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We study dynamic decision-making under uncertainty when, at each period, a decision-maker implements a
solution to a combinatorial optimization problem. The objective coefficient vectors of said problem, which
are unobserved prior to implementation, vary from period to period. These vectors, however, are known
to be random draws from an initially unknown distribution with known range. By implementing different
solutions, the decision-maker extracts information about the underlying distribution, but at the same time
experiences the cost associated with said solutions. We show that resolving the implied ezploration versus
exploitation trade-off efficiently is related to solving a Lower Bound Problem (LBP), which simultaneously
answers the questions of what to explore and how to do so. We establish a fundamental limit on the asymptotic
performance of any admissible policy that is proportional to the optimal objective value of the LBP problem.
‘We show that such a lower bound might be asymptotically attained by policies that adaptively reconstruct
and solve LBP at an exponentially decreasing frequency. Because LBP is likely intractable in practice, we
propose policies that instead reconstruct and solve a proxy for LBP, which we call the Optimality Cover
Problem (OCP). We provide strong evidence of the practical tractability of OCP which implies that the
proposed policies can be implemented in real-time. We test the performance of the proposed policies through
extensive numerical experiments and show that they significantly outperform relevant benchmarks in the

long-term and are competitive in the short-term.
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1. Introduction

Motivation. Traditional solution approaches to many operational problems are based on com-
binatorial optimization and typically involve instantiating a deterministic mathematical program,
whose solution is implemented repeatedly over time: nevertheless, in practice, instances are not
usually known in advance. When possible, parameters characterizing said instances are estimated
off-line, either by using historical data or from direct observation of the (idle) system. Unfor-
tunately, off-line estimation is not always possible as, for example, historical data (if available)

might only provide partial information pertaining previously implemented solutions. Consider, for
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instance, shortest path problems in network applications: repeated implementation of a given path
might reveal cost information about arcs on such a path, but might provide no further information
about costs of other arcs in the graph. Similar settings arise, for example, in other network applica-
tions (e.g., tomography and connectivity) in which feedback about cost follows from instantiating
and solving combinatorial problems such as spanning and Steiner trees.

Alternatively, parameter estimation might be conducted on-line using feedback associated with
implemented solutions, and revisited as more information about the system’s primitives becomes
available. In doing so, one must consider the interplay between the performance of a solution and
the feedback generated from its implementation: some parameters might only be reconstructed by
implementing solutions that perform poorly (relative to the optimal solution). This is an instance of
the exploration versus exploitation trade-off which is at the center of many dynamic decision-making
problems under uncertainty, and as such, it can be approached through the multi-armed bandit
paradigm (Robbins|1952). However, the combinatorial setting has salient features that distinguish it
from the traditional bandit. In particular, the combinatorial structure induces correlation between
the cost of different solutions, thus raising the question of how to collect (i.e., by implementing what
solutions) and combine information for parameter estimation. Also, because of such correlation,
the underlying combinatorial problem might be invariant to changes in certain parameters, hence
not all parameters might need to be estimated to solve said problem. Therefore, answering the
question of what parameters to estimate is also crucial in the combinatorial setting.

Unfortunately, the features above either prevent or discourage the use of traditional bandit

algorithms. First, in the combinatorial setting, traditional algorithms might not be implementable
as they would typically require solving the underlying combinatorial problem at each period, for
which, depending on the application, there might not be enough computational resources. Second,
even with enough computational resources, such algorithms would typically call for implementing
each feasible solution at least once, which in the settings of interest might take a prohibitively large
amount of time (i.e., number of periods) and also result in poor performance.
Main Objectives and Assumptions. A thorough examination of the arguments behind results
in the traditional bandit setting reveals that their basic principles are still applicable to the com-
binatorial setting. Thus, our objective can be seen as interpreting said principles and adapting
them to the combinatorial setting with the goal of developing efficient policies that are amenable
to implementation, and in the process, understanding how performance depends on the structure
of the underlying combinatorial problem.

We consider a decision-maker that at each period must solve a combinatorial optimization prob-
lem with a linear objective function whose cost coefficients are random draws from a distribution

that is identical in all periods and initially unknown (except for its range). We assume (without
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loss of generality) that the underlying combinatorial problem is that of cost minimization, and

that the feasible region consists of a time-invariant nonempty collection of nonempty subsets (e.g.,

paths on a graph) of a discrete finite ground set (e.g., arcs of a graph), which is known upfront by

the decision-maker. By implementing a solution, the decision-maker observes the cost realizations

for the ground elements contained in said solution. Following the bulk of the bandit literature, we

measure performance in terms of the cumulative regret, which is the expected cumulative additional

cost incurred relative to that of an oracle with prior knowledge of the cost distribution.

Main Contributions. Our contributions are as follows:

i

ii)

We establish a fundamental limit on the asymptotic performance of any admis-
sible policy and show that this lower bound is attainable: We prove that no policy
can achieve an asymptotic (on N, which denotes the total number of periods) regret lower
than 2z} 5 p In N, where 2} 55 is the optimal objective value of an instance-dependent optimiza-
tion problem, which we call the Lower Bound Problem (LBP). This problem simultaneously
answers the questions of what to explore and how to do so. More specifically, we show that in
the combinatorial setting it suffices to focus exploration on a subset of the ground set which we
call a critical set. To the best of our knowledge, ours is the first lower bound for the stochastic
combinatorial bandit setting. Then, we show that said lower bound might be asymptotically
attained (up to a sub-logarithmic term) by near-optimal policies that adaptively reconstruct
and solve LBP at an exponentially decreasing frequency.

We develop an efficient policy amenable for real-time implementation: The near-
optimal policies alluded above reconstruct LBP adaptively over time. However, their imple-
mentation is impractical mainly because LBP depends non-trivially on the cost distribution
(and thus, is hard to reconstruct), and because LBP is often an exponentially-sized problem
that is unlikely to be timely solvable in practice. Nonetheless, we develop an implementable
policy, which we call the OCP-based policy, by means of replacing LBP in the near-optimal
policies by a proxy that distills LBP’s two main goals: determining what should be explored
and how to do so. Said proxy, which we denote the Optimality Cover Problem (OCP), is a
combinatorial optimization problem that is easier to reconstruct in practice as it depends
solely on the vector of mean costs. While OCP is still an exponentially-sized problem, we
provide strong evidence that it can be solved in practice. In particular, we show that OCP
can be formulated as a Mixed-Integer Programming (MIP) problem that can be effectively
tackled by state-of-the-art solvers, or via problem-specific heuristics. Finally, we show that a
variant of the OCP-based policy admits an asymptotic performance guarantee that is similar

to that of the near-optimal policy.



4 Modaresi, Sauré and Vielma: Learning in Combinatorial Optimization: What and How to Explore

iii) We numerically show that the OCP-based policy significantly outperforms exist-
ing benchmarks: The key to the efficiency of the OCP-based policy is that it explores as
dictated by OCP (i.e., focusing exploration on critical elements) and rarely explores every
ground element, let alone every solution, of the combinatorial problem. Through extensive
computational experiments we show that such a policy significantly outperforms existing
upper-confidence-bound-type benchmarks (i.e., adaptations of the UCB1 policy of Auer et al.
(2002) to the combinatorial setting), even when OCP is solved heuristically in a greedy way.

The optimal In N scaling of the regret is well-known in the bandit literature (Lai and Robbins
1985)) and can even be achieved in the combinatorial setting by traditional algorithms. The regret
of such algorithms, however, is proportional to the number of solutions, which in combinatorial
settings, is typically exponential. This suggests that the dependence on N might not be the major
driver of performance in the combinatorial setting, especially in finite time. To this end, we aim
at studying the optimal scaling of the regret with respect to the combinatorial aspects of the set-
ting. In doing so, our performance bounds sacrifice the optimal dependence on N (by adding a
sub-logarithmic term) for the sake of clarity in terms of their dependence on the underlying combi-
natorial aspects of the problem, thus facilitating their comparison to the fundamental performance
limit. In this regard, our analysis shows that efficient exploration is achieved when it is focused on
a critical set of elements of the ground set. Our results speak of a fundamental principle in active
learning, which is somewhat obscured in the traditional bandit setting: that of only exploring what
is necessary to reconstruct the optimal solution to the underlying problem, and doing so at the
least possible cost.
The Remainder of the Paper. Section |2| reviews the related work. Section [3| formulates the
problem and reviews ideas from the classic bandit setting. In Section [4] we establish a fundamental
limit on the asymptotic performance and propose a near-optimal policy. Section [5] presents an
efficient practical policy, amenable to implementation, whose performance is similar to that of the
near-optimal policy. Section [6] discusses the computational aspects for solving OCP, and Section
[7 illustrates the numerical experiments. Finally, Section [§ presents extensions and concluding

remarks. All proofs and supporting material are relegated to Online Appendix [A]

2. Literature Review

Traditional Bandit Settings. Introduced in [Thompson| (1933) and Robbins| (1952), the multi-
armed bandit setting is a classical framework for studying dynamic decision-making under uncer-
tainty. In its traditional formulation a gambler maximizes cumulative reward by pulling arms of
a slot machine sequentially over time when limited prior information on reward distributions is

available. The gambler faces the classical exploration versus exploitation trade-off: either pulling
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the arm thought to be the “best” (exploitation) at the risk of failing to actually identify such an
arm, or trying other arms (exploration) which allows identifying the best arm but hampers reward
maximization.

The seminal work of |Gittins| (1979) shows that for the case of independent arm rewards and
discounted infinite horizon, the optimal policy is of the index type. Unfortunately, index-based
policies are not always optimal (see Berry and Fristedt| (1985), and |Whittle (1982))) or cannot
be computed in closed-form. In their seminal work, |Lai and Robbins (1985) study asymptotically
efficient policies for the undiscounted case. They establish a fundamental limit on achievable perfor-
mance, which implies the (asymptotic) optimality of the order In N (where N is the total number
of periods) dependence in the regret (see Kulkarni and Lugosi (1997)) for a finite-sample minimax
version of the result). In the same setting, Auer et al. (2002)) introduce the celebrated index-based
UCBI1 policy, which is both efficient and implementable.

Envisioning each feasible solution as an arm, the combinatorial bandit setting that we study
corresponds to a bandit with correlated rewards (and many arms): only a few papers address this
case (see e.g., Ryzhov and Powell (2009) and Ryzhov et al.| (2012)). Alternatively, envisioning each
ground element (e.g., arcs of a graph) as an arm, the combinatorial setting can be seen as a bandit
with multiple simultaneous pulls: Anantharam et al.| (1987) extend the fundamental bound of |Lai
and Robbins| (1985]) to such a setting and propose efficient allocation rules; see also |Agrawal et al.
(1990). The setting we study imposes a special structure on the set of feasible simultaneous pulls,
which prevents us from applying known results.

Bandit Problems with a Large Set of Arms. Bandit settings with a large number of arms have
received significant attention in the last decade. In these settings, arms are typically endowed with
some structure that is exploited to improve upon the performance of traditional bandit algorithms.

A first strand of (non-combinatorial) literature considers settings with a continuous set of arms,
where exploring all arms is not feasible. |Agrawal (1995)) studies a multi-armed bandit in which
arms represent points in the real line and their expected rewards are continuous functions of the
arms. Mersereau et al.| (2009) and |[Rusmevichientong and Tsitsiklis| (2010) study bandits with
possibly infinite number of arms when expected rewards are linear functions of an (unknown) scalar
and a vector, respectively. Our paper also relates to the literature on linear bandit models (see
e.g., Abernethy et al. (2008) and Dani et al.| (2008)) as the model we study is a linear stochastic
bandit with a finite (but combinatorial) number of arms. In a more general setting, Kleinberg et al.
(2008) consider the case where arms form a metric space, and expected rewards satisfy a Lipschitz
condition. See |Bubeck et al. (2011)) for a review of work in “continuum” bandits.

Bandit problems with some combinatorial structure have been studied in the context of assort-

ment planning: in Rusmevichientong et al. (2010)), [Sauré and Zeevi (2013)), and Bernstein et al.
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(2018)), for example, product assortments are implemented in sequence and (non-linear) rewards
are driven by a choice model with initially unknown parameters. Unlike in these papers, we assume
in our model that the random cost vector is independent of the implemented solution at each
period — see Remark 1] for further details. Also, see/Caro and Gallien| (2007) for a similar assortment
planning formulation with linear independent rewards.

Gai et al.|(2012) study combinatorial bandits when the underlying problem belongs to a restricted
class, and extend the UCB1 policy to this setting. Their policy applies to the more general setting
we study, and is used as a benchmark in our numerical experiments. They establish a performance
guarantee that exhibits the right dependence on N, but is expressed in terms of a polynomial of
the size of the ground set. We show that optimal performance dependence on the ground set is
instead tied to the structure of the underlying combinatorial problem in a non-trivial manner.

Concurrent to our work, two papers examine the combinatorial setting:|Chen et al. (2013) provide
a tighter performance bound for the UCB1-type policy of |Gai et al. (2012), which they extend to
the combinatorial setting we study — their bound is still expressed as a polynomial of the size of
the ground set; also, Liu et al.| (2012)) develop a policy for network optimization problems (their
ideas can be adapted to the setting we study as well) but in a different feedback setting. Their
policy collects information through implementation of solutions in a “barycentric spanner” of the
solution set, which in the feedback setting of this paper could be set as a solution-cover: see further
discussion in Online Appendix[A.6] Probable performance of their policy might be arbitrarily worse
than that of the OCP-based policy that we propose.

Drawing ideas from the literature of prediction with expert advice (see e.g., |Cesa-Bianchi and
Lugosi| (2006])), Cesa-Bianchi and Lugosi (2012) study an adversarial combinatorial bandit where
arms belong to a given finite set in R? (see |Auer et al. (2003) for a description of the adversarial
bandit setting). Our focus instead is on stochastic (non-adversarial) settings. In this regard, our
work leverages the additional structure imposed in the stochastic setting to develop efficient policies

that are implementable in real-time.

3. Combinatorial Formulation versus Traditional Bandits
3.1. Problem Formulation

Model Primitives and Basic Assumptions. We consider a decision-maker that faces a combi-
natorial optimization problem with a linear objective function repeatedly over time. The feasible
region of the combinatorial problem is time-invariant and consists of a nonempty collection S of
nonempty subsets (e.g., paths on a graph) of a discrete finite ground set A (e.g., arcs in a graph).
We assume that both A and S are known upfront by the decision-maker, and without loss of

generality, that the problem is that of cost minimization.
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The cost coefficient vector at each period is a vector of independent random variables. (We
assume that all random variables are defined in a probability space (€2, F,P).) Furthermore, these
random variables jointly form a sequence of i.i.d. random vectors across periods. We let B, (a)
denote the random cost coefficient associated with element a € A in period n > 1, and define
B, :=(B,(a):a€ A) as the random cost coefficient vector in period n. (Throughout the paper,
we use the notation z(a) to refer to the a-th element of vector z.) Let F' denote the (common)
distribution of the cost coefficient vectors and B ~ F with B := (B(a):a € A) so that each B,, is an
independent copy of B. We assume that F is initially unknown (by the decision-maker) except for
its range: it is known that [(a) < B(a) < u(a) a.s. for each a € A for given vectors [ := (I(a):a € A)
and u:= (u(a):a € A) such that [ < u component-wise. (We also assume for simplicity that the
marginal distributions of F' are absolutely continuous with respect to the Lebesgue measure in R.)

