next question is: what is the smallest possible depth at which we may
construct an IB scheme? That is, we ask if there exists a pairwise IB scheme for CDC(8) of some
given depth ¢. The answer to this question reduces to the existence of a graphical decomposition
of the conflict graph G¥.

DEFINITION 4. A biclique cover of the graph G = (J, E) is a collection of complete bipartite
subgraphs { G'E(ATUBI EY )} ) of G that cover all the edges of G. Formally, this means that

j=
for each t € [t], 0 C A7, BI CJ, AANBI =0, and B/ = A7« B? < {{a,b} : a € A7, bij} and that
UJ , B = E. For notational simplicity, we will often refer to the sets {(A7, B/)}!_, as a biclique
cover, as we can recover the graphs G’ directly.

The following theorem formalizes the equivalence between biclique covers and pairwise 1B
schemes.

THEOREM 3. If {(A/,B7)}!_, is biclique cover of the conflict graph G§ for pairwise IB-
representable CDC(8), then a pairwise IB scheme for CDC(8) is given by

=J\4, R =J\B' Vjet]. (16)

Conversely, if {(L7,R’)}\_, is a pairwise IB scheme for CDC(8), then a biclique cover of the
conflict graph G§ is given by

Al=J\L’, B =J\R Vj € [t]. (17)

Proof For the first part, take F as the edge set of G¢. To see that any S € 8 is feasible for the
IB scheme (16), note that if S Z L’ and S € R’, then there exist some u € A7NS and ve BN S.
However, this implies that {u,v} € A7+ B/ C E, which is a contradiction of feasibility as {u,v} C S
and S € 8. Furthermore, as {(A7, B7)}_, is a biclique cover of G, for every {u,v} € E we have
that there exists some level j € [t] such that w.l.o.g. v € A7 and v € B7. This implies that u ¢ L’
and v ¢ R’ by their construction, and as CDC(8) is pairwise IB-representable, then any infeasible
set for CDC(8) is also infeasible for the proposed IB scheme. Therefore, (16) is a valid pairwise IB
scheme.

For the second part, note that A7 N BY = for all j € [t], and that the covering portion of
Assumption 1 implies that L’ UR’ = J. Therefore, it only remains to show that £ = Ut EJ, where
[ = A7 % B7. For that, first note that as LY U R’ = J, we have that A7 = R7\ L’ and BJ LJ \ RY.
The containment £ C U , E7 then follows by noting that, as {(L7, R7)}!_, is a valid pairwise IB
scheme, each minimal 1nfea51ble set {u,v} € E has some level j € [t] such that {u,v} € L’ and
{u,v} € R7. Then, as L’ U R’ = J, we have (Wlog) that u € L’\R/ =B’ and be RI\L’ =
and so {a,b} € E7. For the reverse containment U 7 C E, take some arbitrary j € [t] and some
edge {a,b} € E’. From the definition of our blchque cover, we have that w.l.o.g. a € A7 = R\ L/
and b€ BY = LY\ R’. Therefore, {a,b} is an infeasible set for the IB scheme, and thus for CDC(S)
as well, and so {a,b} € E. O

We can now naturally frame the problem of finding a minimum depth pairwise IB scheme as
the minimum biclique cover problem [20, 23]. Unfortunately, the decision version of this problem
is known to be NP-complete [43] and inapproximable within a factor of |J|Y/3~¢ if P # NP [24],
even for bipartite graphs. However, we note that it is simple to construct a MIP feasibility problem
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for finding a pairwise IB scheme of a given depth ¢, which gives us a way to algorithmically find
the smallest pairwise IB scheme for a specific (fixed) CDC. We present such a formulation in
Proposition 7 in Appendix D. Additionally, Cornaz and Fonlupt [16] present a MIP formulation
(with an exponential number of constraints that can be efficiently separated) to find the minimum
level biclique cover of a graph.

Furthermore, we can restate the MIP formulation from [57] (which is a special case of (13) with
k=2) in terms of biclique covers of G§.

PROPOSITION 3 (Theorem 5, [57]; Theorem 1, [55]). If CDC(8) is pairwise independent
branching-representable and {(A’, B?)}Y,_, is a biclique cover for G§, then the following is an ideal
formulation for CDC(8):

> A<z Vi € [t] (18a)
vEAT
PRI T Vi € [t] (18b)
vEBJ

(A, 2) € A7 x {0,1}". (18c)

We end the section by noting that the relation between biclique covers and independent sets
has also been exploited in the study of boolean functions, particularly in the equivalence between
posiforms and maximum weighted stable sets (e.g. [17, Theorem 13.16]). In fact, formulation (18) is
reminiscent of formulation (13.45-13.50) in [17, Theorem 13.13]. The main difference between these
formulations is that in the context of [17] the A variables will be binary variables not constrained to
lie in the unit simplex. For this reason inequalities (18a—18b) appear disaggregated in [17, Theorem
13.13] in the form A, < z; for all v € A7, j € [¢]. However, the resulting formulation is not ideal
(See [57, Section 5] for more details). Still, the combinatorial aspects of this connection could prove
useful for constructing small IB schemes.

In the next section, we will explore instances where we can, in closed form, construct small
(asymptotically optimal) IB schemes for families of particularly structured CDCs.

8. Illustrative examples With a framework to construct pairwise independent branching
schemes for arbitrary pairwise IB-representable CDCs, we now return to some of our motivating
examples. We will apply our methodology to these specific structures, and produce small, closed-
form IB schemes. In particular, this allows us to construct novel, small MIP formulations for these
constraints.

8.1. A simple IB scheme and its limitations To start, we show that any pairwise IB-
representable CDC admits an IB scheme of depth |J|. If |J| is smaller than |§|, this already offers
a drop in size from (11). This IB scheme covers all edges incident to node with the simple biclique
corresponding to the star centered at that node.

PRrROPOSITION 4 (Covering with Stars). For pairwise IB-representable CDC(S), a biclique
cover for G§ is given by:

AY ={v}, B'={ueJ:{uv}€E} Y e J.

