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Abstract

The Chvéatal-Gomory closure and the split closure of a rational polyhedron are rational polyhedra. It was
recently shown that the Chvatal-Gomory closure of a strictly convex body is also a rational polytope. In
this note, we show that the split closure of a strictly convex body is defined by a finite number of split
disjunctions, but is not necessarily polyhedral. We also give a closed form expression in the original variable
space of a split cut for full dimensional ellipsoids.
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1. Introduction

Cutting planes are inequalities that separate fractional points from the convex hull of the integer feasible
solutions of an Integer Programming (IP) problem. Together with branch and bound techniques, cutting
planes drive the engine of state-of-the-art integer programming solvers [8, 9].

One of the most successful class of cutting planes for linear IP problems are obtained via split disjunc-
tions [3, 5]. Split disjunctions can be applied to both linear and nonlinear IP problems as follows. Given
a convex set C C R™, we are interested in obtaining convex relaxations of C NZ". If 7 € Z™ and 7y € Z,
then CNZ" C (CN{x e R" : (mz) <m}p)U(CN{x eR" : (mz) > m+ 1}) where (u,v) is the inner
product between u and v. Therefore, a convex relaxation of C' N Z™ that is potentially tighter than C' is
given by C™™ := conv ((CN{x € R™ : (m,z) <mo})U(CN{x € R : (m,x) >+ 1})). Observe that if
C is a polyhedron, then C™7 is a polyhedron. In this case, the nontrivial linear inequalities defining C™:™
(i.e. inequalities not valid for C) are called split cuts. A usual way to study split cuts for linear IP is to
consider properties of the object obtained by adding all split cuts with the original linear inequalities. This
object is called the split closure and for both linear and nonlinear IP, it can be formally defined as follows.

Definition 1.1. Let C be a closed convex set. Let SCp(C) = Nz np)epC™™, D C Z" x Z. The split
closure of C is the convex set SCznx7(C). For simplicity, we refer to SCznxz(C) as SC(C).

If C is bounded or a rational polyhedron, then it is known that SC(C) is a closed set. In Section 2
we give a short proof of this fact for any closed convex set C. If C is a rational polyhedron, then C™7°
is a polyhedron. However, because the number of disjunctions considered in the construction of the split
closure is not finite, SC'(C) may not necessarily be a polyhedron. The first proof of the polyhedrality of the
split closure of a rational polyhedron was introduced by Cook, Kannan and Schrijver in 1990 [5] and other
proofs were subsequently presented [2, 7, 15] using different techniques. The approach of all these proofs
is to use different properties of rational polyhedra, split disjunctions and their interactions to show that a
finite number of split disjunctions is sufficient to describe the split closure.

In the case where C' is not a polyhedron, C™™ is not always a polyhedron and therefore C™7° may
not be describable by a finite number of linear inequalities. Thus, given a general convex set, a reasonable
generalization of the polyhedrality result of split closure for rational polyhedra, is to show that a finite
number of split disjunctions is sufficient to describe the split closure. In this note, we verify this for a wide
range of strictly convex sets. As a direct corollary we obtain that the split closure preserves conic quadratic
representability [4] of strictly convex sets. These results can be stated formally as follows.

Definition 1.2. We say a set C is strictly convex if for all u,v € C, u # v we have that Au + (1 — A)v €
rel.int(C) for all 0 < X\ < 1. We say C is a strictly convezx body if C is a full dimensional, strictly convex
and compact set.

Theorem 1.3. Let C C R" be a closed bounded strictly convex set such that the affine hull of C is a
rational affine subspace of R™. Then the split closure of C' is finitely defined, that is, there exists a finite set
D CZ™ x Z such that SC(C) = SCp(C).

Definition 1.4. A conic quadratic representable set is a set of the form {x € R™ : Jy € RP Az+Dy—b € K}
for A € R™*" D € R™P b € R™ and K is the product of Lorentz cones of the form {u € R
(wry .oy up—1)|| < wi} where ||| is the Fuclidean norm.