At the beginning of period n, the decision-maker selects and implements a solution S, € S.
Then, the random cost vector B, is realized and the cost associated with solution S,, is incurred
by the decision-maker. Finally, the decision-maker observes the realized cost coefficients only for
those ground elements included in the solution implemented, i.e., the decision-maker observes
(bn(a):a€S,), where b,(a) denotes the realization of B,(a), a € A, n> 1.

The decision-maker is interested in minimizing the total expected cost incurred in N periods
(N is not necessarily known upfront). Let 7 :=(S,) —, denote a non-anticipating policy, where
S, : 2 — S is an F,-measurable function that maps the available “history” at period n to a solution
in S, where F,, :==o0({B,(a):a € S,,, m<n}) CF for n>1, with Fy := o (). Finally, note that

the expected cumulative cost associated with a policy 7 is given by
N
J*(F,N):= ZE{ > B(a)} .
n=1 a€Sn

(Note that the right-hand-side above depends on the policy 7 through the sequence (S,),~ ).

REMARK 1. In our formulation, B, is independent of S,,. While this accommodates several appli-
cations such as shortest path, Steiner tree, and knapsack problems, it may not accommodate

applications such as assortment selection problem with discrete choice models.

Full-Information Problem and Regret. Define B:=]],_,(l(a),u(a)). For a cost vector v :=
(v(a):a€ A) € B, define the underlying combinatorial problem, denoted by Comb(v), as follows:

28 oms (V) :=min {Z v(a): S e S} , (1)

a€sS

where 2§, (V) denotes the optimal objective value of Comb(v). Let S*(v) denote the set of optimal

solutions to Comb(v), and define p(a) :=E{B(a)} for each a € A and p:= (u(a):a € A).
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Suppose for a moment that F' is known upfront: it can be seen that always implementing an
optimal solution to Comb(pu) is the best among all non-anticipating policies. That is, because of the
linearity of the objective function, a clairvoyant decision-maker with prior knowledge of F' would

implement S,, € §*(u) for all n > 1, thus incurring an expected cumulative cost of
‘]*(F? N) = Nzé’omb(/*j’)'

(Note that the right-hand-side above depends on F' through p.) In practice, the decision-maker
does not know F upfront, hence no admissible policy incurs an expected cumulative cost below
that incurred by the clairvoyant decision-maker. Thus, we measure the performance of a policy =

in terms of its expected regret, which for given F' and N is defined as
R™(F,N):=J"(F,N)—J"(F,N).

The regret represents the expected cumulative additional cost incurred by a policy 7 relative to

that incurred by a clairvoyant decision-maker (note that regret is always non-negative).

REMARK 2. Although the regret also depends on the combinatorial optimization problem through

S, we omit such dependence to simplify the notation.

3.2. Known Results and Incorporating Combinatorial Aspects

We begin with two definitions and then discuss the existing results in the bandit literature.

DEFINITION 1 (REGULARITY). The distribution F is regular if ;1 € B and the density of B(a): (7)
can be parameterized by its mean p(a), and thus we denote it by f,(-; u(a)); (44) 0 < I,(u(a), A(a)) <
oo for all I(a) < A(a) < p(a) < u(a), a € A, where I,(uu(a),A(a)) denotes the Kullback-Leibler
divergence (see e.g., |Cover and Thomas (2006)) between f,(-;u(a)) and f,(-;A(a)); and (i)
I.(p(a), M(a)) is continuous in A(a) < p(a) for all u(a) € (I(a),u(a)).

The assumption of parameterizing the density function f, by its mean p(a) is made for clarity of

exposition and can be relaxed (see |Lai and Robbins (1985)).

DEFINITION 2 (CONSISTENCY). A policy 7 is said to be consistent if R™(F,N) = o(N®) for all

a > 0, for every regular F'.

Traditional multi-armed bandits correspond to settings where S is formed by ex-ante identical
singleton subsets of A, i.e., settings where S = {{a} : a € A}, and all marginal distributions of I are
identical, thus the combinatorial structure is absent. In such settings, and under mild assumptions,
the seminal work of [Lai and Robbins| (1985)) establishes an asymptotic lower bound on the regret

attainable by any consistent policy. Different policies, such as the celebrated index-based UCB1
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algorithm (Auer et al|2002), have been shown to (nearly) attain such asymptotic performance
limit. Combining the results in Theorem 1 of Lai and Robbins| (1985]) and Theorem 1 in |Auer et al.
(2002), we have that
RUCBl FN 8
> (wla)—pt) K(a) < timing LN

< —
acA:p(a)>p* N=ee InV a€A:p(a)>p* M(a) —H

where p* :=min{pu(a):a € A}, and K(a) denotes the inverse of the Kullback-Leibler divergence
between F' and an alternative distribution F,, under which p* = u(a). Lai and Robbins| (1985) show
that consistent policies must explore (pull) each element (arm) in A at least on order In N times.
Thus, balancing the exploration versus exploitation trade-off in the traditional setting narrows
down to answering how frequently to explore each element a € A. (The answer to this question is
given by In N/N exploration frequency in Lai and Robbins| (1985)).

Note that the combinatorial setting can be seen as a traditional bandit with a combinatorial
number of arms, where arm rewards are correlated. Thus, one might attempt to apply off-the-
shelf index-based policies such as UCB1 envisioning each solution S € S as an arm. However, this
approach has two important disadvantages in our setting (consider that |S| is normally exponential
in |A|): (i) computing an index for every solution in S is comparable to solving the underlying
combinatorial problem by enumeration which, in most settings of interest, is impractical; and (i7)
because traditional policies assume that all solutions are upfront identical, they have to periodically
explore every solution in § with a frequency proportional to In N/N. However, because of the
correlation between the solutions, this might no longer be necessary in the combinatorial setting.

To illustrate the issues above, consider two examples in which, for simplicity of exposition, we
ignore the exploration frequencies. That is, we assume that whatever elements in A are selected
for exploration, they are selected persistently over time (irrespective of how), so that their mean

cost estimates are accurate.

EXAMPLE 1. Consider the digraph G = (V,A) for V ={v,; : i,je{1,....,k+1},i<j} and A=
{eitr U{piy 1 i <j<k}U{q; :i<j<k} where e; = (vi,Vis1,i41), Pij = (Vij, Vij41), and ¢; j =
(vi,j,vit1,;). This digraph is depicted in the left panel of Figure 1| for k= 3. Let S be composed of
all paths from node s:=v;; to node ¢ :=vj41 j+1-

Consider constants 0 < e < ¢ < M and let the distribution F' be such that p(e;) =c¢, p(pi;) =
w(g;) =M, forallie{l,...,k}, i<j<k,neN, and I(a) =€ and u(a) = oo for every arc a € A.

The shortest (expected) path is S* = {ej,ea,...,e,} with expected length (cost) z&,,.,(1) = ke,

2(k+1))
(k-+1)

|A| = k(k +2), and |S| corresponds to the number of s — ¢ paths, which is equal to = (

4R+ k+2
NG (Stanley|1999).
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Figure 1 Graph for Example (left), and Example (right).

1 (2(k+1)

) (k;+1)) paths. However, the same

A traditional bandit policy would need to explore all
exploration goal can be achieved while leveraging the combinatorial structure of the solution set to
expedite estimation: a key observation is that one might conduct mean cost estimation for elements
in the ground set, and then aggregate those to produce cost estimates for all solutions. A natural
way of incorporating this observation is to explore a minimal solution-cover € of A (i.e., ECS
such that each a € A belongs to at least one S € £ and £ is minimal with respect to inclusion
for this property). In Example [1| we can easily construct a solution-cover £ of size k + 1, which is
significantly smaller than |S|.

An additional improvement follows from exploiting the ideas in the lower bound result in [Lai
and Robbins (1985). To see this, note that, unlike in the traditional setting, solutions are not ex-
ante identical in the combinatorial case. This opens up the possibility that information collection
on some ground elements might be stopped after a finite number of periods, independent of IV,

without affecting asymptotic efficiency. This is illustrated in the following example.

EXAMPLE 2. Let G = (V, A) be the digraph depicted in the right panel of Figure |1 and let S be
composed of all paths from node s to node ¢. Set I(a) =0 and u(a) = co for every arc a € A, and

let F' be such that u(e)=c, p(g) =€, p(f)=pn(h) =<, u(p;) =pn(q) =M for n€N and for all

2 )

ie{l,...,k} where 0 < e << c< M. The shortest (expected) path in this digraph is {e}.

In Example [2| |S| = (k + 2), and the only solution-cover of A is £ =S, which does not provide
an advantage over traditional approaches. However, a cover is required only if we need to explore

every element in A. Indeed, feedback obtained through exploration only needs to guarantee the
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optimality of path {e} with respect to all plausible scenarios. However, because the combinatorial
problem is that of cost minimization, it suffices to check only one possibility: that in which every
unexplored element a € A has an expected cost equal to its lowest possible value I(a). In Example
we note that every path other than {e} uses arcs f and h and the sum of the expected costs of f
and h is strictly larger than that of e. Together with the fact that the cost of every arc has a lower
bound of zero, this implies that exploring arcs f and h is sufficient to guarantee the optimality of
{e}. We can explore arcs f and h by implementing any path that contains them, but the cheapest
way to do so is by implementing path {f,g,h}.

Examples [1] and [2| show that in the combinatorial setting efficient policies do not need to explore
every solution in S or even every ground element in A. In particular, Example [2] shows that the
questions of what elements of A to explore (e.g., arcs f and h) and how to explore them (e.g.,
through path {f,g,h}) become crucial to construct efficient policies in the combinatorial setting.
However, we still need to answer the question of when (i.e., with what frequency) to explore. To
achieve this, we extend the fundamental performance limit of Lai and Robbins (1985) from the

traditional multi-armed bandits to the combinatorial setting.

4. Bounds on Achievable Asymptotic Performance
4.1. A Limit on Achievable Performance

Following the arguments in the traditional bandit setting, consistent policies must explore those
subsets of suboptimal ground elements that have a chance of becoming part of any optimal solution,
i.e., those subsets for which there exists an alternative cost distribution F” such that said subset
belongs to each optimal solution in S*(u'), where p' denotes the vector of mean costs under
distribution F’. Because the range of F' is known, for a given set D C A, it is only necessary to

check whether D belongs to each optimal solution in §* ((uAl)(D)), where
(uAl)(D):=(u(a)l{a¢ D}+1l(a)l{a€D}:ac A),

and 1{} denotes the indicator function of a set. We let D(u) denote the collection of all nonempty
subsets of suboptimal ground elements satisfying the condition alluded above, that are minimal
with respect to inclusion. We have that D € D(u) if and only if

(a) DC A and D # 1),

(b) DNS*=0 for all S* € S*(p),

(c) DCS forall SeS*((uAl)(D)),

(d) There is no subset D’ C D for which (a) — (c¢) hold.
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In other words, we take a pessimistic approach and define D(u) as the collection of nonempty
subsets of suboptimal ground elements that become part of any optimal solution if their mean
costs are set to their lowest possible values.

As an illustration, consider the examples in the previous section. In Example [1] we have that

D(N) = {{pl,b Q1,1} ) {p2,27 Q2,2} ) {p3,37 QB,S} > {p1,1,p1,27 q1,2, Q2,2} ) {pz,z,pz,s, 42,3, (]3,3} s

{pl,lapl,Qapl,Sa q1,3,42,3, (J3,3} ) {pl,lapl,% q1,2,P2,3,92,3, qg,s}}

and in Example |2l we have that D(u) ={{f},{h}}.

We conclude that for any D € D(u), there exists an alternative distribution F’ under which D
is included in every optimal solution. Because said elements are suboptimal under distribution F'
(condition (b) above), consistent policies must distinguish F' from F’ to attain asymptotic opti-
mality. The following proposition, whose proof can be found in Online Appendix[A.1.1] shows that
this can be accomplished by selecting at least one element in each set D € D(u) at a minimum
frequency. For n>1 and a € A, define the random variable T,,(a) as the number of times that the

decision-maker has selected ground element a prior to period n, that is 7,,(a) ;== |[{m <n : a € S,,}|.

PROPOSITION 1. For any consistent policy © and D € D(u) we have that

{max{TNH(a) ra € D}
In N

lim PF
N—o0

> Kol =1 )

for a positive finite constant Kp(u).

Similar to the traditional bandit setting, Kp(u) represents the inverse of the Kullback-Leibler
divergence between I’ and the alternative distribution £’ alluded above.

Proposition [1| characterizes what needs to be explored by a consistent policy by imposing a lower
bound on the number of times that certain subsets of A ought to be explored. To obtain a valid
performance bound, we additionally need to characterize how to explore these subsets in the most
efficient way. In particular, in addition to selecting the set of ground elements that need to be
explored, a consistent policy needs to implement solutions in § that include those ground elements
in the most efficient manner. To assess the regret associated with implementing a solution S € §
given a mean cost vector v € B, we define

A=Y 1(a) = 2o (V)-
a€s
The following Lower Bound Problem (henceforth, LBP) jointly determines the set of ground ele-
ments needed to be explored, a set of solutions that cover this set of ground elements, and their
exploration frequencies. Furthermore, it does so in the most efficient way possible (i.e., by solving

for the minimum-regret solution-cover).
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DEFINITION 3 (LBP). For a given cost vector v € B, define the lower bound problem LBP(v) as

Spn(v) = min 30 AL y(S) (3a)
s.t. max{z(a):a€ D} > Kp(v), DeD({) (3b)
z(@)< D y(S), acA (3¢)

SeS:aes
z(a), y(S)eR,, a€ASeS, (3d)

where 2} ;5 (v) denotes the optimal objective value of LBP(v). Also, define I'; gp(v) as the set of

optimal solutions to LBP(v)

Consider a solution (x,y) to LBP(u) where z = (x(a):a € A) and y = (y(S5): S € S). The set
{a € A : z(a) > 0} corresponds to the elements of the ground set that are explored to satisfy Propo-
sition || and the actual values x(a) represent the exploration frequencies T 1(a)/N. Similarly, the
set {S €S :y(S) >0} corresponds to the solution-cover (which we also call the exploration set) of
the selected ground elements, and the values y(.S) represent the exploration frequencies of the solu-
tions in the cover. Indeed, constraints enforce exploration conditions and constraints
enforce the cover of the elements of A selected by . The next result establishes a lower bound

on the asymptotic regret of any consistent policy in the combinatorial setting which is proportional
to 27 pp (1)
THEOREM 1. The regret of any consistent policy w is such that

. . R(F,N .
hmlnfl(nN) > 27 pp(1). (4)

N—o0

From Theorem [I] we see that the fundamental limit on performance is deeply connected to both

the combinatorial structure of the problem, as well as the range and mean of distribution F'.