Proof By construction of the sets, we see that each {r,s} € E¥ = A" x B corresponds to an
infeasible edge: that is, E¥ C E for each v, and so Uves Ev C E. Furthermore, each infeasible edge
{r,s} € I is infeasible for levels r and s, and so £ CJ,., £*. Therefore, this construction forms a
valid biclique cover of the conflict graph. [
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This gives us an upper bound of |J| on the minimum depth for any pairwise IB-representable
CDC. However, if we exploit the specific structure of a CDC, we can typically get much
smaller formulations. For instance, consider the following two instances of the SOS3(N) con-
straint for small values of N. First, consider the instance with N = 6, where |J| =6 and 8 =
{{1,2,3},{2,3,4},{3,4,5},{4,5,6} }. Therefore, |8| =4, yielding a lower bound of depth log,(4) =2
from Proposition 1. However, there does not exist a biclique cover of depth 2 (which can be verified
via Proposition 7), though one of depth 3 does exist:

At = {1}, B'={4,5,6}
A*={1,2}, B*>={5,6}
A*=1{1,2,3}, B*={6}.

We can see the proposed IB scheme on the left side of Figure 3. For clarity, the associated MIP
formulation for the CDC from Proposition 3 is

)\1§Zl )\4+>\5+>\6§1—21

A+ A< 2 As + g <1l-—2

A+ A+ A3 <z e <1—2z3
(A, 2) € A% x {0,1}%.

Next, we consider N = 10, where we also cannot attain the log,(8) =3 lower bound. However, a
biclique for this the conflict graph of this constraint is

A'=1{1,8,9,10}, B'=1{4,5} (20a)
A*={1,2,10}, B*=1{5,6,7} (20b)
A*=1{1,2,3,9,10}, B*={6} (20c)
A'=1{1,2,3,4}, B*={7,8,9,10}, (20d)

as seen on the right side of Figure 3. The corresponding MIP formulation is

AMAAs+ A+ Ao <z A+ A5 <l-2z
At Ao+ A < 2 A5+ A6+ A7 <1l-—2
Attt A2+ A3+ Ag+ A < 23 A6 <1—23

MFA+ A+ A<z A+ As+ A+ A< 1 —24
(A, 2) € A x {0,1}".

The ad-hoc construction for SOS3(6) suggests a more general construction for SOSk(N) when
k < N/2 (assume for convenience that N is even). Consider the sets given by

A ={1,...yU{j+N/2+k,....,N}, B ={j+k, .. j+N/2}

for each j € [N/2]. It is straightforward to see that this yields a biclique cover of the conflict
graph for SOSk(N) of depth N/2. Therefore, with this simple operation, we have constructed an
ideal formulation for SOSk(NN) with size strictly smaller than N, the size of the naive nonextended
formulation (11).

Based on the second example (20), we know that this construction is, in general, not the smallest
possible. In Section 8.4.2, we will see how we can systematically construct small biclique covers (and
MIP formulations) for SOSEk(N) with arbitrary k and N, using techniques we will now develop.
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FIGURE 3. Visualizations of the biclique covers presented in the text for SOS3(6) (Left) and SOS3(10) (Right). Each
row corresponds to some level j, and the elements of A’ and B’ are the blue squares and green diamonds, respectively.

8.2. Systematic construction of biclique covers As discussed in Section 6.3, there exists
an IB scheme for the SOS2 constraint of optimal depth that can be constructed using a Gray
code. The following proposition shows how the validity of this scheme can easily be proven by
reinterpreting it via a biclique cover.

PROPOSITION 5. Take a Gray code {h'}¥71 C {0,1}1052(N-D1 g4 let h° =AY and hN E AN -1,
If G§ is the conflict graph of SOS2(N ), then a biclique cover for G§ of depth [log,(N —1)] is given
by

A]:{TE[[N]]:h;_lzhgzo}, {TG[[N]] th hT—l} Vi€ [[log,(N —1)]]. (21)

Proof For the SOS2(N) constraint we have that Eg = {{r,s} € [N]?:r+ 2 < s}. Take any infea-
sible pair {r,s} € Es. As r+2 < s, we conclude that 7 — 1 <7 <s—1<s, and so it must be that
h™=1 h" # h*=1 h*. The set of components which flip values between the two pairs of adjacent codes
(b=t h7) and (h*=', h*) is T ={j € [[logy(N —1)1] : b~ #h% or hi™' #h3}, and |I| <2 as we have
selected a Gray code. Now it must be the case that there is some component j € [[log,(N —1)]]\1
wherein h;f_l =hj # hjf_l = hj, else we conclude that two of the vectors h = h* coincide for some
i€{r—1,r} and £ € {s—1,s}, a contradiction of their uniqueness. Then {r,s} € E’, i.e. it is cov-
ered by the j-th level of the biclique. Furthermore, we observe that no edges of the form {r,r+1}
will be contained in the biclique cover, as it is not possible that i}~ ! =hj =0 (resp. = 1) and
hi=hi*' =1 (resp. =0) simultaneously.

Interestingly, we can also view this construction recursively if we use a specific Gray code known
as the reflected Gray code [50]. For SOS2(2%), we will take E* as the edge set for the corresponding
conflict graph. With k=1, d=2%=2, N =2F+1=3, and E' = {{1,3}}. A complete biclique cover
is given by the single blchque Abl = {1} and BY! = {3} As we see in Figure 4, we can construct a
biclique cover for SOS2 with k=2 by stitching together two copies of the biclique. We construct
two copies of the node set for k£ =1, invert the second, and identify the last node from the first set
with the first node with the second set. Then we can readily construct a mapping of the biclique
(AY1, B for k=1 to a biclique for k = 2, using the node identification, as A*' = {1,5} and
B*! ={3}. This will cover all edges in E? with both incident nodes in the first half of the nodes,
or both in the second half of the nodes (along with some other edges in E?, as well). To cover all
edges with one adjacent node in the first half, and the other in the second half, we construct a
second biclique of the form A*? ={1,2} and B*?={4,5}.
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FIGURE 4. The recursive construction for biclique covers for SOS2. The first row is a single biclique that covers the
conflict graph for SOS2(3) (A™! in blue, B*" in green). The second row shows the construction which duplicates the
ground set {1,2,3} and inverts the ordering on the second copy. The third row shows the identification of the nodes
that yields a valid biclique for SOS2(5). This biclique is then combined with a second that covers all edges between
nodes identified with the first copy and those identified with the second, giving a biclique cover for SOS2(5) with two
levels.