Corollary 1.5. If C is a bounded conic quadratic representable strictly convex set, then SC(C) is conic
quadratic representable.

Corollary 1.5 is a direct consequence of Theorem 1.3 by using the fact that the convex hull of the union
of a finite number of bounded conic quadratic representable sets is also conic quadratic representable [4].

We note here that, while we show that SC(C) is described by a finite number of disjunctions, verifying
that SC(C) is not always a polyhedron is also interesting; especially since the Chvatal-Gomory closure of
a strictly convex set is a rational polyhedron [6]. For this reason we present an example that illustrates
how the split closure of strictly convex sets can indeed be non-polyhedral. To achieve this we will give a
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closed form expression in the original variable space of a split cut for a full dimensional ellipsoid. Although
it is straightforward to obtain a closed form expression using auxiliary variables, there is a theoretical and
practical interest in getting an expression without auxiliary variables. In general, obtaining expressions
without auxiliary variables can result in more efficient cutting plane methods (e.g. [12, 13]). Also, for
example, the lifting approach for conic programming presented in [1] does not introduce any new auxiliary
variables.

2. Proof of Theorem 1.3

Let C be a closed convex set, bd(C) be its boundary and o¢(a) := sup{{a,z) : = € C} be its support
function. Given a € R, |a] represents the largest integer smaller than or equal to a. Let I? represent the
p-by-p identity matrix and 09%? be the a-by-b matrix with all zero entries. Given a matrix P and a set C,
let PC ={Pxz : z € C}.

To prove Theorem 1.3, we will use the fact that the Chvéatal-Gomory closure of a strictly convex body
is a rational polyhedron.

Definition 2.1. Let C C R" be a closed convex set. For any set S C Z™ let

CGCs(C) = (V{z eR" : (a,z) < |oc(a)]}.

a€S
The Chvdtal-Gomory closure of C is CGC(C) := CGCyzn (C).

Theorem 2.2 ([6]). Let C be a strictly convex body. Then there exists a finite set S C Z™, such that
CGC(C) = CGCg(C). Moreover bd(C) N CGC(C) C bd(C)NZ".

We first present a few basic properties of split closures.

Lemma 2.3. Let C C R"™ be a closed convex set. Then

1. For any (m,m) € Z™ x Z we have that C™™ is a closed convex set.
2. SC(C) is a closed convez set.

Proof. Let Cy be the recession cone of C' and for a fixed (7, 7) € Z" x Z let C' := {zx € C : (m,z) < 10},
C?:={zeC: (mz)>m+1}, CL:=C'+Cyx and C% := C? + C. If C* or C? is empty, then the first
part of the lemma is direct. For the case in which both sets are non-empty we first claim that

C™™ = conv (CL UCT). (1)

For this it suffices to show that C™7 O conv (C’i U Cﬁ) Let 2t € C%, 1" € Cy and \; > 0 for i € {1,2} such
that Ay + A2 = 1. To show that 2?21 Ai(zt + ') € C™™ we show that 2 +r? € C™™ for i € {1,2}. We
only do this for i = 1 as the other case is analogous. If (r,r) <0, then z! +r! € C! so the result it direct. If
not, then (m,7') > 0 and there exists ¢ > 1 such that o' +tr' € C%. Because z' + 7! € conv ({z', 2! + tr'})
we conclude that z! +r! € C™™0,

Now, C’j_ and Cf_ are non-empty closed convex sets with the same recession cone and hence by Corollary
9.8.1 of [11], we obtain that conv (CL U C2) is a closed convex set. The first part of the lemma then follows
from (1) and the second part is a direct consequence of the first part. O

Lemma 2.4. Let C CR"™ be a compact convex set. Then

1. SC(C) C CGC(C) C C.
2. If C1 C C2, then SC(CY) C SC(C?).

Proof. 1. Note that the inequality (a,z) < |oc(a)] is valid for C®l7c(@)] Therefore, SCznx7(C) C
CGC%n (C) C C, where the last inclusion is proven in [6].
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2. This follows from the fact that (C1)™™ C (C?)™™ for all (7, m) € Z" X Z.
O

Lemma 2.5. Let B(u,e) C R" be the closed ball with the center u and radius € and let m € Z™ and || > 1.
Then u € B(u,g)™™ for all my € Z.