REMARK 3. A value of zero for zj 55(p) suggests that the regret may not necessarily grow as a
function of N. To see how this indeed can be the case, consider the setting in Example [2] with a
slight modification: set now I(f) =1(h) = ¢/2+€/4. One can check that in this case, D(p) = () as any
suboptimal solution includes arcs f and h, whose cost lower bounds already ensure the optimality
of solution {e}. Thus, in this case, 2z z3p(1t) =0 and a finite regret (independent of N) might be
attainable. Indeed, this setting is such that active learning is not necessary, and information from
implementing optimal solutions in S*(u) suffices to guarantee the optimality of said solutions.
(This is not restricted to the case of shortest path problems: in Online Appendix we discuss
settings in which 2z} (1) =0 and the underlying combinatorial problem is minimum-cost spanning

tree, minimum-cost perfect matching, generalized Steiner tree, or knapsack.)
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Figure 2 Graph for Example

4.2. An Asymptotically Near-Optimal Policy
For n > 1, define fi,, := (fin(a) : a € A), where

b (a
//I/n(a) — Zm<n:aeSm ( )

= €A
Im<n:a€sS,,|’ =5

denotes the sample mean of cost realizations for ground element a prior to period n. (Initial
estimates are either collected from implementing a solution-cover or from expert knowledge.)

To match the lower bound of Theorem (1}, given the construction of LBP (i), it is natural to
try allocating exploration efforts only to the solutions prescribed by LBP () (i.e., those S € S
with y(S) > 0). Unfortunately, said solution is not readily available in practice, as it depends on
the mean cost vector which is only partially estimated at any given time. Nonetheless, one might
still focus exploration on the solution to LBP (fi,) hoping that said solution converges to that
of LBP (). While this is indeed the case when [i,, — p, collecting information only on solutions
prescribed by LBP (fi,) does not suffice (in general) to accurately estimate the full mean cost

vector, as the following example illustrates.

EXAMPLE 3. Let G = (V, A) be the digraph depicted in Figure and let S be composed of all paths
from node s to node t. Set I(a) =0 and u(a) = co for every arc a € A, and F be such that p(e) =c,

pl(d)=p(p) = p(a) =e/6, u(p2) = p(gz) = 572, and p(f;) = p(g;) = =52 for all i € {1,... .k}
where 0 < € < ¢. The shortest (expected) path in this digraph is {e}.

For every i € {1,...,k}, define S; := {d,p1,q, fi,9;} and S; := {d,ps, @, fi,g;}. In Example
we have that D(u) = {{fi},{fe}, - -, {fu} {91} ,{92},.--,{gx}}. This, in turn, implies that the
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minimum-regret solution-cover (i.e., exploration set) induced by the optimal solution to LBP (1)
is {S’i}le with a regret of ke.

Suppose that we implement a policy that initially draws samples of the costs of p; and g; that are
extremely high, so that the solution to LBP (fi,) consists of solutions {S;}%_,. There on, focusing
exploration on the solution to LBP (ji,) might imply that no further samples of p; and ¢; are
needed, thus fi, = v = (V'(a) :a € A), with v/ (a) = p (a) for all a in A except a € {p;, ¢ }. One can
see that in such a case, the exploration set (solution-cover) that LBP (ji,,) could converge to is
{S;}5_, with a regret of ck which is not an optimal solution to LBP ().

Example |3 shows that convergence of LBP (ji,,) to LBP () (and even z} pp(ii,) to 25 5p(1)) is
not guaranteed if exploration is restricted to the solution to LBP (ji,,). Thus, to assure convergence
of 25 5p(fin) to 25 5p(1) (so as to attain the asymptotic performance in the lower bound result in
Theorem , one must collect samples on a subset of A that might contain more elements than
those explored by the solution to LBP (1), and do so at a small but positive frequency.

While one might be able to formulate the problem of finding a subset of the ground set whose
exploration incurs the least regret while guaranteeing the convergence of LBP (fi,) to LBP (u),
we instead choose to expand the exploration efforts to the whole ground set. By maintaining
exploration frequencies on these additional elements small, the overall regret should still be driven
by the cost of exploring the solution to LBP (ii,,).

Following the discussion above, next we propose a policy that focuses exploration on the solution
to LBP (i,), but also at a lesser (tunable) degree on a solution-cover of the ground set. Such an
approach ensures the convergence of the solution to LBP(u) by guaranteeing that [, — p (see
below for a more detailed discussion). To simplify the reconstruction of the LBP (and the exposi-

tion), we make the following technical assumption, needed for proving a performance guarantee.

ASSUMPTION 1. F is regular and the density function f,(+;-) is known by the decision-maker for all
a € A, and there exists a known finite constant K such that Kp (u) < K for all D € D (u). In addi-
tion, there is no set D C A such that z§,,,, (1t) = z&omp (LA D) (D)) with S* () #S* ((LAl) (D)).

Knowing the parametric form of the cost density function for each a € A reduces the burden
of estimating Kp (1) as this can be performed by simply estimating p (as is also the case for A
and the set D (u)). The last part of Assumption [1]is necessary to correctly reconstruct the set of
constraints , and holds with probability one when, for example, mean costs are random draws
from an absolutely continuous distribution: this suits most practical settings where mean costs
are unknown and no particular structure for them is anticipated (note that any additional prior

structural information on the mean cost vector might be taken advantage of).
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Under Assumption (1} convergence of 2} zp(fin) to 2} pp(p) is assured if i, converges to p. As
discussed in Example [T}, this can be achieved by exploring a cover of A. We formalize the problem

of finding a minimum-regret cover of A in the following definition.

DEFINITION 4 (Cover PROBLEM). For a given cost vector v € B, define the cover problem

Cover(v) as

Zoguer (V) i=min > A% y(S) (5a)
s.t. 1< Y y(9), acA (5b)
y(S?i?gfl},S €S, (5¢)

where z{,,., (V) denotes the optimal objective value of the Cover(v) problem. Also, define I'cper (V)

as the set of optimal solutions to Cover(v).

The proposed policy, which we refer to as the LBP-based policy and denote by 7*, is described by
Algorithm |1} The LBP-based policy formulates and solves LBP (fi,,) and Cover (ji,,), and focuses
exploration efforts (at different degrees) on the solutions to said problems. To enforce the loga-
rithmic exploration frequency found in Theorem (1, we use an idea known as the doubling trick
(Cesa-Bianchi and Lugosi|2006, Chapter 2.3). This approach also allows us to minimize the number
of times that the underlying combinatorial problem Comb (ii,,) and auxiliary exploration problems
LBP (ji,,) and Cover (i) need to be solved. The doubling trick divides the horizon into cycles of
growing length so that cycle i starts at time n; where {n;},. is a strictly increasing sequence of
positive integers such that n; =1 and n;,0 — 1,41 > n;1 —n; for all 4 € N. Within each cycle, we
first solve Comb (fi,,), LBP (fi,,) and Cover (ii,,), and then ensure that the appropriate exploration
frequencies are achieved (in expectation). The frequency of exploration can then be controlled
by varying the increment in length of the cycles (e.g., to achieve exploration frequencies propor-
tional to In N/N, we can use cycles of exponentially increasing lengths). In Algorithm we choose

il/(1+€)J ,ni—1+1},1>2, given a tuning parameter € > 0. For S € §\ S*(1i,,), we define

5= Y(8)/(nigs — i) if D gesy(S) < (nipn —ny)
| w(8)/ X gesy(S)  otherwise

where y(.5) (in the definition of pg) refers to the solution to the LBP (see Algorithm |1). We also

n,; :=max{|e

define ps« = (1 =3 _gco\s+ () Ps)/ |8 (Hn)| for S* € S*(1in). Note that pg is a probability measure
that enforces the right exploration frequency (as prescribed by LBP) for solution S € S. Also, in
Algorithm [1}, v is a tuning parameter that controls the cover-based exploration frequency.

The LBP-based policy admits the following performance guarantee which we prove in Online

Appendix
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Algorithm 1 LBP-based policy 7*(7,¢)

Set i =0, and draw (b;(a):a € A) randomly from B
for n=1to N do

if n=n,; then

Set i=1+1
Set S* € S* (1in) [Update exploitation set]
Set € € Tcover (in) [Update Cover-exploration set]
Set (z,y) €Trpp (lin) [Update LBP-exploration set]
end if
if T, (a) < yi for some a € A then
Set S,, =S for any S € £ such that a€ S [Cover-based exploration]
else
Set S, =S with probability ps, S €S [LBP-based exploration/Exploitation]
end if
end for

THEOREM 2. Consider v € (0,1) and € >0 arbitrary. The LBP-based policy 7*(vy,¢€) is such that

R™ (=) (F,N)
im ——————> <2z} + 7 28 over (1) 6
N (lnN)HE < zipp(p) +725 (1) (6)

4.3. Performance Gap Analysis

We observe that the constants accompanying the In N term in the lower bound and upper bound
results in Theorems [1| and [2] do not match exactly. In this section we provide a discussion on this
gap.

Optimal Scaling with Respect to IN. While it is possible to achieve the optimal In N depen-
dence in the upper bound in Theorem [2| (through a different definition of cycles n; and introduction
of additional tunable parameters), this comes at the price of additional constants in front of the
second term in the right-hand side of @ We introduce an additional sub-logarithmic term to the
optimal In NV scaling, so as to avoid introducing terms that emanate in part from the proof tech-
niques, and so as to have a bound that reflects a fundamental insight about the result: asymptotic
regret arises from suboptimal exploration which in the near-optimal policy (i.e., the LBP-based
policy) is distributed between the solution to LBP and, at a lower frequency, the solution to Cover.
Improved Upper Bounds. By setting v arbitrarily close to zero, one can set the leading constant
in the right-hand side of @ arbitrarily close to that in Theorem (1| up to sub-logarithmic terms.
However, it is not possible to set v =0 in general, as illustrated in Example |3| as this would not

guarantee convergence on the solution to LBP.
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It is possible, however, to reduce the gap between the leading constants in Theorems|l|and [2| For
that, instead of complementing exploration on the solution to LBP with the solution to Cover,
one can find a minimum-regret solution set that fulfills condition and is robust to changes in
the mean cost of unexplored ground elements. That is, one can design a policy whose regret admits

a bound of the form i
R™ () (F N)

im

N—=oo  (InN)'**
for v > 0, where z}, (v,7) is the optimal solution to a “robust” variation of LBP(v) for a given cost
vector v € B (this formulation is presented in Online Appendix |A.1.4]), such that

<zp(,7),

ZZBP(V) S Z;{ (V7 7) S ZEBP(V) _’_f}/zz‘over(y)'

While we do not prove such bounds here (this requires more convoluted, lengthier arguments), the
insight derived from it remains the same: regret emanates from suboptimal exploration.

Improved Lower Bounds. As shown above, in general it is not possible to improve the leading
constant in (6) as finding and validating an optimal solution to LBP(4) might require knowledge of
the mean costs of ground elements that are not explored by said solution. Hence, to find an optimal
solution of LBP(u) we may need complementary exploration through a cover or a robust version of
LBP(p). In contrast, our theoretical lower bound assumes advance knowledge of these unexplored
costs, which allows it to bypass this complementary exploration. This difference is precisely the
source of the gap between the leading constants in and @ It may be possible to derive an
improved lower bound by not assuming such an advance knowledge. Unfortunately, it is not clear

how to derive such a bound using the techniques in this paper or previous work on bandits.

5. An Efficient Practical Policy

A significant obstacle for the implementation of the LBP-based policy is the ability to reconstruct
and solve formulation (3) repeatedly over time. Indeed, the right-hand-side of depends non-
trivially on the distribution F', and while LBP is a continuous optimization problem, it has an
exponential number of constraints that do not have a clear separation procedure. In addition,
the maximum in constraint is known to be notoriously difficult to handle (Toriello and Vielma
2012). For this reason, we instead concentrate on developing practical policies inspired by the explo-
ration principles behind Theorems [I] and [2} In particular, we propose a policy that follows closely
the near-optimal policy of Theorem [2| but replaces formulation by a proxy that: (i) depends
on the distribution F' only through the vector of mean costs (and thus is easier to reconstruct);
and (ii) can be solved effectively with modern optimization techniques. To achieve this, we distill
the core combinatorial aspects of the LBP by focusing the questions of what ground elements
to explore and how to do so (i.e., through implementation of which solutions), while somewhat

ignoring the question of when to explore (e.g., the precise exploration frequencies).
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5.1. The Optimality Cover Problem

With regard to the first question above (what to explore), from Proposition [I| we know that consis-
tent policies must try at least one element in each D € D(u) at a specific minimum frequency, so as
to distinguish F' from an alternative distribution that makes D part of any optimal solution. (Note
that mean cost estimates for these elements should converge to their true values, and that ought
to suffice to guarantee the optimality of the solutions in §*(u).) Here, we consider an alternative,
more direct mechanism which, in a nutshell, imposes the same exploration frequency on a set that
contains at least one element from each set in D(u).

Suppose that exploration is focused on a subset C' C A and that elements outside C' would not be
permanently sampled: in the long-run, a consistent mean cost vector estimate v € B will essentially
be such that v(a) =~ u(a) for a € C, but not much can be said about v(a) for a ¢ C. If persistent
exploration on the subset C' is to guarantee the optimality of the solutions in S*(u), independent

of (p(a):a ¢ C), then (taking a pessimistic approach) C' must be such that

Zoomb (1) < Zg0ms (WA D(ANC)), (7)

where we recall that (uAI)(A\C) = (l(a)1{a¢ C}+p(a)l{acC}:ac A). One can check that
DNC #0 for any D € D(u) for such a subset C. This, in turn, implies that setting z(a) = K for all
a € C, for a large enough positive constant K should lead to a feasible solution to LBP (). This

motivates the following definition.

DEFINITION 5 (CRITICAL SET). A subset C' C A is a sufficient set if and only if holds. A

sufficient set C' C A is a critical set if it does not contain any sufficient set C' C C.

We may use condition @ to simplify LBP by just enforcing the exploration of a critical set
(i.e., what to explore). Once the critical set is identified, we can explore it efficiently (in terms
of regret) by implementing a minimum-regret solution-cover (exploration set) of it (i.e., how to
explore). Both the selection of the critical set and its minimum-regret solution-cover can be achieved

simultaneously through the following combinatorial optimization problem.

DEFINITION 6 (OCP). For a given cost vector v € B, we let the Optimality Cover Problem (hence-
forth, OCP(v)) be the optimization problem given by

Zoep(v) i=min Y A% y(S) (8a)
s.t. z(@)< Y y(S), acA (8b)
> Ua)(1—x(a) +v(a)z(a) = 2iom(v), SES (8¢)

z(a), y(S)€{0,1}, a€ASEeS, (8d)
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where 2}, p(v) denotes the optimal objective value of the OCP(v) problem. Also, define I'ocp (V)
as the set of optimal solutions to OCP(v).