We can repeat this construction with £ =3 to get the three level biclique cover

AP ={1,5,9}, B*'={3,7}
A*?={1,2,89}, B**={4,56}
A =11,2,3,4}, B**=1{6,7,8,9}.

We can repeat this recursively to get a biclique cover for E**! as {(A*+1¢ BF1LO ML where
A= {u, 2" 2}, B = | ) {v,2" +2—v} Vie[k]
ueAkvi UEBkvi
ARTLRL = 112k BRFUE [k 42, 2R 1)

In fact, we can readily state this recursive construction in a more general form, where we adapt a
biclique cover for one graph into a biclique cover for another graph that is created in some specific
way.

LEMMA 2. Take some graph G = ([m+ 1], E), and define G* = ([2m + 1], E?) for
E*=FEu{{2m+2—u,2m+2—v} : {u,v} € E} U ([m] * [m+2,2m +1])

where [a,b] £ {a,...,b}. If {(A7, B7)},_, is a biclique cover of G, then {(A7,BY) 11 is a biclique
cover of G?, where

A= {u,2m+2 —u}, B=J{v2m+2-v} Vje[t]
~ wEAJT B vEBJ
A ={1,...,m}, B ={m+2,....2m+1}.

In the remainder of this work, we will see how we may apply similar graphical results to system-
atically construct small biclique covers for the conflict graphs of constraints by exploiting their
specific structure.
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8.3. Biclique covers for graph products and discretizations of multilinear terms
Consider the discretization of multilinear terms described in Section 3.4, given by J =[]"_,[d;]
and 8 = {[[/_, {ki,k: +1}:k €[[_,[d; — 1]}. We can interpret this constraint as a n-dimensional
version of the SOS2 constraint, or as the Cartesian product of 7 SOS2 constraints. This can be
formalized through the following definition and straightforward lemma.

DEFINITION 5. The (disjunctive) graph product of a family of graphs {G' = (J,E")}]_, is

def

L1G"=(Jp,Ep), where Jp =], J* and
Ep={{u,v} € JpxJp:Fi€[n] s.t. {u;v;} €E}.

LEMMA 3. Let J=[[]_,[d:] and 8 ={I_, {ki, ki + 1} : k€ [[]_,[d: — 1]} be the n-dimensional
discretization of multilinear terms, and G§ be the corresponding conflict graph. If G* is the conflict
graph of SOS2(d;) for each i € [n], then G§=\/_, G.

Using this characterization, we can easily construct an IB scheme for discretizations of multilinear
terms by taking the graph products of IB schemes for the SOS2 constraint.

LEMMA 4. Take a family of graphs {G*= (J*, E")}_,, and a biclique cover {(Ai’j,éi’j)}zi:l for
each G'. Then a biclique cover for \/!_, G* is given by J_,{(A™, B")}" | where

j=1

i—1 n i—1 n
AW = (H J‘Z> x AT x < H Jf) : Bb = (H Jf> x B x ( H Jf> Vie[n], je[t].
=1 =1

f=i+1 l=i+1

CoROLLARY 3. Let J=[["_,[di] and 8 ={[1\_, {ki,ki+1}: ke[ [di— 1]} describe the n-
dimensional discretization of multilinear terms, and take G§ as its conflict graph. If for each i € [n]
we have a biclique cover {(A™, B} | for the conflict graph of SOS2(d;), then a biclique cover

for G§ of depth 37 t; is given by J._ {(A%,B")}L,, where
A = {w eJ:x; € fli’j} , B"= {w eJ:x; € Bi’j} Vie [n],j € [t].

In particular, if we take {lf’j]»;l;_l1 C {0,1}Mle2(di=V1 g5 q Gray code for each i € [n], where
hi0 E bt and hi% = pE%-Y then a biclique cover for G of depth 37 [log,(d; —1)] is given by:

A = {zeJ: Iy st x; =, h;”—l = hjﬂ =0}, B = {zeJ:Iy st a;=7, hi»’”_l = h;” =1}
for each i€ [n] and j € [[logy(d; —1)1].

We note that, since |§| =[], (d; — 1), by Proposition 1 this construction yields a formulation that
is asymptotically optimal (with respect to number of auxiliary binary variables) for any possible
MIP formulation, up to an additive factor of at most 7.

Furthermore, we can specialize this to the bilinear case studied by Misener et al. [41].

COROLLARY 4. There exists a biclique cover for a the grid discretization of a bilinear function
(n=2) with dy =1 of depth [log,(d; —1)].

This result yields an ideal MIP formulation for the outer-approximation of bilinear terms with
[log,(m)] auxiliary binary variables, 2(m + 1) auxiliary continuous variables (the \ variables, one
for element in J), and 2[log,(m)] general inequality constraints. In contrast, the logarithmic for-
mulation from Misener et al. [41] has [log,(m)] auxiliary binary variables, 2[log,(m)] + 1 auxiliary
continuous variables, at least 2[log,(m)] + 6 general inequality constraints, and is not ideal in gen-
eral (see Appendix A). Therefore, we gain an ideal formulation with a naturally induced constraint
branching at the price of a modest number of additional auxiliary continuous variables. Further-
more, our formulation generalizes readily to discretization along the second dimension (d, > 1), for
non-uniform discretizations, and for higher dimensional multilinear functions (n > 2).
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8.4. Completing biclique covers via graph unions Another useful graphical technique
for our heuristic constructions will be to combine together biclique covers, each of which is designed
to cover a substructure of the constraint. For example, the conflict graph of a grid triangulation of
the plane is equivalent to the conflict graph of the 2-dimensional grid discretization of multilinear
terms, with one extra edge added for each subrectangle in the grid. Therefore, a biclique cover
of a grid triangulation can be obtained from a biclique cover of 2-dimensional discretization of
multilinear terms (i.e. from Corollary 3) by completing it with some number additional bicliques
that cover those extra edges. This construction can be formalized in the following way.

DEFINITION 6. The graph union of a family of graphs {G' = (J', E)}"_ is U!_, G* = (Ju, Ev),
where Jy =, J* and Ey =J;_, E".