Proof. If (m,u) < mg or (m,u) > 7o+ 1, then u € B(u,e)™™. Next consider the case where my < (m,u) <
7o + 1. Since the distance between the sets {x € R™ : (r,z) = mp} and {z € R" : (m,x) = mp + 1} is less
than e, there exists two points of the form u + 51ﬁ and u — 52“;—" such that

1. u+§1ﬁ€{$€Rn:<ﬂ,$>Zﬂ'0+1} andu—égﬁe{meR":(m@Smﬂ»,
2. 5120,52203Dd(51+(52:m<5.

Therefore, u + 51”—:”& — 52"7”“ € B(u,e) and w is a convex combination of u + 61"%”,11 — 52‘;—". Thus
u € B(u,e)™m. O

Before presenting the proof of Theorem 1.3, we present two key related results. See [14] for a proof.

Lemma 2.6 (Hermite Normal Form). Let A € ZP*™ be a matriz with full row rank. Then there exists an
unimodular matriz U € Z"*™ such that AU = [B 0P*"~P] and B € ZP*? is an invertible matriz.

Theorem 2.7 (Integer Farkas’s Lemma). Let A be a rational matriz and b be a rational vector. Then the
system Ax = b has integral solutions if and only if (y,b) is integer whenever y is a rational vector and ATy
s an integer vector.

Proof of Theorem 1.3. Let L be the affine hull of C. By assumption, L is a rational affine subspace. If L

contains no integer points, then by Theorem 2.7 we have that there exists m € Z™ such that (m,z) = b ¢ Z

Vaz € C. Thus, C™%) = (). Therefore if L contains no integer points, then the proof of Theorem 1.3 is

complete. We now assume that L contains an integer point. Let u € L NZ™. Note that the split closure of

C is finitely defined if and only if the split closure of C' — {u} is finitely defined. Therefore we may assume

u=0and L ={x € R" : Ax =0} where A € Z"¥*" with full row rank. Let U be the unimodular matrix
n—kxk

given by Lemma 2.6. Let P = [0"*"~F [F[U~! and Q = U [ 0 I ] Then observe that

If 2 € L, then QPz = 2. Also for y € RF, PQy = y.

PC is strictly convex body.

If 7 € Z™, then QTn € ZF. Therefore C™™ = Q ((PC)QTTF,TFO).

Ll

If n € Z*, then PTn € Z". Therefore (PC)"" = P ((C’)PT"’"‘)).

Then the split closure of C'is finitely defined if and only if the split closure of PC' is finitely defined. Hence
it is sufficient to verify Theorem 1.3 for full-dimensional sets.

Let T := CGC(C). Since SC(C) C T, it is sufficient to verify that for all but a finite number of vectors
7w and scalars 7, the relationship 7" C C™™ holds.

By Theorem 2.2, T Nbd(C) C Z". Therefore, if z € T Nbd(C), then 2 € SC(C). Let ext(T) be the set
of vertices of the polytope T. Because ext(T') \ bd(C) C C \ bd(C) = int(C) and |ext(CGCg(C))| < oo we
have that there exists € > 0 such that B(v,e) C C Vv € ext(T) \ bd(C).

Now if |x| > 1, then by Lemma 2.4 and Lemma 2.5 we obtain that v € C™™ Vv € ext(T) Vmo € Z.
Finally note that since C' is bounded, given m € Z", there exists only a finite possibilities of my such that
C # C™7™, Therefore, T'Z C™™ holds for only a finite number of split disjunctions, completing the proof.
O

We note here that the above proof can be modified to prove that whenever CGC(C) is a polyhedron and
CGC(C)Nbd(C) = SC(C) Nbd(C), the split closure is finitely defined.