By construction, a feasible solution (z,y) to OCP(u) corresponds to incidence vectors of a critical
set C' C A and a solution-cover G of such a set. That is, (z,y) := (z¢,y9) where 2(a)=1if a € C
and zero otherwise, and y9(S) =1 if S € G and zero otherwise. In what follows we refer to a solution
(z,y) to OCP and the induced pair of sets (C,G) interchangeably.

Constraints guarantee the optimality of solutions in §*(v) even if costs of elements outside C
are set to their lowest possible values (i.e., v(a) ={(a) for all a ¢ C'), and constraints guarantee
that G covers C (i.e., a € S for some S € G, for all a € C). Finally, ensures that the regret
associated with implementing the solutions in G is minimized. Note that when solving , one can
impose y(S*) =1 for all S* € §* (v) without affecting the objective function, thus one can restrict
attention to solutions that cover optimal elements of A.

There is a clear connection between LBP (1) and OCP(y). This is formalized in the next Lemma,
whose proof can be found in Online Appendix [A.2]

LEMMA 1. An optimal solution to a linear relaxation of OCP(u) when one relazes the integrality
constraints over y(S) variables is also optimal to formulation LBP(u) when one replaces Kp(u)

by 1 for all D € D().

Proof of Lemma [1] shows that a feasible solution to LBP(y) can be mapped to a feasible solution
to a linear relaxation of OCP(u) (via proper augmentation), and vice versa. The above elucidates
that OC P(u) is a version of LB P (1) that imposes equal exploration frequencies across all solutions.
In this regard, the formulations are essentially equivalent up to a minor difference: optimal solutions
to OC'P(u) must cover all optimal ground elements; this, however, can be done without affecting
performance in both formulations and hence it is inconsequential. In what follows we discuss our

practical policy which periodically solves the OC P problem.

5.2. OCP-based Policy

We propose a practical policy, called the OCP-based policy, which closely follows the structure of
the LBP-based policy, except for a few qualitative differences. The OCP-based policy: (i) solves
OCP problem instead of LBP; (ii) does not complement exploration on the solution to the Cover
problem; and (i¢) enforces the logarithmic exploration frequency using the cycle definition n; =1
and n; := max { le/H | ;1 + 1} for all ¢ > 2, given a fixed tuning parameter H > 0. Note that the
changes in (ii) and (éii) above ought to eliminate additional suboptimal exploration and induce
the proper exploration frequency, respectively, and should result in improved practical performance

(we test this policy in our numerical experiments)
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The OCP-based policy, which we denote by mocp(H), is depicted in Algorithm [2| At the begin-

~

ning of each cycle, the OCP-based policy solves for S* € S* (1i,,), updates I'ocp(iin), and ensures

that all elements in the critical set have been explored with sufficient frequency. If there is time

~

remaining in the cycle, the policy implements (exploits) an optimal solution S* € §* (fi,,).

Algorithm 2 OCP-based policy mocp(H)

Set i =0, C'= A, G a minimal cover of A, and draw (b;(a): a € A) randomly from B
for n=1to N do

if n=n,; then

Set i=1i+1
Set S* € S* (i) [Update exploitation set]
Set (C,G) €Tocp (1in) [Update OCP-exploration set]
end if
if T, (a) < i for some a € C' then
Set S,, =S for any S € G such that a € S [OCP-based exploration]
else
Set S, =5* [Exploitation]
end if
end for

Proving a meaningful theoretical performance bound under the modifications (i) — (ii7) above
is rather challenging. For this reason, we instead consider a variant of the OCP-based policy that
simply ignores the changes (i7) and (7i7). In addition, such a policy solves for a g-optimal solution,
instead of an optimal solution, to OCP, for a tuning parameter o > 0. The parameter ¢ allows
the policy to converge to an optimal solution to OCP(u) — because there might exist multiple
optimal solutions to OCP(u), solving for a p-optimal solution ensures that the policy settles on
one of them. The resulting policy, which we refer to as the modified OCP-based policy and denote
by 75cp, can be found in Algorithm [3]in Online Appendix

To prove a performance bound, we need a relaxed version of Assumption

ASSUMPTION 2. There is no set D C A such that z{,,,, (1) = z&om (AL (D)) with S*(u) #
S ((uA1) (D))

Note that Assumption [2| ensures that Constraint is not active for any S ¢ S* () and any
vectors = and y satisfying and . As discussed in Section this assumption holds when,
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for example, mean costs are randomly drawn from an absolutely continuous distribution. This suits
most practical settings where mean costs are unknown and no particular structure is anticipated.

Under Assumption [2] we obtain the following performance bound for the modified OCP-based
policy 50 p(7, €, 0). We note that as in Algorithm [1} € is a tuning parameter used in the definition

of cycles, and + is a tuning parameter that controls the cover-based exploration frequency.

THEOREM 3. Consider v € (0,1), 0> 0, and € > 0 arbitrary. We then have that for o sufficiently

small )
Rrocp(v:g:0) (F,N)

im T
The proof of Theorem [3| follows a similar line of arguments as that of Theorem [I| for the near-

optimal LBP-based policy: we refer the reader to Online Appendix for details.

S ZBCP (/‘L) + ’yzgover (lu’) .

6. Computational Aspects for Solving OCP and Policy Implementation

In this section we address the computational aspects for the practical implementation of the OCP-
based policy. We provide strong evidence that, for a large class of combinatorial problems, our
policies scale reasonably well. For this, we focus our attention on the practical solvability of OCP,
which our policies solve repeatedly over time. Note that Comb(-) and OCP (-) have generic combi-
natorial structures and hence are, a priori, theoretically hard to solve. Hence, practical tractability
of said problems is essential for implementation.

Note that the OCP-based policy solves OCP at an exponentially decreasing frequency, thus
ensuring its timely solvability in the long-run. In the short-run, a time-asynchronous version of the
policy, that uses the incumbent solution to OC P until the new solution becomes available, can be
implemented (see Online Appendix .

As mentioned above, in general OC' P might be theoretically intractable. Nonetheless, in Online
Appendix[A.3.7]we present a greedy oracle polynomial-time heuristic for OC P. The greedy heuristic
requires a polynomial number of calls to an oracle for solving Comb. It therefore runs in polynomial
time when C'omb is polynomially solvable. Furthermore, it provides a practical solution method
for OC' P when Comb is not expected to be solvable in polynomial time, but is frequently tractable
in practice (e.g., medium-size instances of NP-complete problems such as the traveling salesman
(Applegate et al.2011)), Steiner tree (Magnanti and Wolsey||1995, Koch and Martin/ 1998, |Carvajal
et al.||2013), and set cover problems (Etcheberry 1977, [Hoffman and Padberg| |1993, Balas and
Carreral|1996)).

An advantage of the greedy heuristic described in Online Appendix [A.3.7]is that it only requires
an oracle for solving Comb and hence does not require any knowledge of the specific structure of
Comb. In Section [7] we implement a variant of the OCP-based policy that uses this greedy heuris-

tic to solve OC'P. We show that even such a myopic approach can already provide a reasonable
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approximation of the OCP-based policy and can significantly outperform alternative approaches.
However, we would expect much better performance from heuristics or approximations that exploit
the particular structure of Comb for a specific class of problems. Such focus on a specific class of
problems is, however, beyond the scope of this paper, thus we instead use mixed-integer program-
ming (MIP) to exploit structure in a generic way.

Over 50 years of theoretical and computational developments in MIP (Junger et al.|2010) have
led to state-of-the-art MIP solvers with machine-independent speeds that nearly double every
year (Achterberg and Wunderling| 2013 Bixby| 2012). One key to this speed is a wide range of
highly effective generic primal heuristics (e.g., see [Fischetti and Lodi (2011) and the “Primal
Heuristic” sections of Gamrath et al.| (2016), Maher et al.| (2017)), and |Gleixner et al. (2017))). Hence,
formulating OC'P as a MIP opens up a wide range of exact and heuristic algorithms to solve it.
However, the effectiveness of this approach is strongly contingent on constructing a formulation with
favorable properties (Vielma; 2015)). In what follows we focus our attention on constructing such
formulations for the case in which Comb is theoretically tractable, i.e., it is solvable in polynomial
time. This class includes problems such as shortest path, network flow, matching, and spanning
tree problems (Schrijver|2003). For these problems we develop polynomial-sized MIP formulations

of OC'P, which can be effectively tackled by state-of-the-art solvers.

6.1. MIP Formulations of OCP for Polynomially-Solvable Problems

In this section we assume that Comb is polynomially solvable. However, this does not imply that
OC'P is tractable or practically solvable, as it might contain an exponential (in |A|) number of vari-
ables and constraints. The following theorem, whose proof can be found in Online Appendix
ensures that OCP remains in NP, the class of non-deterministic polynomially-solvable problems

(see e.g.,|Cook et al.|(1998))).
THEOREM 4. If Comb is in P, then OCP is in NP.

While it is possible to establish a non-trivial jump in theoretical complexity for problems within
P, we deem the study of the theoretical complexity of OCP for different problems outside the
scope of the paper. Instead, here we focus on their practical solvability. For this, we first establish
the existence of polynomial-sized MIP formulations when Comb admits a linear programming
(LP) formulation. Then, we address the case when Comb admits a polynomial-sized extended LP
formulation, and finally, the case when C'omb does not admit such an extended formulation.
Problems with LP Formulations. We present a polynomial-sized formulation of OCP when
Comb admits a polynomial-sized LP formulation. To describe this formulation in simple matrix

notation we assume that A:={1,...,|A|}. Moreover, for v € R", let diag(v) be the r x r diagonal
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matrix with v as its diagonal. Also, we remember that [ = (I(a): a € A) is the vector of lower

bounds on the range of F'.

PROPOSITION 2. Let y° € {0,1}|A| be the incidence vector of S €S, M € R™*4 and d € R™ be
such that {y°}gcs = {y e {0, 1} My < d} and conv ({y*}gcs) = {y €[0,1] : My <d}. Then
a MIP formulation of OCP(v) is given by

min ) (Z v(a)y'(a) — Zéomb(l/)> (9a)

i€A \a€A
s.t. z(a) < Z y'(a), acA (9b)
i€A
My < d, icA 9c

M"w < diag(l)(1 — x) + diag(v)z
dTw Z Zé’omb (l/)

ﬂj(a),yi(a)E{O,l},MERm, a,i€ A,

where x = (z(a) :a € A), y' = (y'(a) :a € A), and 1 is a vector of ones.

In the above, x represents the incidence vector of a critical set. Such a condition is imposed via
LP duality, using constraints and , and eliminates the necessity of introducing constraint
for each solution in S. Similarly, each ¥’ represents the incidence vector of a solution S € S.
A formal proof of the validity of this formulation is included in Online Appendix

Formulation (9) has O(JA|?) variables and O (m|A]) constraints. If m is polynomial in the size
of the input of Comb, then we should be able to solve @ directly with a state-of-the-art integer
programming (IP) solver. If m is exponential, but the constraints in the LP formulation can be
separated effectively, we should still be able to effectively deal with within a branch-and-cut
algorithm. However, in such a case one would have an exponential number of w variables, which
would force us to use a more intricate, and potentially less effective, branch-and-cut-and-price
procedure. Nonetheless, when C'omb does not admit a polynomial-sized LP formulation, one can
still provide formulations with a polynomial number of variables, many of them also having a
polynomial number of constraints. We discuss such cases next.

Problems with Polynomial-Sized Extended Formulations. The first way to construct
polynomial-sized IP formulations of OCP is to exploit the fact that many polynomially-solvable
problems with LP formulations with an exponential number of constraints also have polynomial-
sized extended LP formulations (i.e., formulations that use a polynomial number of auxiliary vari-
ables). A standard example of this class of problems is the spanning tree problem, where m in the

LP formulation required by Proposition [2]is exponential in the number of nodes of the underlying
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graph. However, in the case of spanning trees, we can additionally use a known polynomial-sized
extended formulation of the form P := {y € [0, 1]|A| :dzeRP, Cy+Dz< d} where C' € R™' *141,
D e R™*? and d € R™, with both m’ and p being only cubic on the number of nodes (and
hence polynomial in |A[) (Martin/1991} e.g.). This formulation satisfies {y°} 4.5 = P N{0, 1} and
conv ({y°}4c) = P. Then, a MIP formulation with a polynomial number of variables and con-
straints of OCP for the spanning tree problem is obtained by replacing with Cy' + Dz' <d,
replacing with CTw < diag(l)(1—x)+diag(v)x and D"w <0, and adding the polynomial num-
ber of variables z* for i € {1,...,|A|}. Similar techniques can be used to construct polynomial-sized
formulations for other problems with polynomial-sized extended LP formulations.

Problems without Polynomial-Sized Extended Formulations. It has recently been shown
that there is no polynomial-sized extended LP formulations for the non-bipartite perfect match-
ing problem (Rothvof 2017)). Hence, we cannot use the techniques in the previous paragraph to
construct polynomial-sized IP formulations of OC P for matching. Fortunately, a simple linear pro-
gramming observation and a result by Ventura and Eisenbrand (2003) allow constructing a version
of @ with a polynomial number of variables. The observation is that a solution y* is optimal
for max {v"y : My <d} if and only if it is optimal for max{v'y : M y<d; VieI(y*)} where
I(y*):={ie{l,...,m}: MIy*=d;} is the set of active constraints at y*, and M, is the i-th row
of M. The number of active constraints can still be exponential for matching. However, for each
perfect matching y*, [Ventura and Eisenbrand (2003)) give explicit C € R™ >4l D e R™'*P and
d € R™, such that m’ and p are polynomial in |A| and {y € [0, 1]|A‘ :dzeRP, Cy+Dz< d} =
{y eRMAI: MTy<d;, Viel (y*)} Using these matrices and vectors we can then do a replacement
of analog to that for spanning trees to obtain a version of @ with a polynomial number
of variables. We would still have an exponential number of constraints in , but these can be
separated in polynomial time for matching, so OCP for matching could be effectively solved by
branch-and-cut.

Perfect matching is the only explicit polynomially-solvable combinatorial optimization problem
that is known not to admit a polynomial-sized extended LP formulation. However, [Rothvof3 (2013)
shows that there must exist a family of matroid problems without a polynomial-sized extended LP
formulation. Fortunately, it can be shown (e.g., see Lemma |4| in Online Appendix that for
matroid problems, there exists a unique critical set C' C A that can be found in polynomial time.
Once this set is obtained, we can simply replace by 1<>,.4¥'(a) for all a € C and remove
f. We are not aware of any other polynomially-solvable combinatorial optimization problem

which requires non-trivial results to formulate OC P with a polynomial number of variables.

REMARK 4. Further improvements and extensions to @ can be achieved. We give two such exam-

ples in Online Appendices [A.3.4] and [A.3.5] The first example shows how () for OCP can be
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extended to the case when C'omb is not in P, but admits a compact IP formulation. The second
example gives a linear-sized formulation of OCP for shortest path problems. We finally note that

Online Appendix comments on similar results for the C'over problem.