LEMMA 5. Take a family of graphs {G' = (J',E")}/_, and a corresponding biclique cover
{(A], BHY, of G for each i € [n]. Then \J]_ {(A], B))}'", is a biclique cover of JI_, G*.

j=1 j=1
We can apply Lemma 5 to construct biclique covers for the grid triangulations depicted in
Figure 1. First, we apply the biclique cover construction from Corollary 3 to cover all edges not
sharing a subrectangle. This is depicted in the first two subfigures of each row in Figure 5. To cover
the remaining 4 edges created by the triangulation, we see that the number of additional levels
needed is dependent on the combinatorial structure. Additionally, in all three cases we can verify
through Proposition 7 that the resulting biclique cover is of the smallest possible depth. The first

SN 2K

7 0

SSENNEAS

; I
|
FIGURE 5. Independent branching schemes for the three triangulations presented in Figure 1, each given its own

row.The sets A7 and B’ are given by the blue boxes and green diamonds vertices, respectively, in the i-th subfigure
of the corresponding row.

example is the “Union Jack” triangulation [51] for N = M =3 and the results in [57] show that for
this triangulation the biclique cover from Corollary 3 can be completed with a single additional
biclique cover for any N and M. The second triangulation is a K1 triangulation [34] for N = M = 3,
and an early version of [53] showed that for this triangulation the biclique can always be completed
with two additional bicliques (See Section 8.5 for a generalization of these results).
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In contrast, for generic triangulations such as the third one, it was not previously known if the
biclique cover can always be completed with fewer than the trivial (M — 1)(N — 1) levels needed
to cover each “diagonal” edge with its own additional biclique. First, we can adapt Proposition 4
to cover the extra edges with stars, but in general this will result in ©(M - N) stars, and hence the
same number of additional levels. To reduce this, we need a way to stick the stars together into
more complicated bicliques. In section 8.5 we will see how we may use graph colorings for a broad
class of triangulations (subsuming the Union Jack and K1 triangulations as special cases), to cover
the extra edges with either one or two additional bicliques. In general, it turns out that we may
cover the remaining edges for any grid triangulation with a constant number of additional levels
by applying the simple following lemma.

LEMMA 6. Let {(A7, B/)}\_, be a family of bicliques of a graph G. If (A*, BY) is also a biclique
of G for each k.l € [t], then (U;Zl Aj,U;.:1 Bj) is a biclique of G.

The strength of Lemma 6 comes from the fact that many CDCs of practical interest have a local
structure (i.e. sets in 8 have small cardinality, or, equivalently, the minimum degree of the conflict
graph is close to the total number of nodes). In this case, the condition of Lemma 6 will hold for
families of stars centered at nodes that are located “sufficiently far apart.”

8.4.1. Grid triangulations of the plane We may now present a biclique cover construction
for generic grid triangulations, with no further assumptions on the structure of the triangles such
as in [b5, 57], whose depth scales like log, (M) + log,(N) + O(1). In the same way as depicted
in Figure 5, we construct the biclique cover by using Lemma 5 to complete the construction of
Corollary 3. For this, we will use the following corollary of Lemma 6 that shows how to combine
certain stars centered at sufficiently separated nodes.

COROLLARY 5. Take a regular grid J = [M] x [N], let 8§ be a grid triangulation of [1, M] x
[1,N], and take GS = (J,E) as its conflict graph. For all w € J, define A(w) £ {w} and B(w) =
{w—i—v : ve{—1,1}2,{w,w+v}€E}. Then

U Aw, U B

weJN(u+3Z2) weJN(u+3Z2)
is a biclique of G for any u e J.

Proof Direct from Lemma 6 by taking v € J and the family of bicliques {(A(w), B(w) }yesnu+322)
and noting that, if u,v € J N (u+ 3Z?), then ||u —v||» >3, and so (A(u), B(v)) is also a biclique
for G§. O

Figure 6 shows two possible bicliques that can be obtained from Corollary 5.

We can now use Lemma 5 and Corollary 5, along with the biclique cover derived in Corollary 3,
to obtain a biclique cover for any triangulation with an asymptotically optimal number of levels.

THEOREM 4. Take J = [M] x [N], and let 8 be a grid triangulation of [1,M] x [1,N]
with J = |J{S € 8}. Take G§ = (J,E) as its conflict graph. Presume that {(A“,B“)}L, and
{(A29,B29)}2 | are biclique covers for the conflict graphs of the SOS2(M) and SOS2(N) con-
straints, respectively. Furthermore, define

AP = J N (u+3Z%)
B3 = U {w—l—v:vE{—l,l}Q,{w7w+U}€E}

weJﬁ(u+3Z2)
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FIGURE 6. Two bicliques constructed via Corollary 5 for a grid triangulation with M = N = 8. On the left the
construction follows by taking u = (1,1); on the right, with uw = (2, 3). For each level, the sets A(u) and B(u) are given
by the blue squares and green diamonds, respectively.

for each w € {0,1,2}2. Then {(AY,B"9)}'L U{(A*7, B27)}'2 U{(A>", B3*)},c(0.1.2)2 8 a biclique
cover for G, where

Al = A% % [N], BY% = BY x [N],

A =[M] x A>',  B*'=[M]x B>,
for each j € [[t1] and j' € [t2].