3. Example of Non-polyhedral Split Closure

We now give an example of a conic quadratic representable strictly convex body whose split closure is
non-polyhedral. Using a simple lemma we have as a direct corollary of Theorem 1.3 that the split closure
of all strictly convex bodies in R? is a (not necessarily rational) polyhedron, so the example will be in R3.

Lemma 3.1. In R2, all nontrivial inequalities from a split disjunction are linear inequalities. Moreover
every split disjunction yields at most two linear inequalities.

Proof. Note that

Ccmmo ={zreC : (ma)<mtU{x el : (mz)>mn+1}
Uconv ({z € bd(C) : (m,z) =mo} U{x € bdC : (m,z) =mo + 1})

and if C C R2, then the last term in the union is a polytope with at most four facets. A simple case analysis
shows that at most two of this facets are faces of C™7. The linear inequalities inducing these facets are the
only nontrivial split cuts for C™7°. O

Corollary 3.2. The split closure of a strictly convex set in R? is polyhedral.

Proof. Direct from Theorem 1.3 and Lemma 3.1 by noting that SC(C) is obtained by adding split cuts to
CGC(C), which is a polyhedron. O

To construct the example in R3 we will need an explicit formula for split cuts for ellipsoids. For polyhedral
sets we can readily talk about split cuts, as C™7° is always defined by a finite number of linear inequalities.
For general convex sets the following straightforward lemma gives us at least one case in which we can also
talk about linear split cuts.

Lemma 3.3. Let C CR" be a closed convex set and (7, mg) € Z"™ X Z.
o IfCN{zeR" : (ma)>mo+1} =0, then C™™ ={z € C : (m,z) < m}.
o IfCN{zeR" : (muz)<mo} =0, then C™™ ={x € C : (m,z) > mo+ 1}.

In the case depicted by Lemma 3.3 the obtained split cuts are simply Chvatal-Gomory cuts, so an
interesting question is if there are other cases in which we can talk about, possibly nonlinear, split cuts in
closed form. For conic quadratic representable sets Corollary 1.5 almost gives one such case.

Let C C R"™ be a conic quadratic representable strictly convex body. By Corollary 1.5 we know that
SC(C) is conic quadratic representable and in particular so is C™™ for any (w,m) € Z" x Z. However,
this result does not tell us the structure of split cuts for conic quadratic representable sets in the original
space. The issue is that, for any (7, m) € Z™ x Z, we only know that there exists A € R™*" D € R™*?P
and b € R™ such that C™™ = {z € R" : Jy € RP Ax + Dy — b € K} where K a product of Lorentz
cones. Unfortunately, we do not know if this representation is possible without matrix D and auxiliary
variables y. In fact [4] contains many sets that require these auxiliary variables for their conic quadratic
representation. However, because of its very particular structure we might expect C™ ™ to have a conic
quadratic representation without auxiliary variables. We show that this is true at least when C is a full
dimensional bounded ellipsoid. blueFor this we will need the following facts about positive (semi-) definite
matrices.

Definition 3.4. We say that A € R™*™ is positive (semi-)definite if A is symmetric and
(x,Az) >(>)0 VzeR"\{0}.

We write A > (=) 0 to denote that A is positive (semi-)definite. The relation > (>) defines a natural
partial order where A > (>)B < A — B > (>)0. We recall some basic facts about positive semi-definite
matrices.



Fact 3.5.

1. A= 0 iff A is non-singular and A~" = 0.
2. A= 0iff 3B s.t. B'B = A. Furthermore 3 unique B = 0 such that B2 = A which we denote A2,
3. A > 0. Define ||z||a = /(z, Az) for v € R™. Then we have that

(&) lz+ylla < |zlla+llylla Vz,yeR™
(b) |laz||a = |al|lz]la ¥V 2z €R™ aeR.

We define the ellipsoid E(A,c) as
EAc)={zeR": (z—c,Alx —¢)) <1} ={z € R": |z — ¢|la < 1}.