7. Numerical Experiments

In this section we study the finite-time performance of the OCP-based policy from Section [5| In
particular, we consider two policies: the OCP-based policy (as defined in Algorithm , and a
variant that solves OCP heuristically in a greedy way (using Algorithm [5| presented in Online
Appendix . We refer to this latter policy as the Greedy-Heuristic policy. We divide the
numerical experiments into two classes: long-term and short-term experiments. We discuss the
long-term experiments in Section and refer the reader to Online Appendix for the short-
term experiments. In what follows, we first describe the benchmark policies and then discuss the

studied settings and results.

7.1. Long-Term Experiments

7.1.1. Benchmark Policies and Implementation Details
Benchmark Policies. Our benchmark policies are versions of UCB1 (Auer et al.[2002), adapted

to the combinatorial setting. The UCBI1 policy implements solution S,, in period n, where

{ Zm<n:Sm:S ZaGS bm(a) B 2In(n—1) } '

S, € argmin
Ses

lm<n:S,=>59] lm<n:S,=59]

Note that the estimate cost for solution S is based solely on past implementations of that solution.
We improve performance of UCB1 by: (7) conducting parameter estimation at the ground element
level to reduce variance of estimation; (i7) using min{7,,(a):a € S} instead of |m <n:S,, = 95| to
adjust confidence interval length to better reflect the amount of information used in estimating
parameters; (i4i) adjusting said length so that confidence bounds remain within the bounds implied
by the range of F'; and (iv) reducing the solution set so that it only includes solutions that are
minimal with respect to inclusion — this could improve performance by preventing UCB1 to imple-
ment solutions that are clearly suboptimal. The resulting policy, which we denote by UCB1+,
implements solution .S,, in period n, where

2In(n
Sn Gar%errsun{max{z,un _\/mm{T aGS} Zl }}

a€sS

In a similar setting, Gai et al.| (2012) propose an alternative adaptation of UCB1: a modified version

of such a policy in period n implements

S, Ear%;gm{zmax{un( )_\/(K+¥nlgl;)n_l)vl(a)}},

a€S

for a tuning parameter K > 0. We denote this policy as Extended UCB1+.
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REMARK 5. Note that computing S, in Extended UCB14 can be accomplished by solving an
instance of Comb(-). Implementing UCB1+ in contrast, requires solving for S,, via explicit enu-

meration.

Implementation Details. We report results when the marginal distributions of F' are exponential
(we normalize the mean cost vector so that the maximum solution cost is at most one): we tested
many cost distributions and observed consistent performance. For the OCP-based and Greedy-
Heuristic policies, we report the results for H = 5: preliminary tests using H € {5,10,20} always
resulted in logarithmic regrets. When choosing a solution from the exploration set to implement,
in case of a tie, our proposed policies select the solution that contains the most number of critical
elements. In case of a second tie, they select a solution with the smallest average cost. We imple-
mented UCB1+4 and Extended UCB1+ with and without truncating indices at the implied lower
bounds. Here, we present the point-wise minimum regret among both versions of each policy. We
set K =1 in Extended UCB1+, as this selection outperformed the recommendation in |Gal et al.
(2012), and also is the natural choice for extending the UCBI1 policy. Finally, all policies start by
implementing each solution in a common minimum-size cover of A.

All figures in this section report average performance for N = 2000 over 100 replications, and dot-
ted lines represent 95% confidence intervals. All policies were implemented in MATLAB R2011b.
Shortest path problems were solved using Dijkstra’s algorithm except when implementing UCB1+
(note that because of the index computation, the optimization problem must be solved by enumer-
ation). For Steiner tree and knapsack problems, we solved standard IP formulations using GUROBI
5.0 Optimizer. The OCP-based policy solves formulation (8)) of OC' P using GUROBI 5.0 Optimizer.
All experiments ran on a machine with an Intel(R) Xeon(R) 2.80GHz CPU and 16GB of memory.
The average running time for a single replication was around 30 seconds for the UCB1+, Extended
UCB1+ and Greedy-Heuristic policies, and around 1.5 minutes for the OCP-based policy. (Note,
however, that while the running time of the OCP-based policy grows (roughly) logarithmically
with the horizon, those of UCB1+ and Extended UCB1+ grow linearly.)

7.1.2. Settings and Results

We present settings complementary to those in Examples[I]and [2]in the sense that critical sets are
large, thus the OCP-based and Greedy-Heuristic policies do not have an immediate advantage. (See
Online Appendix for numerical experiments on Examples [I|and ) The settings are comprised
of the shortest path, Steiner tree and knapsack problems. We observed consistent performance of
our policies across these settings: here we only show a representative setting from each class.
Shortest Path Problem. We consider a shortest path problem on a randomly generated layered
graph — see panel (a) of Figure 2 in Ryzhov and Powell (2011) for an example of a layered graph.
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The graph consists of a source node, a destination node, and 5 layers in between, each containing
4 nodes. In each layer, every node (but those in the last layer) is connected to 3 randomly chosen
nodes in the next layer. The source node is connected to every node in the first layer and every
node in the last layer is connected to the destination node. Mean arc costs are selected randomly
from the set {0.1,0.2,...,1} and then normalized. The representative graph is such that |A| = 56,
|S| =324, and while the minimum-size cover of A is of size 13, the solution-cover to OCP(pu) is of
size 16 with an implied critical set of size 40.

Knapsack Problem. Here the set A represents items that might go into a knapsack to maximize
total utility. The solution set S consists of the subsets of items whose total weights do not exceed
the knapsack weight limit. Weight and utility of items, as well as the weight limit, are selected
randomly. The representative setting is such that |A| =20, |S| = 24680, the minimum-size cover is
of size 4, and the solution-cover to OC'P(u) is of size 8 with an implied critical set of size 17.
Minimum Steiner Tree Problem. We consider a generalized version of the Steiner tree problem
(Williamson and Shmoys [2011)), where for a given undirected graph with non-negative edge costs
and a set of pairs of vertices, the objective is to find a minimum-cost subset of edges (tree) such
that every given pair is connected in the set of selected edges. The graphs as well as the pairs of
vertices are generated randomly, as well as the mean cost values. The representative setting is such
that |A| =18, |S| =10651, and the minimum-size cover is of size 2. We consider two settings: one
where the lower bound vector is [ =0 (the solution-cover to OCP(u) is of size 7 and the critical
set is of size 17) and one where lower bounds are positive numbers that are selected randomly (the
solution-cover to OC'P(u) is of size 5 and the critical set is of size 12).

Results. The left and right panel in Figure [3|depict the average performance of different policies for
the shortest path and knapsack settings, respectively. We see that in both settings, the OCP-based
and Greedy-Heuristic policies significantly outperform the benchmarks. The left panel in Figure []
depicts the average performance of different policies for the Steiner tree setting when all cost lower
bounds are set to zero. In this case, all arcs (but those trivially suboptimal) are critical, however,
the OCP-based and Greedy-Heuristic policies still outperform the benchmarks. The right panel
in Figure [4 depicts average performance in the setting where lower bounds are positive numbers.
Note that the OCP-based policy significantly outperforms the benchmarks as it successfully limits
exploration to a critical set. Also note that the non-concave behavior of the regret curve of UCB1+
arises only in the transient as a by-product of truncation, and it disappears at around n = 1200.
Sample Path Regret Comparison. So far, the results in this section show that the average
performance of our policies is significantly better than that for the benchmarks. It turns out

that our policies outperform the benchmarks not only in terms of average, but also in terms of
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Figure 4 Average performance of different policies on the representative setting for the Steiner tree problem with

zero (left) and positive (right) lower bounds.

worst-case regret: we compared the sample path final regrets (i.e., at time period N = 2000) of
OCP-based policy with those of UCB1+ and Extended UCB1+ policies: out of 700 sample paths in
the numerical experiments in Section (and including those in the Online Appendix , the
OCP-based policy outperforms the UCB1+ and Extended UCB1+ policies in all 700 (i.e., 100%
of sample paths) and 697 (i.e., 99.6% of sample paths), respectively.

7.2. Experiment with Size of the Ground Set

At the end of Section |1} we argued that, in the combinatorial setting, it is the constant accompa-
nying the In N term in a performance guarantee that is worth characterizing. However, prior work
(see Section , lacking a fundamental performance limit, instead writes such an accompanying
constant as a function of the size of the ground set (i.e., |A]). However, following Theorem |1} we

know that such a constant is not a trivial function of |A|. Thus, the question of how said constant
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scales in practice with the size of the underlying combinatorial problem is of much relevance. For
this reason, we next explore how performance of various policies varies with the size of the ground
set.

We experiment with the shortest path problem on a layered graph (see Section for a
description) with £ layers, 2 nodes in each layer, complete connections between layers, and a
direct arc from the source s to sink ¢. We experiment with £=2,4,6,8,10 which results in |A| =
9,17,25,33,41 and |S|=5,17,65,257,1025, respectively.

We add a direct s —t arc (path) to the original description of the layered graph so as to isolate
the effect of size of the ground set on the performance of different policies. To this end, we let the
expected cost of the s —¢ arc (path) be 0.1, while all other arcs have an expected cost of 0.2/(£+1)
where £ is the number of layers. Therefore, the s —t path is the expected shortest path while all
other paths (each of which has £+ 1 arcs) have an expected cost of 0.2, regardless of the size of the
ground set. Thus, increasing the size of the ground set does not affect the cost (regret) of different
paths in different instances. We run the experiments for N = 20,000 and 40 replications.

For the OCP-based policy, we solve the OC P problem using the linear-sized formulation (A-20))
presented in the Online Appendix We observe a behavior similar to the graph on the left
panel of Figure [6] for all choices of £. That is, the cumulative regret of all three policies grow
similar to a function f1n(n) for some policy-dependent constant 8. We consider two estimates for
such a constant: (i) Kpina, which we find by dividing the average final regret, which we denote by
}?(20000), by In(20000), that is, Kpipa := R(QOOOO)/IH(?OOOO); (13) Kps, which is found by fitting
the function K sIn(n) to the sample of average regrets for n =100, 200, ...,20000 (by minimizing
the sum of squared errors). We present the value of both constants for the three policies and varying
|A| in Figure |5, We also present the average performance and computation time of different policies
for the instance with £=10 (|A| =41 and |S| =1025) as a representative setting in Figure[6] as we
observed similar behavior in other instances. As can be seen in the left panel of Figure |§| (and also
from Figure , the OCP-based policy significantly outperforms both benchmark policies regardless
of the size of the ground set. Moreover, the constants K;g and Kg;,, are significantly smaller for
the OCP-based policy than those for the benchmark policies. In addition, such constants grow with
a much smaller rate for the OCP-based policy than the benchmarks. Moreover, as illustrated by the
right panel of Figure[6] the computation time of the OCP-based policy grows logarithmically with
N. Furthermore, there is a significant variation if we consider computation times. This is shown in
Table [T, which presents the average running time for a complete replication for each policy. This

time includes all calculations required by the policy (e.g., for the OCP-based policy, it includes
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A

9 | 17 | 25 | 33 | 4
OCP-based 75.54 [ 79.43 | 81.18 | 92.60 | 142.38
UCB1+ 65.47 [127.38 | 376.56 | 1483.71 | 6686.70

Extended UCB1+ | 103.59 | 190.64 | 267.22 | 342.93 | 418.83

Table 1 Average total computation time (in seconds) for each replication of N = 20,000.

the solution time of all instances of OC'P and C'omb as dictated by Algorithm . We can see that
the OCP-based policy runs faster than both benchmark policies for (almost) all instances (we note
that although for much larger instances, one expects the Extended UCB1+ to run faster than the
OCP-based policy, the Extended UCB1+ performs very poorly, in terms of regret, regardless of
the size of the instance). Moreover, UCB1+, which is the more “competitive” benchmark policy

in terms of performance, is significantly slower than the OCP-based policy. These observations
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further pronounce the practical advantage of the OCP-based policy both in terms of performance

(i.e., regret) and computation time.

8. Conclusion

In this paper we study a class of sequential decision-making problems where the underlying single-
period decision problem is a combinatorial optimization problem, and there is initial uncertainty
about its objective coefficients. By framing the problem as a combinatorial multi-armed bandit,
we adapt key ideas behind results in the classical bandit setting to develop efficient practical poli-
cies. We show that in addition to answering the question of when (i.e., with what frequency) to
explore, which is key in the traditional bandit setting, in the combinatorial setting the key ques-
tions to answer are what and how to explore. We answer such questions by solving an optimization
problem which we call the Lower Bound Problem (LBP). We establish a fundamental limit on
the asymptotic performance of any admissible policy that is proportional to the optimal objective
value of the LBP problem. We show that such a lower bound might be asymptotically attained by
near-optimal policies that adaptively reconstruct and solve LBP at an exponentially decreasing
frequency. Because LBP is likely intractable in practice, we propose a simpler and more practical
policy, namely the OCP-based policy, that instead reconstructs and solves a proxy for LB P, which
we call the Optimaltiy Cover Problem (OCP). This proxy explicitly solves for the cheapest opti-
mality guarantee for the optimal solution to the underlying combinatorial problem. We prove a
performance guarantee for a variant of the OCP-based policy, which is proportional to the optimal
objective value of the OCP and can be compared to that of LBP. We also provide strong evidence
of the practical tractability of OC P which in turn implies that the proposed OCP-based policies
are scalable and implementable in real-time. Moreover, we test performance of the proposed poli-
cies through extensive numerical experiments and show that they significantly outperform relevant
benchmarks in the long-term and are competitive in the short-term.

The flexibility of the OCP-based policies allows them to be easily extended or combined with
other techniques that consider similar what-and-how-to-explore questions. For instance, the OCP-
based policy can be easily combined with the “barycentric spanner” of |Awerbuch and Kleinberg
(2004) to extend our results from element-level observations to set- or solution-level observations.
Indeed, it can be shown that in such feedback settings, efficient exploration amounts to focusing
exploration on the solution to a variant of OC'P. Moreover, the performance guarantee in Theorem
would remain valid with the constants associated with this alternative formulation. See Online
Appendix for further details.

From our results, we observe a performance gap between the fundamental limit on (asymptotic)

performance (Theorem (1)) and the upper bound on the regret associated with near-optimal policies
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(Theorem . Although we provide a detailed discussion of this gap in Section future research
can further investigate the possibility of closing this gap. Moreover, studying combinatorial bandit

settings with non-linear objective functions is another direction for future research.
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Online Appendix Companion to “Learning in Combinatorial Optimization: What

and How to Explore”

Appendix A: Omitted Proofs and Complementary Material
A.1. Omitted Proofs and Material from Section 4]
A.1.1. A Limit on Achievable Performance
In this section we prove Proposition [I] and Theorem [ We begin with some preliminaries. Define
0, := (l(a),u(a)). For A(a) € ©,, the Kullback-Leibler divergence between f,(-;u(a)) and f,(-; A(a))

is defined as

oo

L(p(a), AMa)) ==/ I (fa(@a; p(@))/ fal@a; A(@)))] fa(@a; (@) diza.

o0

Define A := (A(a):a € A) and let E, and P\ denote the expectation and probability induced when
each f, receives the parameter A(a) € ©, for all a € A.