In particular, if {h*}M71 C {0,1}Mloe2M=DT gnd {h24N C {0,1}152N=D1 gre Gray codes,

where K10 = pbt pbM EpLM-1 p20 & p21 o B2N E 2N hen o biclique cover of G of depth
[logo(M — 1)1+ [logy(N —1)] 49 is given by:

AV ={(z,y)€J hy" =hT =1} (22a)
BY ={(z,y)€J:hy* ' =h;* =0} (22b)
AP = {(z,y) €T hj" ' =h}¥=1} (22¢)
B> ={(z,y)eJ:h)V ' =h}' =0} (22d)
A¥Y = J N (u+ 327 (22e)
B = U {w—l—v cve{-1,1}%, {w,w+v}€E} (22f)
weJN(u+322)
for all € € [[logy(M —1)1], ¢ € [[logo(N —1)]], and u € {0,1,2}>.

def def

Proof Let G* = ([M],E*) and GY = ([N],EY) be the conflict graphs for SOS2(M) and
SOS2(N), respectively. Furthermore, let

;= ) @aB =7 ) @B
u€{0,1,2}2 u€{0,1,2}2
Then we see that Gs = (G* x GY) UG® by noting that all diagonal edges of E (i.e. those of the

form {w,w+v} € E for we J and v € {—1,1}?) are included in G*, and observing that G? is a
subgraph of G§. The result then follows from Lemma 4, Lemma 5, and Corollary 5. [
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By referring to Proposition 1, we recover a [log,(2(M —1)(N —1))] > [logy(M —1)] + [logy(N —
1)] lower bound on the depth of any biclique cover for a grid triangulation, and see that our
construction yields a MIP formulation that is within a constant additive factor of the smallest
possible. Finally, we note that similarly to the results in [55, 57] for the Union Jack triangulation,
formulation (18) for biclique cover (22) can provide a significant computational advantage for
general grid triangulations [26].

8.4.2. SOSk In this subsection, we will see how we may use the graph union construction to
produce an IB scheme for SOSEk(N) of depth log,(N/k) + O(k), for any k and N. Similar to the
construction for grid triangulations, we first construct an initial family of bicliques based on the
SOS2 constraint. Next, we expand this onto a larger node set by the graph product construction.
Finally, we complete the biclique cover by combining a family of sufficiently separated stars. For
grid triangulations, this approach meant applying SOS2 constraints horizontally and vertically,
and taking a graph product of the two. One way to interpret this is as an SOS2 constraint applied
to groups of aggregated nodes in the ground set (e.g. when SOS2 is applied horizontally, we group
all elements with the same horizontal coordinate into a single group). For the SOSEk(N) constraint,
we will apply the SOS2 constraint to the groups obtained by partitioning the N original ground
elements into [N/k] subsets of k consecutive elements. The following simple lemma shows how
this grouping can also be represented through a graph product. For the remainder of the section,
we assume that N/k is integer; if this is not true, we artificially introduce [N/k|k — N nodes such
that this is the case, construct the formulation in Theorem 5, and remove the artificial nodes from
the formulation afterwards.

LEMMA 7. Let J=[N], k<N, 8 correspond to the SOSk(N) constraint, and G§ = (J,E) be
the correspondmg conflict graph. Let G* = ([N/k], E') be the conflict graph for SOS2(N/k) and
=({0,...,k—=1},0) be the empty graph on k nodes. Then G* x G* is isomorphic to a subgraph

G (J,E) of G“ wherein E C E, and each edge {u,v} € E with |u—v| > 2k is contained {u,v} € E.

Proof Let G' x G* = (J',E’). Consider the bijection f : J — J' given by f(u) =
(div(u, k),mod(u, k)), where div(u, k) = |u/k| and mod(u, k) =u— kdiv(u, k) are the quotient and
remainder of the division of u by k, so that f~!(m,r) = km +r. We have that {(m,r), (m/,7")} €
E’ if and only if {m,m'} € E', which in turn is equivalent to |m — m’| > 2. Therefore, for any
{(m,r),(m/,r")} € E', we have

!ffl(m,r) —ffl(m',r’)‘ =|(km+r)—(km'+r")| = |k(m—m')+ (r—1")| > klm—m/|+|r—7'| > 2k,

and hence {f~'(m,r), f~'(m/,r")} € E, i.e. E C E. For the second condition, see that if u,v € .J
are such that |u —v| > 2k, then |div(u) — div(v)| > 2, and therefore {f(u), f(v)} € E'. O

We can then cover the remaining edges with the following bicliques obtained by stitching together
families of sufficiently separated stars.

COROLLARY 6. Let J = [N], k < N, 8 correspond to the SOSk(N) constraint, and
GS be the corresponding conflict graph. For all w € J, define A(w) £ {w} and B(w) =
{ued: k<|u—w|<2k}. Then

U 4w, U Bw)

weJN(u+3kZ) weJN(u+3kZ)
is a biclique of G for any u e J.

Proof Direct from Lemma 6 by considering the family of bicliques {(A(w), B(w)}wesn(utsrz)
and noting that, for distinct u,v € JN (u+3kZ), |u—wv| > 3k, and so (A(u), B(v)) is also a biclique
for Gg. O
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Finally, we can combine both classes of bicliques with Lemma 5 to construct a complete biclique
cover for SOSk(N). See Figure 7 for an example of the resulting construction.

THEOREM 5. Let J=[N], k<N, 8 correspond to the SOSk(N) constraint on J, and G§ be
the corresponding conflict graph. Let {(A",B")}:L| be a biclique cover for the conflict graph of
the SOS2(N/k) constraint, and take

Ed
A = | J{reJir=4+(3i-3)k}

i=0
Ed
B> = |J{re:j+@Bi-2k<r<j+(3i—1)k}
i=0
for all j' € [3k]. Then {(A"™,B"7)}\_, U {(Aij/,BQ>j/)}E?iﬂl is a biclique cover for G§, where

Al’j:{TEJ: [7/k] 6[11”}, BYi= {TGJ: [T/k] GBM},

for each j € [t].

In particular, if {h}NF171 C {0,1}es2(N/FI=DT 45 o Gray code where h® £ h' and
RIN/KL S pIN/KI=L then a biclique cover of GS of depth [log,([N/k] — 1)] + 3k is given by
{(Al,j7BLJ’)}JD;’%Q([N/H*I U {(Az’j',Bz’j')}E?iﬂl, where

Al = {TE J:h;r/mf1 :hJ[T/k] 20}7 BY = {7’6 J:h;r/m*1 :hj“/k] = 1}

for ail j € [Mog,(TN/K] = 1],

Proof Take G < ([N/k], E') as the conflict graph for SOS2(N/k), G2 = ({0,...,k—1},0) as
the empty graph on k nodes, and G3 £ ( J, Ujfczl A2 4 B%1"). Let G be the subgraph of G§ from
Lemma 7, which is isomorphic to G' x G* through the bijection g: [N/k] x {0,...,k—1} — J with
g (m,r) =km+r. Then we have that G§ = GUGS, after applying Lemma 7 and using the fact that
the edges of G* contain the edges of G§ not included in G. The result then follows from Lemma 4,
Lemma 5, Lemma 7, and Corollary 5. 0O

We note that, when k& = O(log(N)), this biclique cover yields a MIP formulation that is asymp-
totically tight (with respect to the number of auxiliary binary variables) with our lower bound of
[log,(N — k +1)] from Proposition 1. We can also show an absolute lower bound of depth & for
any biclique cover for SOSk. This implies that when k& = w(log(V)), although the formulation from
Theorem 5 is not tight with respect to the lower bound from Proposition 1, it is asymptotically
the smallest possible formulation in the pairwise IB framework.