For convenience, we denote E(A,0) = E(A). Take A € R"*" A > 0. For 7 € R" \ {0} define

T
Aty ™
B (m, A= 17r)
For r € R, —||7||a-1 <7 < ||7||a-1, define
r2
Ry(r)= 41— — .
Ar) (m, A= 1m)

Lemma 3.6. Take A € R"*", ¢ € R" where A= 0. Form € R", mp € R, —||7||a-2 < mo < mo+1 < |7l a-1,
we have that

E(A, )™ ={z eR": |lx —c|la <1,
[l = ellax <(mo +1 = (m, 2)) R} (w0 — (7, ¢))
+ ((m, ) — mo) Ry (mo — (m,¢) + 1)} (2)

Since the proof of this lemma is technical, we include it in the Appendix.

Lemma 3.6 and Lemma 3.3 tell us that if C is a full dimensional bounded ellipsoid, then for each
(m,m) € Z"™ x Z such that C™™ C C there exist exactly one split cut associated to (m,mp), which is given
by (m,z) < mg, (m,x) > 7y + 1 or conic quadratic inequality (2). Together with Theorem 1.3 we have the
following direct corollary.

Corollary 3.7. If C' C R"™ is a bounded full dimensional ellipsoid, then SC(C) is described by a finite
number of linear inequalities and conic quadratic inequalities.

It is not clear from Corollary 3.7 if in this case SC(C) is a polyhedral set or not. In particular, it would
be possible for the linear inequalities describing SC(C) to dominate all the conic quadratic inequalities
(e.g. when CGC(C) = conv(C NZ™)). However, the following example shows that SC(C) can, in fact, be
non-polyhedral.

0 0

1 0 and ¢ = (1/2,1/2,1/2)T.
0 1/10000

<0Vaxr>1andxzea <0Vaxy>1 are

1
Example 3.8. Let C ={z € R3 : ||lz—c||a <1} for A= ﬁ 0
0

Using Lemma 3.6 we have that the split cuts for C' associated to 1

64 1 2+ 4 1 2< 17
Al 4 (.t 17
3377 2 20625 \"* 2] = V33




and

6/ 1\ 4 1N 1T
33\ 2 20625 \"® 2) — V33
respectively.

Let R be the convex set obtained by adding these two split cuts to C. As illustrated in Figure 1(a),
R is a non-polyhedral ‘rugby ball like’ convex set contained in C. To show that the split closure of C is
not a polyhedron we will show that part of the surface of R remains in the surface of the split closure of
C. The part of the surface of R we consider is a portion ‘of the seams of the rugby ball’ starting at the
point in R with highest x3 value and with increasing x1 and xo. Specifically, we will show that the curve

/17—64(t— .
yi= { t,t, L2817 264(t L2 : % <t< % + L} belongs to the boundary of the split closure of C.

100
Because v is in the boundary of R it suffices to show that it is not cut by any split cut. To achieve this we

T
_ o /17 -
show that points q = (1/2,1/2, H2ANT gnd p = (1/2 +1/100,1/2 + 1/100, LH25VIT 642(1/100 L2

are not separated by any split cut for C' and that point p := (1/2 4+ 1/100,1/2 + 1/100, %)T is only
separated by the two split cuts defining R. The result will then follow because, as illustrated in Figure 1(b),
v € conv(p,q,7).

To show that p, ¢ and r are not separated by any split cut besides the ones defining R we first note that
B(v,0.34) C {x € R : max}_,|x; —v;| < 0.34} C C for all v € {p,q,r}. Then, similar to the proof of
Theorem 1.3, we have that by Lemma 2.4 and Lemma 2.5 the only split cuts that can separate p, q or v are
those associated to (w,mg) € Z™ x Z with ||| < 1/0.34. Aided by Lemma 3.6 and Lemma 3.3 we tested this
finite list of split cuts using a simple Mathematica [10] program to show that none of these cuts separates p,
q orr.

X3

5203
-50 L 52021

5201 ¢

(a) Rugby ball given by two split cuts. (b) Non-polyhedral curve contained in convex hull of three
points.