Define T (S) as the number of times that the decision-maker has implemented solution S € S
prior to period N + 1, that is, T,1(S):=|m < N+1:S5,, =5|. We can then rewrite the regret

function as

R (F,N) =" AL Er { Ty (9)]

SeSs

Next, we prove Proposition

PROPOSITION 1. For any consistent policy m and D € D(u) we have that

aim o { R D@Dl )y, )

for a positive finite constant Kp(u).

Proof of Proposition (1, For simplicity, we denote D(u) by D. Consider D € D as defined
in Section {4} and take A€ B=[],.,(l(a),u(a)) so that A(a) = p(a) for a ¢ D, and that D C S* for

all S* € §*(\). By the consistency of 7, one has that

Ex{N— 3 Tya(S) p =o(N?),
)

S*eS*(A
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for any « > 0. By construction, each optimal solution under A includes each a € D. Thus, one has

that Y Tw41(S) <max{Ty,1(a):ae€ D}, and therefore
S*E€8*(\)

Ex{N —max {Tys1(a) :a € D}}<Exq N— > Tnyi(S) p =0(N?). (A-1)

S*eS*(N)

We focus on 0 < a < 1 and take e such that 0 < o < € < 1. Define I(D,\) :=

|D|max{l,(u(a),A(a)) :a € D}, D e D. We then have that

(1—€)InN

P, {max{TN+1(a) rae D} < I(D,))

1—¢)lnN
} = P, {N—maX{TN+1(a):a€D} >N_(I(D),)\)}
@ Ey{N —max{Tnii(a):a€ D}}
< N — (1—e)In N ’
I(D,»)

where (a) follows from Markov’s inequality. Note that for N large enough, we have that N —
((1—€)InN/I(D,)\)) >0, and because (1 —¢€)InN/I(D,\)=0O(InN), from (A-1f) we have that

(N —O(nN)) P, {max {Tni1(a):ae D} < (1;(;)1;)]\[} = o(N®),

where in above, (N —O(In N)) refers to N — ((1 —€)In N/I(D, \)). The above can be re-written as

(1—€e)lnN

P, {maX{TN+1(a’) rae D} < I(D,\)

} — o(N*1). (A-2)
For a € D and n € N define
Lo(a):= Y n (falbs @)/ fu(Bii A(@) )

where I;’(j denotes the k-th cost realization for a € D when policy 7 is implemented. Also, define the

event

(1—a)lnN

1—¢)lnN
E(N):= {LTNH(,I)(a) < I for all ae D, max{Tny;i(a):a€e D} < (E)n},

I(D,)\)
and note that

Py {E(N)} <Py {max{TNH(a) cae D} < O_G)IDN} .

I(D,\)
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Next, we relate the probability of the event Z(/N) under the two parameter configurations:

PAEN) = [ dew)

wEE(N)

- /wEE( H eXp(_LTNH(ﬂ) (a)) dP,(w)

N) aeD
®)
> / exp(—(1—a)InN) dP,(w)
wEE(N)

= NP, {E(N)},

where (a) follows from noting that probabilities under A and p differ only in that cost realizations
in D have different probabilities under A and p, and (b) follows from noting that Ly, ()(a) <
(1—a)InN/|D| for all we E(N).

From above and (A-2)) we have that

lim P, {Z(N)} SjvliirioNl’“ P, {Z(N)} =0. (A-3)

N—o0

Now, fix a € D. By the Strong Law of Large Numbers (see page 8 of [Lai and Robbins (1985))
we have that

lim max L,,(a)/n=1,(pu(a), N(a)), as.[P,], VaeD.

n—oo m<n

From above, we have that

lim max
N—oco

_Lal@) . (1-9hN
(o X "< D7 (u(a), A(a))

[Dl1a(p(a),M(a))

}:Ia(,u(a),)\(a)), a.s.[P,], VaeD.

From above and seeing that 1 —«a > 1 —¢, we have for all a € D that

. (1—a)In N (1—e)In N _
limy_ o P, {Lm(a) > = for some m < 7‘[)”&(“(@7,\(@))} =

i By { e { il s < s (122 1 u(a). M) =,

[DlIa(n(a),A(a))

Because I(D,\) > |D|1,(u(a), A(a)), we further have that

1—a)ln N 1—€e)InN
A=l o em< LN

lim P, {Lm(a)> D] I(D,))

N—o00

}:0 Ya € D.

Then, in particular by taking m =Ty, 1(a) we have that

. l1—a)lnN 1—€e)lnN
lim P, {LTN+1(a)(a)>(|D)|a TN“(Q)<(I(D))\)}:O Vae D,

N—o0
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which in turn implies

l1—a)lnN
lim P, {LTNH(G)(a) > (’0115)|Il, max {Tnyi(a):a€ D} <

N—o0

(1—€)InN

DN }:0 Vae D.

Finally, by taking the union of events over a € D we have that

l1—-a)lnN 1—\InN
o Py {LTNH(“)(‘L) > (|,g, for some a € D, max{Tn1(a):a € D} < (I(D),)\)} =0.
(A-4)

Thus, by (A-3]), (A-4), and the definition of Z(/N) we have that

. ‘ (1-€¢)lnN |
1\}1_1’)1(1)()1?” {maX{TN+1(a).a€D}<W =0.

The result follows from letting € and « approach zero, and taking Kp :=I(D,\)™!
O

THEOREM 1. The regret of any consistent policy w is such that

lim inf M

L 111 W N > 27 pp(H)- (4)

Proof of Theorem [l For any consistent policy m, define ("(F,N) =Y ¢ s Al Tn11(5)
to be the total additional cost (relative to an oracle) associated with that policy. Note that
Ep{("(F,N)}=R"(F,N). The next lemma ties the asymptotic bounds in to the solution to

LBP(u) and establishes an asymptotic bound on the regret of any consistent policy.

LEMMA 2. For any consistent policy m and reqular F' we have that
lim Py (C’T(F, N) > 2% pp(p) In N) -
—00

Proof of Lemma [2. Define the event Yy :=(,cp,y {max{Tnii(a):a € D} > Kp(u) In N}
and let T4 denote the complement of the event Y. Note that ("(F,N) >z} zp(p) In N when Yy
occurs, because (w(a) = M ,a € A> and <y(S) TN“ ) Se S> are feasible to LBP(u). Thus,

one has that

IPF{ 1( NN)<ZZBP(M)}—IP’F{ I(NN)<zZBp(u),TN}+PF{UgN
< Pp{Y%}. (A-5)

2\.
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From Proposition [1f and the union bound, we have that

lim Pr{Y%}< Y lim Pp{max{Ty;i(a):a€ D} < Kp(u)lnN} =0,
N—oc0 N—o00

DeD(p)

because |D(p)| < oo. Thus, taking the limit in (A-5) we have that
A}im Pr{(™(F,N) < zjgp(u)In N} =0.

O
Note that Lemma [2| establishes convergence in probability (hence it can be used to bound
(™ (F,N), rather than just its expectation, which is the regret). Theorem [I| then follows directly

from Lemma 2] and Markov’s inequality.

A.1.2. Family of Instances with Finite Regret

PROPOSITION 3. If the combinatorial problem Comb(v) in corresponds to a shortest path,
minimum-cost spanning tree, minimum-cost perfect matching, generalized Steiner tree or knapsack
problem, then there exists a family of instances where z} gp(p) =0 while the minimum-size cover

of A is arbitrarily large.

Proof of Proposition [3| The family for the shortest path problem is that based on Example
(which is parametrized by an integer k), and described after Theorem |1} in Section

For minimum-cost spanning tree, consider a complete graph G = (V, A) with |V| =k nodes,
p(a) =€ and l(a) =0 for all a € {(i,i+1) : i<k}, and [(a) =M >0 for all a ¢ {(3,i+1) : i <k}
with ke < M. One can check that any cover of A is of size at least (k—2)/2. In contrast, D(u) =0,
independent of k, thus z} (1) = 0. Note that the Steiner tree problem generalizes the minimum-
cost spanning tree problem, thus this instance covers the Steiner tree case as well.

For minimum-cost perfect matching, consider a complete graph G = (V,A) with |V| = 2k
nodes, u(a) =€ and l(a) =0 for all a € {(2i+1,2i+2) : i<k}, and l(a) =M >0 for all a ¢
{(20+1,2i+2) : i <k} with ke < M . One can check that any cover of A is of size at least 2(k —1).
In contrast, D(u) =0, independent of k, thus z; ;p (1) =0.

Finally, for the knapsack problem, consider the items A:={0,1,...,Ck}, where C € N denotes
the knapsack capacity, and weights w € R“**! so that w(0) = C, and w(i) = 1 for i > 0. In addition,
set u(0) =0 and p(0) =€ and u(i) = —M <0 for i >0 (where u(a) denotes the upper bound on
the range of the “utility” distribution of ground element a), with € < M. Note that in this case the
problem is of utility maximization. One can check that any cover of A is of size at least k+ 1. In

contrast, D(u) =0, independent of k, thus 2z} 55 (u) =0.
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A.1.3. Performance Guarantee of the LBP-based policy
Suppose that Assumption [I] holds. The following result provides a performance guarantee for
the LBP-based policy.

THEOREM 2. Consider v € (0,1) and € >0 arbitrary. The LBP-based policy *(~y,€) is such that

R~ (v:e) (F, N)

im <z +Y Z6oper (1L)- 6
e (lnN)HE 1P (1) Y 28 over (1) (6)

Proof of Theorem [2. The regret of the policy 7* (we drop the dependence of 7* on ~ and

e for simplicity) stems from two sources: exploration efforts and exploitation errors. That is,
R™ (F,N)=Ri(F,N)+Ry(F.N),

where R;(F,N) is the exploration-based regret, i.e., that incurred at period n during cycle i if
T,(a) < ~i for some a € A, or alternatively when sampling a solution, picking S,, # S* with S* €
S*(Iin,), and Ry(F,N) is the exploitation-based regret, i.e., that incurred when 7,,(a) > i for all
a € A and we sample S,, = S*. We prove the result by bounding each term above separately. (We
dropped the dependence of R;(F, N) and R,(F,N) on the policy 7* to simplify notation.)

In the remainder of this proof, E and P denote expectation and probability when costs are
distributed according to F' and policy 7* is implemented.

Step 1 (Exploitation-based regret). Exploitation-based regret during cycle i is due to imple-
menting suboptimal solutions when minimum cover-based exploration requirements are met.

Let i’ denote a finite upper bound on the first cycle in which one is sure to randomize a solution
on at least one period, e.g., i :=1+inf{i € N;i>2:n; >i|A|,n;11 —n; > |A|}. (Note that ¢ does
not depend on N).

Fix i > i’ and note that when cover-based exploration requirements are met for n € [n;,n;11 — 1],
one may exploit, that is, one may implement S, = S* for some S* € §*(fi,,;). We use the event

{S,, € S*(lin;)} to denote exploitation. We also define A# —:=maxges{A%}. We then have that

[(In N)'Fe 01

Ry(F,N) <mgAb+ Y Y E{1{Tu(a)24(i—1),Va€A,S, €S (fi,,)} A%, }

=1/ n=n;

<A+ Y (i =) P{S (i) £ S* (1), T (@) > v(i — 1),Ya € A} AL, (A-6)

Next, we find an upper bound for the probability inside the sum in (A-6)). For this, note that

(8 @) 28 i< | {mni(a) AT Am} , (A7)

2s
a€A
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where s:=max{|S|:S€S8} and Al . =min{AL:S5€S\S* (1)} denote the maximum solution

min

size and minimum optimality gap for the full-information problem, respectively. (We assume, with-

out loss of generality, that A* —and A"

mazx min

are both positive, since otherwise, the problem is trivial.)

Indeed, note that

{mnxa) ~ p(a)] < Bmin VaeA} c { S (@) < 3 i (@), V5" € 8% (1), S €S\ S” (u)}-

2s '
a€S* a€S

The next proposition, whose proof can be found in Online Appendix allows us to bound (A-6))

using the observation above.

PROPOSITION 4. For any fixed a € A, n€N, k€N, and € >0 we have that

P{lpn(a) — pla)| = €, To(a) = k} < 26Xp{_2222k}’

where L£:=max{u(a) —l(a):a € A}.

Using the above, the union bound, and (A-7)), we have that

P{S*(fin,) LS* (1), Tp,(a) >v(i—1),Vae A} <

5B {0 - (o) 2 S 7, ) 20— ) b <20 enp {— o) 761 } - (a)

acA

1/(1+4€) )1/(1+6)

Now, for 4 > ', one has that n;,; < (DY) and n; > eli-1

Using this, (A-6)) and (A-8)) we conclude that

. Hence, n; 1 —n; < elit!

- . Alpin) (i —1)
) 1/(14e) ( min) )
Ry(F,N) < AR, (nlr—kZMAexp{(z—i—l) 2422 :

=1/

Because (i + 1)1+ < i%ﬁf’y for i large enough, we conclude that Ry (F, N) < C}, for a positive
finite constant C, independent of V.

Step 2 (Exploration-based regret). We separate the exploration-based regret into cover-based
and LBP-based regrets. The former arises at period n when there exists a € A such that T, (a) < yi.
The latter arises when the cover-based exploration requirements are met and one samples S,, #
S* for S* € 8*(fin,). Let RY°""(F,N) and R{P”(F,N) denote the cover-based and LBP-based

exploration regrets, respectively, so that

Ry(F,N):= RS’ (F,N) + REBP(F,N).
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Step 2.1 (Cover-based exploration regret). We first bound the cover-based exploration regret. Let
C denote the set of minimal covers of A, and AY, denote the minimum optimality gap for the

Cover (p) problem in (f)), i.e.,

s i ($288) < )28 €€\ P -

Se&

We assume that AC,

min

> 0, since otherwise, the cover problem is trivial. Consider ¢ > i
and let & € 'coper (In;) denote the cover-based exploration set for any period n € [n;,n41 —
1]. Define ¢ := max{|€|:£ € C} as the maximum size of a minimal cover of A and let I :=
{2' <(InN)"™*isi [yvi—1] <[y ﬂ} denote the set of cycles in which cover-based exploration

requirements are increased. Noting that T,,,(a) > (i — 1) for all a € A when i > 7', we have that

RCover(F N) < ci Afnam—i_ZE{l{Tnz(a) 2")/(2—1) V(IEA, giEFCover (:u)} ZAZ}

i€l SeE&;

+ZE{1{Tni(a)27(i—1)VaeA,&gZFCOUeT(,u)}ZA’;}
iel Seg;
< ei' A+ (YN 1) 20 ()

+ ALY P{T, (a)>y(i—1)Va€ A, & €T cower (1)} (A-9)

i€l

Next, we bound the probability inside the sum in (A-9)). For that, observe

(Fmrin) 2 e} € { (o) -] 2 22}, (A-10)

acA

where A; :=min {A¢, ~A!. 1 Indeed, note that

min?