PROPOSITION 6. Any biclique cover for the conflict graph of SOSk(N) must have depth at least
min{k, N — k}.

Proof Define v < min{k, N — k} and consider any possible biclique cover {(A’, B/ )}i=1- The
biclique cover must separate the edges {(7,7+ k)}7_,. Consider a level j of the biclique cover that
contains edge {7,7+ k} for some 7 € [7]; w.l.o.g., 7 € A7 and 7+ k € B?. Consider the possibility
that the same level j separates another such edge in the set, e.g. (7/,7' + k) for 7’ € [y], where
w.l.o.g. 7 <7’. That would imply that either 7/ € A or 7/ € B’. In the case that 7/ € A7, we have
that £’ contains the edge {7/, 7 + k}. However, since |(T + k) —7'| =7 +k — 7' <7+ k—7 =k, this
implies that the biclique cover separates a feasible edge, a contradiction. In the case where 7/ € B/,
we have that E7 contains the edge {7,7'}, and as 7/ — 7 < k<~ from the definition of our set of
edges, a similar argument holds. Therefore, each edge {{7,7 + k}}!_, must be uniquely contained
in some level of the biclique cover, giving the result. [
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FIGURE 7. Visualizations of the biclique cover from the proof of Theorem 5 for SOS3(26). Each row corresponds to
some level j, and the sets A’ and B’ are the blue squares and green diamonds, respectively. The first three rows

correspond the the “first stage” of the biclique cover {(Al‘j, Bl‘j)}?zl, and the second nine correspond to the “second
stage” {(AQ’J,BQ”)}?:l.

Furthermore, when k= | N/2|, this proposition gives a lower bound on the depth of a biclique
cover that is asymptotically tight with the upper bound of N from Proposition 4. In other words, in
this particular regime, we have that the SOSk constraint admits a pairwise IB-based formulation,
but only one that is relatively large (2(|8]) = Q(|.J|) auxiliary binary variables and constraints).

8.5. Covering edges with a chromatic characterization of bicliques Our final contri-
bution is to adapt a result of Cornaz and Fonlupt [16] that gives a chromatic characterization of
the set of edges that can be covered by a biclique.

THEOREM 6 ([16]). Take the graph G = (J,E), along with some edge subset ' C E. Define
V(F)=U{{u,v} € F} as all nodes incident to F, and take F = [(F x F)\E as all pairs incident to
the edges V(F) not contained in E. Define both E' = FUF and p: E' — {0,1} such that p(e) =
1le € E)®. Finally, take C(E") as the family of all cycles in G'. Then the following are equivalent:

1. There exists a biclique (A, B) of G covering (V(F),F).

2. For all C€C(E"), Y, ccp(u) is even.

3. There exists some f:V(F)—{0,1} such that

8 Where l[e € E] =1 if e€ F and 1[e € E] =0 otherwise.
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o f(u)=[f(v) for all {u,v} € F,
o J(u) £ f(v) for all {u,v} € F, and -
o ({ueV(F): f(u)=0},{ucV(F): f(u)=1}) is a biclique of G covering (V(F),F).

Using this result, we can sometimes exploit the structure of a grid triangulations to obtain
biclique covers that are smaller than those derived in Theorem 4.

THEOREM 7. Take a regular grid J = [M] x [N], the sets 8 given by a grid triangulation of
(1, M] x [1, N] with |J{S € 8} = J, and take G§ = (J,E) to be the corresponding conflict graph.
Furthermore, let {(A%, Blj)}t1 L and { (A7, BQJ)}t2 be biclique covers for the conflict graphs of

the SOS2(M ) and SOS2(N ) constraints, respectively. Also define Jopen ={u € J : u1 =uy mod 2}

and Jyqq &t {ueJ:u Zuy mod 2} as the set of nodes whose sum of components is either even
and odd, respectively. For each s € {even,odd}, let By = {{u,v} € [J)?: [[u—v|, =1}, F. £ E,NE,
and F, = ([V (F,))?NE)\E.

If, for each s € {even,odd}, there exists fs:Js —{0,1} such that

fs(u) = fs(v)  V{u,v}€F, and  fo(u) # fo(v) V{u,v}€F, (23)
then {(AY, B} U{(A*7, B*)}2, U{(A%, B®)}icpa) is a biclique cover for G§, where

A = A% % [N], BY = BY x [N],
A7 = [M] x A%, B»I' = [M] x B>,
A ={uelds: fiu)=0}, B ={uel,: f(u)=1}

for each j € [t.], j' € [t2], and s € {even,odd}.

If we select {(AY, B} and {(A*7, B*7)}!L| to correspond to the Gray code construction for
S0S2 in Proposmon 5, then the resulting bzclzque cover has depth [logy(M —1)]+ [logy(N —1)]+2.
Furthermore, if for some s € {even,odd} we have that fs(u) =« for all u € J; and some constant
a, we may reduce the depth to [logy(M —1)] + [logy(N —1)] + 1.

Finally, if we fiz s € {even,odd} and r € {even,odd}\{s}, a sufficent condition for the existence
of fs:Js —{0,1} satisfying (23) is that

dr,. (u )def\{eGF e, st.e={u,v}}| is even VueJ.N[2,M —1] x[2,N —1]. (24)

Proof Let G* < ([M],E*) and G¥ £ ([N],EY) be the conflict graphs for the SOS2(M) and
SOS2(N) constraints, respectively. Furthermore, let G3 £ ([M] x [N], (A¥even « B3even) ( (A3edd 5
B3°41)). Then we may see that G§ = (G® x G¥) U G® by notmg that all diagonal edges of E (i.e.
those of the form {w,w+v} € E for w e J and v € {—1,1}?) are included in G?, and that G*
is a subgraph of G§. The first part of the theorem then follows from Lemma 4, Lemma 5, and
Theorem 6.