Figure 1: Illustration of Example 3.8



4. Observation and Open Questions

Theorem 2.2 for the Chvétal-Gomory closure is extended in [6] to include the intersection of strictly
convex sets with rational polyhedra. Although this extension is relatively simple for the Chvatal-Gomory
closure, an analogous extension for the split closure seems much harder. Besides the polyhedrality of the
Chvétal-Gomory closure, the proof of Theorem 1.3 relies on separating every point in bd(C) \ Z™ with a
Chvétal-Gomory cut and this is no longer possible when C' is the intersection of a strictly convex set with
a rational polyhedron. One way to deal with this issue and extend the proof of Theorem 1.3 is to prove the
existence of a convex set T' such that

e I'DSC(S)
e T'Nbd(S) = SC(S) Nbd(S)
e There exists 6 > 0 such that v € ext(T") \ bd(S) implies that v is at least a distance ¢ from bd(S).

Unfortunately, the existence of such set remains an open question.

Another interesting observation concerns the split closure of polyhedral approximations of a strictly
convex body. Example 3.8 shows that some strictly convex sets lack a polyhedral approximation whose split
closure is the same as that of the strictly convex set. In contrast, every strictly convex set has a polyhedral
(outer) approximation with exactly the same Chvatal-Gomory closure.
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6. Appendix A: Ellipsoid Split Cut

To prove Lemma 3.6, we will need the following lemma.

Lemma 6.1. Take A € R™*" where A > 0. For m € R™\ {0}, the following holds:

1. A= Af>o0.

2.VzeR" teR, |z +tA_17rHA# = [lzf oz

3. BE(A) ={z eR": |z[lax < RA((m,2)), —I7lla < (m x) <|7]a-1}.
Proof.

Proof of 1. For all y € R", since A = 0 < A~! = 0, we have that

(v ) = i

Therefore % =A—- AL = 0= A= A}l as needed. Since A is positive definite by Fact 3.5 we know

that both A2 and A~"2 exist. Now for z € R", we have that

(x, Az) (m, A" 1) = <A1/2a:,A1/2a:> <A71/27T,A71/27T> = || A2z 2| A2 ?

2
> <A71/2:L',A1/27T> = (z,m)? = (z, 7" x) (by Cauchy-Schwarz ).
Hence we have that
(z, Az) > {z N VeeR = A- " w0 o Ao
TN\, A (r, A=1m) = =

as needed.

Proof of 2. We first note that

7T7TT

(m, A=17)

-1 _ -1_ <7T7A717r>_ o
)A T=AA""w 7T7<7T,A_17T>—7T m=0.

Ay A7lm = (A -
For z € R™, t € R, using the above, we have that
|z + tA717r||124# =(z+ tA e Al (z + tA™ )
= (z, A#x> + 2t (=, A#A_17r> + t? (m, A_lA#A_17r>
= (x,Ayz) +2t(z,0) + t* (1, A'0) = (2, Ayz) = Ha:||124#,
as needed.

Proof of 3. Take z € E(A). Then (z, Ax) < 1. Remembering A = AL + %, we get that

arl (7, x)?

(r,Az) <1 & <x (A¢+<7T7A17T>> a:> <1 & eofi: < 1—m. (3)

From Part 1, we know that AX = 0. Moreover, (z, Az) < 1 for all z € E(A). Therefore we have that

<x,A#x> >0 = 1- AT >0 = —|rlla-r < {(ma) <|7)la-1- (4)
Now for —||7||4-1 < (m,x) < ||7||a-1, we have that R ((m,x)) is defined and R%((m,z))? =1 — <7r<7:4g£>127r>'

Combining (4) and (3) (taking square roots) yields the result.
O



Proof of Lemma 3.6. Let
So={zeR":|lz—c|a<l, (mz—c)<m} and Si={zeR":|z—cl|a<1, (m,x—c)>m+1}
and let