A .
(i (o) -stw) < 22 voea} e f[af - ag < 3 vses]
C { Z(AZ’”—A’;) <1,veec}
Se&

< {ZAZ% > Z Agnl , VE* € Logver (/’L) ,£eC \ Ccover (,u)} )
se€ See*

where we remember that for a cost vector v € B, A =5 . v(a) = 25,,,(v). We note that as

discussed in in Step 1, by taking A; <A, . we also ensure that {S*(fi,,) € S* (1)}

Using Proposition Y I, 4] the union bound, and ( -, we have that
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]P){gz € FCOUST(M) 3 Tnl (CL) 2 ’}/(Z — 1) s \V/(I € A} §

Zp{lﬂni(a)—u(a)l>ilc,Tni(a)>7(i—1)}<2|A!exp{—W}- (A-11)

acA

Using the above and (A-9) we obtain that
R (F,N) <4 (InN)™ 28,0 (1) + Co,

for a positive finite constant C,, independent of V.

Step 2.2 (LBP-based exploration regret). Consider now the LBP-based exploration regret
REBP(F N). Let AP denote a uniform upper bound on the precision of each mean cost estimate
necessary to approzimately reconstruct the set D(u). That is, AP :=min{Ah AP AP} /(2s),

min)

where

A? .= min {min {Ag"“ D). 8¢S ((uAl) (D))} :DCA\H, S (u) =8 ((uAl) (D))} ,
AP = it {27, (1) — oy (WAL (D)) : D C A\ H, 8 (1) 8" (A1) (D))}

Al is as defined in Step 1, H := Ugcse(y Unes- {a}, and (pAl) (D) = (u(a),a€ A\D) U
(Il(a) :a € D). The first threshold A? . ensures that S*(fi,,) € S*(u). This is supported by Step 1
(see (A-7)). The second threshold AT ensures that

min

D7) C D) U2,
This follows from noting that: (i) for D ¢ D (u),

() {17n(@) = (@)l < AP} C {2004 (in) = 2E0ms (Ha AL) (D))}

a€A

implying that D ¢ D (i,,); and (77) not all solutions in S*(u1) are necessarily optimal in the approxi-
mate problem (i.e., using the average costs), therefore, some of their ground elements might belong
to D(fi,). The third threshold A? ensures that D(u) C D(fi,,). This follows from noting that for
D e D(p),

ﬂ {17in(a) = p(a)| < AP} C{2Z s (fin) > 2E0ms (i AT) (D))}

a€A

implying that D € D (fi,,). We conclude that

() {I7n(a) — pu(a)] < AP} C{D (i) =D (n) UH,},

acA
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for some H, € 2f. While we assume, without loss of generality, that A” . —and AP are positive

(since otherwise, the problem is trivial), Assumption |1 implies that AT > 0. Thus, we have that
AP > 0.

Consider now the issue of approximating the Kp constants. We denote such estimates by Kp.
By the continuity of I,(-,-) for all a € A, we have that Kp(v) is also continuous for all D € D(u).

In addition, because it is known that Kp(u) < K, there exists a finite constant « > 0 such that

Ep(fin) = Kp()| < 53" [fin(a) - pla)l,

acA

for i, in a neighborhood of p (specifically, we consider a ball -using infinite norm- of radious lower
than o/ (|A| k) centered at u for p > 0 arbitrary). Note that we make use of the uniform bound and
use the approximation

Kp(v)=Kp(v) NK.

This, in turn, implies that KD(V) <K.
Define A¥ :=p/ (|A| k) for o >0 arbitrary. We conclude that

(M {Jfin(@) = u@)| < A%} € {| K@) — Kn(w)| < o, DEDW)}-

acA

Let (z",y™) € I'Lpp(ii,), and consider (z*,y*) € I'rpp(u), augmented so that y* (S*) = K for
all S* € §*(u) (note that because Ak. =0 for all S* € S*(u), one can make this augmentation
without affecting the objective value of LBP(u)). Suppose that ||fi, — p|lee < d/(2s) for some
0 <0 <min{A% AP o}, then we have that

max{z"(a)+d:a€ D} > Kp(u), D€ D(u)

max {z*(a)+0:a€ D} > Kp(fin), D€ D(fi,). (A-12)

For z € R* and § > 0, we define 2% so that 2°(j) := 2(j) + 1 {2(j) > 0}, j < k, where 2(j) is the
j-th element of 2. From (A-12)) we conclude that (z*°,y*°) is feasible to LBP(Ji,). Seeing that

| — pt]] o < 0/(258), we have ‘A‘S‘ — A"l < § for all S € S. Therefore, we have that

(a) "
D oY(S)AS < Yy ()AL +1S8| K6

Ses Ses

(b) Y
< Sy (S)AL 11| Ko

Ses
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< Y (S)AL+ SIS (0+ AL, + K) +[S| K§
Ses

= ZZBP(IU’) +5 |S| (5+A%az +2K) )

where (a) follows from the fact that y"(S) < K for all S € S (this because Kp(fi,) < K), (b)

comes from that (z*° y*?) is feasible to LBP(Ji,), and (c) follows from that ‘A‘g — Al <6 and

y*9(S) <y*(S)+6 for all S €S, and y*(S) < K for all S € S. Seeing that § < AP < A¥ . taking

5 S QZEBP(N)/ (‘S| (Aﬁmn +Al7:7,az +2K))7 we have tha‘t

Zy S)AG < (1+0)2Lpp(n)-

Ses
Consider ¢ > 4" and let (x;,y;) € ['Lpp(fin,) be the solution used for LBP-based exploration for
n € [n;,n;41 — 1]. In what follows, with abuse of notation, we use the event {S, € I'rpp (li,)} to

denote the LBP-based exploration. We have that

[(In N)' ) nipq—1
REPP(F N) < ngAF 4 Z Z E{1{T,,(a)>~(i—1)Va€ A, S, €Trpp (fi.)} A% }
[(inN)' e nipq -1
<niAf..+ Z > E{1{T5,(a) > 4(i = 1), |fin(a) — p(a)| < 6/(25),Ya € A, S, €Trpp (1)} A%, }

n=n;
[(In N1 ngpq—1

# X X BT 21 1.0 A e () 4(0)]28/(25)) . 5, € Tumr (1)) A8, )

n=n;

[(In N)!Fe]
S ni/ANmaw+ Z (1+0) ZZBP(IU/)

i=i’

+Z(m+1— ) Alnoe Y Plfin(a) = pla)| 2 6/(28), Ty, (@) 2 (i = 1)} . (A-13)

a€cA

Using Proposition {4 to bound the probability in (A-13)), we have that

B} i 1/(e+1) 62 y(i—1)
RLBP(F N)<nZ/A;Tme (lnN)1+ (1+Q ZLBP +Z (i+1) ma$2|A|eXp{ W .

Because (i+ 1)Y/0+9) <4 for ¢ large enough, we conclude that

2[:2

R{PP(F,N) < (InN)"™ (1+0) 27pp (1) +Cs
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for a positive finite constant C3, independent of N. Putting all the above together, we conclude
that
Rﬂ-* <F7 N) S ((1 + Q) ZZBP(M) + f)/zéover(/’b)) (IDN)I-HS + 04,

for a finite positive constant C,, independent of N.

We finally note that the optimal solutions to the Cover(fi,,) and LBP(fi,,) problems converge
a.s. to optimal and g-optimal solutions to Cover(u) and LBP(u), respectively. For this, note that
Proposition and imply (via Borel-Cantelli) that P{&; € T'coper (1) eventually} =1
and

P{(x?,y7) is a g-optimal solution to LBP(u) eventually} = 1.

The result follows from noting that one can choose g arbitrarily small.

A.1.4. Adjoint Formulation for Tighter Upper Bound

The following formulation is a variation of LBP that is robust with respect to changes in the
mean cost of elements that are not “covered” by its optimal solution. For that, we introduce an
additional variable w(a) indicating whether one would impose additional exploration (beyond that
required in the lower bound result — the parameter v indicates the frequency of such exploration)
on a ground element a € A, and variable r(a) indicates the degree at which element a € A is covered

in a solution. For a vector r:= (r(a) :a € A), we define

z(r):= min Z AYNUacr(@=0D 1) . p(a) < Z y'(S),ac Ay,
y’eRlSl .
+ SeS S€S:aes
where we recall that for a set D, (v Al) (D)= (v(a)l{a¢ D} +1(a)1{a € D}:a€ A). The variable
z(r) computes the minimum cost attainable if one were to change the mean cost of an unexplored
ground element. The following adjoint formulation imposes that the optimal cost is not greater

than such an alternative minimum cost.

Zh(v,y) i=min 3 A% y(S)

s.t. > AL y(S) <2(r)
r(a) < Z y(S),a€ A

SeS:aes
r(a) =z(a) +yw(a),ac A

max{z(a):a€ D} > Kp(v), DeD(v)
z(a)=1, VaeSVSeS (v)
w(a) €{0,1}, xz(a), r(a),y(S) €eR,, a€A SES.
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A.2. Omitted Proofs and Material from Section
A.2.1. Equivalence of LBP and OCP

LEMMA 1. An optimal solution to a linear relaxation of OCP(u) when one relaxes the integrality
constraints over y(S) variables is also optimal to formulation LBP(u) when one replaces Kp(u)

by 1 for all D € D(u).

Proof of Lemma [1} Let R-OCP(u) denote the linear relaxation of OCP(u) where the
integrality constraints over y(,S) variables are replaced by those of non-negativity. We prove Lemma
by showing that a feasible solution to R-OCP(pu) is also feasible to LBP (u) and vice versa. We
prove each feasibility result by contradiction.

We first note that when Kp(u) =1 for all D € D(u), one can restrict attention only to feasible
solutions to LBP (u) with binary z. Let (z,y) be a feasible solution to R-OC P (i) and suppose
that (x,y) is not feasible to LBP (), i.e., there exists a D € D(u) such that max{z(a):a€ D} =0
which implies that z(a) =0 for all a € D. Thus, for S* € S*((uAl) (D)), we have that

Zeomn((WAD (D) = Y pla)+ ) a)

a€S*\D a€D
23 (Ua)(1 = (a)) + pla) 2(a)

®
2 ZComb (M)7

where (a) follows from the fact that {(a) = ({(a)(1 —2z(a))+ pu(a)z(a)) as x(a) =0 for a € D, and
w(a) > (I(a)(1—xz(a)) + u(a)xz(a)) for a ¢ D, and (b) follows from the fact that (x,y) satisfies
constraints (because it is feasible to R-OCP(u)). However, by the definition of D(u), one has
that 25, (WA D) (D)) < z&,,. (1), which is contradicted by the last inequality above, thus we have
that max {z(a):a € D} =1 for all D € D(u), therefore (z,y) is feasible to LBP (u).

Now, let (x,y) be a feasible solution to LBP (u) such that xz(a) € {0,1} for all a € A, and that
z(a) =1 and y(S*) =1 for all a € S* and S* € §*(p) (because Al =0 for all S* € S*(p), this
extra requirement does not affect the optimal solution to LBP (u)). Suppose (z,y) is not feasible

to R-OCP(p), i.e., there exists some S € S such that

> (Ua)(1 = z(a)) + pla) 2(a)) < 2 (1)- (A-15)

a€s

Let Sp be one such S that additionally minimizes the left-hand side in (A-15) (in case of ties
we pick any minimizing solution S, with smallest value of [{a € Sy:z(a)=0}|). Then D :=

{a € Sy:x(a) =0} (or a subset of D) belongs to D(u). This contradicts the feasibility of (x,y) to
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LBP (u), because if (z,y) is feasible to LBP (), then we must have max{z(a):a € D} > 1 for all
D € D(u). Thus, we conclude that (z,y) is feasible to R-OCP(u).

Summarizing, when Kp(u) =1 for all D € D(u), feasible solutions to R-OCP(yu) are feasible to
LBP (i), and feasible solutions to LBP (u) that cover all optimal elements in A are feasible to
R-OCP(p). The result follows from noting that there always exists an optimal solution to LBP (1)
such that x is binary, and z(a) =1 and y(S*) =1 for all a € §* and S* € S*().

A.2.2. Modified OCP-Based Policy

The modified OCP-based policy 75-p(7,€,0) is detailed in Algorithm [3| This policy closely
follows the structure of the LBP-based policy in Algorithm [T but solves the OC' P problem instead
of LBP. As in Algorithm [I| we define the cycles as n; =1 and n; := max{ Leil/(lﬁ)j,ni_l +1} for
all i > 2, given a tuning parameter € > 0. Moreover, as in Algorithm|[l} v is a tuning parameter that
controls the cover-based exploration frequency. Finally, the parameter ¢ in Algorithm [3] allows the

policy to converge to an optimal solution to OCP(u) — because there might exist multiple optimal

solutions, the “Update OCP-exploration set” step ensures that the policy settles on one of them.

Algorithm 3 Modified OCP-based policy 75qp(7,€, 0)

Set i =0, C'= A, £ a minimal cover of A, G =¢&, and draw (b;(a) : a € A) randomly from B
for n=1to N do

if n=n,; then

Set i=1i+1

Set S* € S* (1in) [Update exploitation set]

Set € € T'cover (in) [Update Cover-exploration set]

if (C,G) is not a g-optimal solution to OCP (ji,,) then

Set (C,G) € Tocp (fin) [Update OCP-exploration set]

end if
end if
if T, (a) < i for some a € A then

Set S, =5 for any S € £ such that a € S [Cover-based exploration]
else if v <1 and T,,(a) < i for some a € C' then

Set S, =5 for any S € G such that a € .S [OCP-based exploration]
else

Set S, = 5" [Exploitation]
end if

end for
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Next, under Assumption [2| we prove a performance bound for the modified OCP-based policy.

THEOREM 3. Consider v € (0,1), 0> 0, and € > 0 arbitrary. We then have that for o sufficiently

small
Rrocp(1:5:0) (F,N)

111
N—oo (InN)'**

< Z?)CP (/‘L) + ’yzgover (iu) .

Proof of Theorem |3, As in the case of the LBP-based policy 7*, the regret of policy 7, p
(we again ignore the dependence of the policy on 7, €, and p to simplify the notation) stems from

three sources: Cover-based and OCP-based exploration efforts, and exploitation errors. That is,
Rrocr (F,N) = R{™" (F,N) + R)°"(F,N) + Ry(F, N), (A-16)

where R{°ve"(F,N) is the Cover-based exploration regret, i.e., that incurred at period n during
cycle i if T,,(a) < ~yi for some a € A, RY“P(F,N) is the OCP-based exploration regret, i.e., that
incurred at period n during cycle i if T}, (a) < i for some a € C, and Ry(F,N) is the exploitation-
based regret, i.e., that incurred when exploration conditions are met and one implements solution
S, = 85* with S* € S*(1i,).