For the sufficient condition, w.l.o.g. consider the case where s = even and r = odd. Define p.yer, :
Eeven — {0,1} as peyen(e) = 1[e € E]. The result will follow from Theorem 6 by showing that (24)
satisfies condition 2 in the equivalence of the theorem. Let E! = F.yen U Fypen, and assume for

even

contradiction that there exists C € C(E/,.,) such that ) _. peven(u) is odd. If |C] =4, we may
assume without loss of generality that V(C) ={u,u+ (1,1),u+ (1,—1),u+(2,0)} C Jepe, for some
U € Jeyen- Then v=1u+(0,1) € J,qq is such that dg,_,,(v) is odd, a contradiction of (24). If |C| > 4,
note that C € C (E,,e,) and that there exists e € C' such that peyen(€) = 1. In addition, there exists
Cy € C(FEeyen) such that e € Cy, |Col =4, C, = (CoUC) \ (ConNC) € C(Eepen) and Conv(Cy) C
Conv(C). If 3, Peven(u) is odd, we may make the same argument above as [Co| =4 to derive
a contradiction of (24). If not, then C; and C have the same parity, and therefore >, . Peven(u)
is odd. We may then repeat this shrinking procedure recursively on C; until either the 4-cycle Cy
has odd parity, or C is itself a 4-cycle. In either case, we have a 4-cycle with odd parity, which
implies some u € J,q4q that violates (24), giving the result. O
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We note that we may use this coloring characterization to recover the biclique covers for both
the Union Jack and K1 triangulation example in Figure 5. For the Union Jack example, we have
that

Feven :®7 Fodd: {{(132)’(2a1)}7 {(2a1)3(372)}7 {(172)a (273)}’ {(2a3)7(3a2)}}’

and so we may apply the simplification in Theorem 7 to construct a biclique cover of depth
log,(2) + log,(2) + 1 = 3. Indeed, the original formulation of Vielma and Nemhauser [57] for the
Union Jack triangulation can be reinterpreted analogously through the chromatic characterization
of Theorem 7.

For the K1 triangulation example, we have

Feven = {{(173)? (2a2)}? {(272)7 (3? 1>}}7 Fodd = {{(172)7 (27 1)}7 {(Qa?’)a (372)}}7

giving a biclique cover of depth log,(2) +log,(2) +2=4.

Furthermore, we close by noting that the sufficient condition in Theorem 7 is, in general, not
necessary. For example, in Figure 8 we see a grid triangulation that does not satisfy (24), but for
which there exists a coloring given by { feven, foaa} that satisfies (23). That is, (2,3) has odd degree
(i.e. dp,,,((2,3)) =1), and so the sufficient condition is not satisfied. However, a coloring satisfying
the conditions of Theorem 7 exists. This offers a generalization of the result that originally appeared
in a preliminary version of [53], which only showed the sufficient condition (24).

FIGURE 8. (Left) A grid triangulation that does not satisfy the sufficient condition of Theorem 7, as (2, 3) (red circle)
has odd degree. However, there a coloring of the form described in Theorem 7, leading to two bicliques (Center and
Right) that cover all “diagonal” edges of the conflict graph.
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Appendix A: Logarithmic formulation from Misener et al. [41] is not ideal We show
that the logarithmic formulation (16) from Misener et al. [41] is not, in general, ideal. Using their
notation, we take Np =3, 2 =y~ =0, and 2V =yY =3 (and so a =1). Then formulation (16) is

A2\ <z (25a)
Ay <3X\ (25d)
Ay, < 3A, (25e)
Ay, =y—s (25f)
Ay, =y — 59 (25g)

s1<3(1—X\y) (25h)

So é 3(1 — )\2) (251)
2> Ayr + 20y, (25))
z2>3x+ (y—3)+ (Ays —3X1) +2(Ay2 — 3)2) (25k)

2 <y+ Ay +2Ay, (251)

A€ {0,1}? (25n)

Ay €10,3]? (250)
s€]0,3)? (25p)
(z,y) €[0,3] % [0,3]. (25q)

The feasible point for the relaxation z =3,y =3, 2=9, A= (1,0.5), Ay =(3,1.5), and s = (0,1.5) is
a fractional extreme point, showing that the formulation is not ideal. Indeed, it satifies at equality
the set of linear independent constraints of the relaxation given by = <3, y <3, \; <1, Ay; <3,
s1 >0, (25b), (25e), (25g) and (25k).
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Appendix B: Proof of Proposition 1 First, we present a more general lemma.

LEMMA 8. If there do not exist polyhedra {Q'}*, with d' <d and |J!_, P'= Uflzl Q', then any
binary MIP formulation for U?:I P must have at least [log,(d)] binary variables.

Proof Presume that formulation F' takes the form (8). For each h € {0,1}"3, consider the preim-
age Pre(h) £ {x e R™ : Jy e R™ s.t. (z,y,h) € F}; it is clear from the definition of F that this set
is polyhedral. Furthermore, we need that (J, (o yns Pre(h) = U?Zl P If the condition holds, then
we have that the cardinality of the index set of the left side (2"3) must be at least d, which implies
the result. O

We may apply this lemma in the case where our irredundancy assumption holds.

Proof of Proposition 1 For each S € 8, take \° = ﬁ > ves€’, where e’ € {0,1}7 is the unit

vector for component v. Assume that there is some Q' as in Lemma 8 such that A5, A%’ € Q' for two
S,S" € 8. By convexity, $(A% + A5") € Q' as well. But this implies that there is a point in Q' with
support over SUS’, which would violate the irredundancy of S and S’, meaning that this cannot
yield a formulation for Ule Pi. Therefore, each of the d points \* must be contained uniquely in
some @', and we may apply Lemma 8 for the result. [

Appendix C: Independence in formulation-induced branching schemes As discussed
in [57, Section 3], the connection between MIP formulations and branching schemes for CDCs can
be used to explain in what sense an independent branching scheme is “independent.” As noted in
Section 5.1, the branching scheme on A induced by formulation (13) is precisely the multi-variable
branching associated to the corresponding independent branching scheme. In contrast, formulations
that are not based on IB schemes (e.g. (10)) do not necessarily induce a multi-variable branching.
However, we can interpret the induced effect on the A variables as a multi-way branching scheme
that fixes the A variables in a non-independent way.