C={seR: |z—cla <1, o —cllas < (ro+1— (mz—))RY(m0) + ((mz — ) — mo) R (mo + 1)}

Note that by definition E(A,c)™™ (™) = conv{Sy, S;}. Our goal is to show that conv{Sy, S} = C, which
is equivalent to (2). Since the above relationships are all preserved under shifts, we may assume that ¢ = 0

and hence focus our attention to the ellipsoid E(A4,0) = E(A). Letting w, = mfl_lﬂ, for r € R, we
note that < ) >
r m, AT T

= 71471 = 7’ = 5

<7T7w7"> <7T7 <7T,A717T> 7T> T<7T,A717T> r ( )

By Lemma 6.1 Part 2, for r € R, —||7]|4-1 <7 < |[|7]la-1, we see that [lw,[|ar =0 < RE ({7, w,)) = RE(r).
Therefore by Lemma 6.1 Part 3, w, € E(A). From the above and our assumption on 7y, we get that
Wy, € So and wy,11 € S1, and therefore Sy, S1 # 0.

Take x € conv{Sy, S1}. Clearly € E(A), so we need only check whether z satisfies the additional conic
inequality. Since Sy and S; are convex, we can write x = axg+ (1 —«a)z1, 0 < a < 1, where ¢ € Sp, 1 € Si.
By Lemma 6.1 Part 1, we know that AL = 0 and hence || - || AL is convex by Fact 3.5. By the convexity of
[ -las, and that z, 21 € E(A) together with Lemma 6.1 Part 3, we get

[zllaz = llawo + (1 = a)aaflar < allzollar + (1 — a)l[z1]lar < aRL (7, x0)) + (1 — a)RE((m, 21))
Since a(m, xo) + (1 — @) (m, z1) = (7, ), and (7, 20) < 7o < Mo+ 1 < (7, x1) by concavity of the function R
(since /1 — y?2 is concave) we get that

aRj((mx0)) + (1 — )Ry ((m, 21)) < (mo + 1 = (m, 2)) R (7o) + ((m, ) — 7o) R (7o + 1),
as needed.

Now take z € C'. We will verify that if x satisfies [z] 41 < (mo+1—(m, 2)) R} (m0)+ ({7, ¥) —m0) R} (mo+1),
then x € conv{Sy, S1}. If (m,z) < mp, then x € Sy and if (7, z) > w9 + 1, then = € S1, so we may assume
that mo < (m,2) < mo+ 1. Let « = (mg+1 — (m,z)) and 1 — a = (m, x) — mp, where by the previous sentence
we get that 0 < @ < 1 and that amg + (1 — o) (mo + 1) = (7, ).

We may write £ = z 4w/, 4y for some z € R". By construction and (5), we have that (7, z) = 0. Since
xz € C and 1y < (m,z) < mp + 1, by Lemma 6.1 Part 2 and 3 and concavity of R7, we have that

[2llaz =Nz + wirayllazr = [2laz < RA((7,2)) < aRj(mo) + (1 — a)Rj(mo + 1). (6)
Let

_ R7 (mo0) R™ (o + 1) )
zZ0 — .

d =
ZQ@mwﬂ—wmmHJ o “'%mmmﬂwmmm+n
Now note that

azo+ (1 —a)z1 =2z and awg, + (1 — Q)Wryy1 = Wir o)
= a(zg + Wry) + (1 — @) (21 + Wroy1) = 2+ Wir,z) = .
We claim that zp + wn, € Sp and 21 + wry4+1 € S1. Assuming this, the above equation then gives us that
x € conv{Sy, S1} and so we are done. Since (7, z) = 0 = (7, z9) = 0, we get that (7, zo +wr,) = (7, Wr,) =
mo. Then, by definition of zy, Lemma 6.1 Part 2 and (6) we have that
HZHA,{

aRj(mo) + (1 — a)RY(mo + 1)
From (7) and Lemma 6.1 Part 3, we see that zo+wg, € E(A) and (7, z0+wx,) < mp. Therefore zo+wx, € Sy
as needed. The argument for z; + wr,+1 is symmetric. O

< R (mo) = R ({m, 20 + wao))  (7)

20 + wrollar = ll20llaxr = R%(m0)
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