For example, consider SOS2(5) (i.e. 8 ={{1,2},{2,3},{3,4},{4,5}}). For this particular instance
and for {h®}ses given by h{t2} = (1,1), {23} = (1,0), A3+ = (0,1), and A% = (0,0), formula-
tion (10) is given by

M= de =t g Ay = g 4t (26a)
A=y a7 =407 (26D)

S S S 7 S T AL e (26¢)
L S S (26)

Py P B = (26e)

7, >0 Vo,8 (26f)

(N, 2) € A° x {0,1}? (26g)

and a pairwise IB-based formulation (simplified slightly from (13)) is

)\1 +>\2 SZl, )\4+)\5 < 1—251 (27&)
)\3 < 29, )\1 + )\5 < 1-— Z9 (27b)
(\z) € A% x {0,1}2. (27¢)

In Figure 9, we see the first two levels of the branch-and-bound trees for both formulations for
the cases where we choose either z; or z; for which to branch on first. We observe that, for
formulation (26), the variables A\, that a given branching decision is able to prove are zero depends
on the previous branching decisions in the branch-and-bound tree, while this is not the case for
the independent branching formulation (27). For example, if we first branch down on 2y (22 <0),
we are able to prove that A; = 0. If we choose instead to branch down on z; (z; <0), we are able to
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prove that A\; = A, = 0. However, if we branch down on z, and then branch down on z;, we prove
that Ay = Ay =0, but we are also able to prove that A3 =0, which we could not prove without
the combination of the two branching decisions. Indeed, we see that regardless of the branching
decision we make, we will not be able to prove that A3 =0 until the second level of the branching
tree with formulation (26).

z,=0 z,=1 z,=0 z,=1
V N % N
z,=1

z— z—l z—O z—l z— z—O z—l
{1}/ & / \%} y &5} y &5}

z,=0 z,=1 z,=0 z,=1
V N V N
z,=1 z. =1 z,=1

z— = z— Z1=1
{1% Ys} {1% \4,5} {1% YS} {1% \4,5}

FIGURE 9. The branch-and-bound trees for (26) (Left) and (27) (Right), when z is first to branch on, and then z;
(Top row), and when 22 is first to branch on, and then z; (Bottom row). Inside each node is the set I C [5] of all
components v for which the algorithm has been able prove that A, =0 at this point in the algorithm via branching
decisions. The text on the lines show the current branching decision (e.g. z2 > 1), and the set of variables A, for which
the (a) subproblem is able to prove that A, =0 independently of any other branching decisions (e.g. z2 > 1 is the only
additional branching constraint added to the original relaxation). This figure is adapted from [57, Figure 2].

Contrastingly, each branching decision with the independent branching formulation (27) is able
to fix components of A to zero, independent of the location in the tree and of the previous branching
decisions. For example, branching down or up on 2z, is always able to prove either A3 =0 or
A1 = A5 =0, independently. Consequentially, for every component v € J, there exists a branching
decision that is able to prove that A, =0 at the first level of the branch-and-bound tree, which
is not the case with formulation (26) and v = 3, as mentioned above. Having this independence
property is a restriction on the branching scheme, but has the potential to simplify branching rules
(i.e. choosing which variable z; to branch on), a notoriously difficult and computationally important
part of the algorithmic performance of a MIP solver (see, for example, [2]). Furthermore, we see
that independent branching rules guarantee that the solver can prove any component of A is zero
at the very beginning of the tree.

Finally, we note that MIP formulations that are not independent branching formulations can
still exhibit the independent branching behavior. For example, if we had selected the encoding
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{h%}ses to be given by given by h{12h = (1,1), {23} = (1,0), {34 =(0,0), and h*5 = (0, 1), for-
mulation (10) would satisfy the independent branching property. However, independent branching
formulations provide an immediate proof that the property holds, which is not the case for general
MIP formulations.

Appendix D: Proposition 7

PROPOSITION 7. A biclique cover of depth t exists for the conflict graph G§ = (J, E) of pairwise
IB-representable CDC(8) if and only if the following admits a feasible solution:

\

20 <al 4t
zJ“ <zi+y;
2" <l +ys - 2
7 s 7 Vj e [t],v{r,st e[J 28a
RN j € vir.s} €] (280)
> ay y ]
2 >as+yi—1
iy <1 Vjie[t],vreJ (28b)
t
> =1 V{rs}eE (28c¢)
j=1
t —
d =0 V{rs}e[JP\E (28d)
j=1
" €{0,1} vreld (28e)
y €{0,1} VrelJ (28¢)
20,1} Y{r,s} e [J]* (28¢)

Moreover, for any feasible solution (x,y, z), a biclique cover for G§ is given by AT ={r e J: xi = 1}
and B? ={r e J:y; =1} for each j € [t].

Proof The interpretation of the decision variables is:

m; =1[re AJl] (29a)
z; :]l[a:j:yjzlorxj:yjzl]. (29c¢)

That is, 27" = 1 iff level i separates infeasible edge {r,s} € E, which is enforced via (28a-28b).
To show that the existence of a biclique cover implies that (28) is feasible, you may consider the
proposed solution (29) and see that it is feasible for (28).

To show that a feasible solution maps to a biclique cover, consider some (z,vy,z) feasible for
(28), and the corresponding sets A’ = {r € J:2} =1} and B’ = {r € J : yj = 1} for each j € [t].
Inequalities (28b) ensure that 47N B’ = () for each j € [t]. Constraints (28d) ensure that A7+« B/ C E
for each j € [t]. Therefore, each (A7, B7) is a biclique of G§. Furthermore, (28c) ensures that that
there is at least one level j that separates each infeasible edge {r,s} € E. Therefore, {(A7, B/)}!_,
is a biclique cover of G§. [0