We prove the result by bounding each term in separately. It turns out that the bounds
for REv"(F,N) and Ry(F,N) in Step 1 and Step 2.1 in the proof of Theorem [2| apply to this
setting unmodified, thus we omit them here. Next, we bound the OCP-based exploration regret
ROCF(F,N).

As in the proof of the LBP-based policy, in the remainder of this proof, E and P denote expec-
tation and probability when costs are distributed according to F' and policy 7, p is implemented.
Step 2.27 (OCP-based exploration regret).

Following the arguments in Step 2.2 of the proof of Theorem [2| we first define the minimum

precision threshold on the accuracy of mean cost estimates necessary to reconstruct the solution

to OCP(u). For that, we define AP :=min{A¥ . AP AP AP} /(8sc), where

min?

AP := min {min {N;WD) L S¢S ((uAl) (D))} :DCA\H, S (u)=8"((uAl) (D))} ,
AZ = min {280, (1) = 20 (AL (D)) : D CANH, S* () #S* ((uA1) (D))},

—mm{(ZA) z250p (1 )3(C,g)€G\FOCP(U)}7

Seg

and G denotes the set of all feasible solutions (C,G) to OCP(u) problem. Note that as in the
proof of Theorem 2] A%, =min{A%:S5e€S\S8" (1)}, s=max{|S|: S €S}, c=max{|£|:€ € C},

i.e., the maximum size of a minimal cover of A, and H = Ug.¢g+(,) Usecs- {a}. Also note that AP
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denotes the minimum optimality gap of problem OCP (u). Note that thresholds A/

min?

A? and
A? are always positive, while A? >0 by Assumption

We now check that having mean cost estimates with enough precision allows us to reconstruct
the feasible set G. Consider (x,y) satisfying and . We first note that as discussed in Step
1 of the proof of Theorem |2, {||fin — pt|loco < AL../(25)} ensures that {S*(f,) C S*(1)}. One then
has that

> z(a) (fin(a) — pla))

a€S

{II72n — plle < AP} C {

< APs VS e 5}
N {’Zé‘omb(//‘z’ﬂ) - Zgomb(u)’ < ADS}

Q{‘ (Z (z(a)fn(a) + (1 —z(a))l(a)) —ZEOmb(ﬁn)) - (Z (z(a)u(a) + (1 = z(a))l(a)) —Zéomb(u)>

acs a€sS

<2APs, VS GS} )
We conclude that, because 2APs < AD A AP,

Y (@@)p(a) + (1= 2(a)l(a) > 28 om(p) i D (@(a)fin(a) + (1= 2(a)l(a) = 2o (fin)-

a€S a€sS

Having the same feasible region for both OCP(u) and OCP(ji,,) problems, we now show that
o-optimal solutions to the latter problem corresponds to an optimal solution to the former. Indeed,

we have that

- { Z(Ag"—Ag>

Seg
c {ZAE" >AD/24 ) A, Y(C,G7) €Tocr (1), (C,G) € G\Tocp (M)}-

Seg Seg*

D
<A4,VSES}
4c

D
<i4,V(C,g)eG}

The above not only implies that T'ocp(it,) € Tocp(i), but also that g-optimal solutions to
OCP(ji,) are also optimal to OCP(u), as long as o < AT /2. Letting I'Yp(v) denote the set of
o-optimal solutions to OC'P(v), the above implies that for o < AP /2,

{117, — plle < AP} C{TEp(7n) STocr (1)}

We are now ready to provide a bound on RY“P(F,N). Similar to the proof of Theorem [2] let
i’ be a finite upper bound on a cycle in which one is sure to conduct all OCP-based explorations

(eg., i =1+inf{i eN;i>2:n,.1 —n; >i|A|}). Fix i > ¢ and let (C;,G;) denote the OCP-based
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exploration set for any period n € [n;,n;.; — 1]. Define the events = := {(C;,G;) €Locp and
p y p ) + 7 ) ILI/

=2:={G;=G,;_1}. We then have that

[(InN)'+e]
ROP(FN) S mpa A+ > E{ (T (@) >7(i—2),Vae A, I A“}
i=i'+1 Seg;
[(n N)1+€]
+ > zE{l{Tn” a)>~(i—2),Ya€ A, (EINE?) }ZA”}
i=i/+1 Seg;
< g +1Amaw ((h’l N)1+E =+ 1) ZBCP (/"L)
+AL e > iP{T, (a)=4(i—-2),Vac A, (EINE})},  (A-17)
i=i'+1

where (2! NZ2)° denotes the complement of the event (2! NZ=2). Next, we bound the probability
inside the sum in (A-17)). For that, observe that

{1,y = 1lloe V lin, — plloe < AP} € {T8ep(fin,_,) S Tocr (1)}
N {Tocp (1) CTEep(Hin,) }

C (EinZE}).

7 3

Using above and Proposition [4) we conclude that

e 2(AP) (i —2
P{T,, ,(a)>~(i—2),Ya€ A, (ENE}) }§4|A|exp{— ( )EZ( )} (A-18)
Using the above and (A-17)), we have that
Rlocp<F7N) < (lnN)H_E ZECP( )+C57

for a finite positive constant C5, independent of N. Putting the results from Steps 1 and 2.1 (from
the proof of Theorem , and Step 2.2’ together, we conclude that

R’T,OCP (F7 N) S (Z(*)CP(IM) +/yzz'over(ﬂ)) (1HN)1+6 + CG?

for a finite positive constant Cg, independent of V.
We finally note that the optimal solutions to the Cover(ji,,) and OCP([i,,) problems converge

a.s. to optimal solutions to Cover(u) and OCP(pu), respectively. For this, note that Proposition
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(A-11)) and (A-18) imply (via Borel-Cantelli) that P{&; € I'coper (1) eventually} =1 and
P{(C;,Gi) € Tocp(p) eventually} =1.

A.3. Appendix for Section [6]

A.3.1. General Complexity of OCP
To prove Theorem [4] and Proposition [2, we will use the following lemma.

LEMMA 3. We may restrict the OCP or Cover problems to have at most |A| non-zero y(S) vari-

ables without changing the problems.

Proof of Lemma (3| For the OCP problem, the result follows from noting that any critical
set C' can be covered by at most | A| solutions (i.e., by a solution-cover G of at most size |A|). Hence,
if an optimal solution for OCP has |G| > | A|, we may remove one solution from it while preserving
feasibility. If the removed solution is suboptimal for Comb, we would obtain a solution with lower
objective value contradicting the optimality for OC'P. If the removed solution is optimal for Comb,
we obtain an alternate optimal solution for OCP.

For the Cover problem, the result follows by noting that A can be covered by at most |A]
solutions.

O
THEOREM 4. If Comb is in P, then OCP is in NP.

Proof of Theorem [4} By Lemma [} optimal solutions to OC' P and Cover have sizes that are
polynomial in |A| and their objective function can be evaluated in polynomial time. Checking the
feasibility of these solutions for OC P can be achieved in polynomial time, because checking can
be achieved by solving Comb(v,.) where v, := (v,(a) : a € A) for v,(a) :=1(a)(1 —z(a)) +v(a)z(a).
This problem is polynomially solvable by assumption.

O
Note that the proof of Theorem [4] also shows that if Comb is in P, then Cover is in NP.

A.3.2. Critical Sets for Matroids

LEMMA 4. Let Comb(v) be a weighted basis or independent set matroid minimization problem.

Then there exists a unique critical set that can be found in polynomial time.

Proof of Lemma |4 To simplify the exposition, we assume that S* (v) = {S*} is a singleton.
Also, for S € S, we let e® denote the incidence vector associated with S (i.e., e :=(e°(a):a € A)

with e%(a) € {0,1}, a € A, such that e°(a) =1 if a € S and €°(a) = 0 otherwise).
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Let P :=conv ({e9}4.5) C Rl be the independent set (base) polytope of S. Then, for a feasible
cost vector v, we have that S* € §* (v) if and only if ) .. v(a) <> .sv(a) for any S €S such
that 5" and e are adjacent vertices in P. Furthermore, each adjacent vertex to e5” can be obtained
from S* by: removing (denoted by “R”), adding (denoted by “A”), or exchanging (denoted by “E”)
a single element of S* (Schrijver||2003, Theorem 40.6). Thus, we construct the critical set C' so that
S* is always optimal if and only if the cost of all elements of C are at their expected value. The
construction procedure starts with C'= 5*. In some steps we distinguish between S corresponding
to independent sets or bases.

R. (for the independent set case) From the optimality of S*, removing an element never leads to
optimality.

A. (for the independent set case) For each a € A\ S* such that S* U{a} is an independent set, if
l(a) <0, then add a to C.

E. (for both cases) For each a € A\ S*, add a to C' if

l(a) <max{v(a'):a" €8*, S*U{a}\{a'} is an independent set (base)}.

By construction, covering all elements in C' guarantees optimality of S*, and not covering some
guarantees that S* is no longer optimal. Note that the set C' is unique. For the case of multiple
optimal solutions we simply repeat this procedure for each one. Finally, the only computationally
non-trivial step in the construction of C' is checking that this set is an independent set or a base,

which can be done in polynomial time.

A.3.3. Basic MIP Formulation for OCP

PROPOSITION 2. Let y° € {0, 1}|A| be the incidence vector of S €S, M € R™ 4 and d € R™ be
such that {y°}g.s = {y e {0, 1} My < d} and conv ({y°}gcs) = {y €[0,1]" : My <d}. Then
a MIP formulation of OCP(v) is given by

min ) (Z v(a)y'(a) - Zéomb(V)> (9a)

€A \a€A
s.t. z(a) < Z y'(a), acA (9b)
i€A
Myi S d7 1€ A (9(3
MTw < diag(l)(1 — ) + diag(v)x (9d

dTw Z Zé’mnb (V)

z(a), y'(a) €{0,1} ,w € R™, a,i€ A,
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where x = (z(a):a € A), y' = (y"(a) :a € A), and 1 is a vector of ones.

Proof of Proposition [2. For any feasible solution (x,y) to @D, we have that x is the incidence
vector of a critical set. This, because enforces dual feasibility of w when elements with z(a) =0
are not covered, and forces the objective value of the dual of Comb(v’) to be greater than or
equal to z5,,.,(v), where v/ = diag(l)(1 — z) + diag(v)x. With this, the optimal objective value of
Comb(V') is greater than or equal to 2},,., (). On the other hand, any 3’ is the incidence vector of
some S € § because of and the assumptions on M and d. Finally, (9b)) ensures that the critical
set is covered by the solution-cover (i.e., y*’s) induced by OCP. Lemma [3| ensures that the |A|
variables y" are sufficient for an optimal solution to OCP. If less than | A| solutions are needed for
the cover, then the optimization problem can pick the additional 3* variables to be the incidence
vector of an optimal solution to Comb(v) so that they do not increase the objective function value.

O
We note that Proposition [2| can be easily extended to obtain a formulation for Cover(B) by

setting z, =1 for all a € A and removing (9d)—(9¢).

A.3.4. TP Formulation for OCP when Comb(v) Admits a Compact IP Formulation
Suppose Comb(v) admits a compact IP formulation such that {y°} . = {y € {0, 1}|A| My < d}

for some M € R™*14l and d € R™, where y° denotes the incidence vector of S € S. For simplicity,

we assume that A={1,...,|A|}. Then an IP formulation of OCP(v) is given by

min Z <Z v(a)y'(a) — zéomb(y)) (A-19a)

s.t. o 2(a) <Y y'(a), acA (A-19b)
My’ < ;E,A icA (A-19c)

; (I(a)(1 — z(a)) + v(a)z(a)) > 25y (v), SES (A-19d)

z(a), y'(a) € {0,1}, a,i€ A. (A-19e)

As in formulation @, a feasible solution (z,y) to is such that z is the incidence vector
of a critical set (this is enforced by ), and the y%’s are a cover of such set, due to ,
, and the assumptions on M and d. Note that an efficient cover includes at most | A| solutions
(the optimization can pick the additional y* to be the incidence vector of an optimal solution).

Formulation has a polynomial number of variables, but the number of constraints
described by is in general exponential. However, the computational burden of separating
these constraints is the same as solving Comb(v) (finding a violated inequality or showing
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that it satisfies all these inequalities can be done by solving Comb (V') for v'(a) =1(a)(1 — z(a)) +
v(a)z(a)). Hence, if we can solve Comb(v) sufficiently fast (e.g., when the problem is in P, or it
is a practically solvable NP-hard problem) we should be able to effectively solve with a
branch-and-cut algorithm that dynamically adds constraints as needed. Finally, note that
a formulation for C'over is obtained by setting x(a) =1 for all a € A and removing .

A.3.5. Linear-sized Formulation for OCP for the Shortest Path Problem
Let Comb(v) correspond to a shortest s — ¢ path problem in a digraph G = (V, A). Define A =
AU{(t,s)} and let b,,, and &;, denote the outbound and inbound arcs in digraph G = (V, A4). An

optimal solution (x,p,w) to

min (Z V(a)p(a)> — 260my (V) P ((t,5)) (A-20a)

st. z(a)<p(a), acA (A-20Db)

> opla)— Y pla)=0, veV (A-20c)
a€oout(v) a€b;p (v)

w(u) —w(v) <I((u,0)) (1 -z ((v,0))) +v((u,0) z((w,v)), (uv,v)€A (A-20d)

w(s) = w(t) 2 2¢my(V) (A-20e)

pla)eZ,, acA (A-20f)

z(a) €{0,1}, wv)eR, acAvelV, (A-20g)

is such that (C,G) is an optimal solution to OCP(v), where C ={a€ A:z(a)=1} and GC S is
a set of paths for which p(a) = [{S€G:a€ S}|. Such a set G can be constructed from p in time
O(|A[[V]).

The first difference between formulations and @D is the specialization of the LP duality
constraints to the shortest path setting. The second one is the fact that the paths in cover G
are aggregated into an integer circulation in augmented graph G, which is encoded in variables
p. Indeed, using known properties of circulations (Schrijver| 2003, pp. 170-171), we have that p =
> seg yS, where y° is the incidence vector of the circulation obtained by adding (t,s) to each path

S. Furthermore, given a feasible p we can recover the paths in G in time O(|A||V|). To obtain a

formulation for Cover, we simply set z(a) =1 for all a € A and remove (A-20d)—(A-20¢)).

It is possible to construct similar formulations for other problems with the well-known integer

decomposition property (Schrijver|[2003).
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A.3.6. A Time-Constrained Asynchronous Policy

Depending on the application, real-time implementation might require choosing a solution S,, € S
prior to the exogenous arrival of the cost vector B,,. However, the solution times for the problems
OCP(-) or even Comb(-) could be longer than the time available to the executing policy. For
example, most index-based policies must solve an instance of Comb(-) at each period, which might
not be possible in practice. Fortunately, a key feature of our proposed OCP-based policies is that
the frequency at which the problems Comb(-) and OC P(-) need to be solved decreases exponentially
over time. Indeed, such problems are solved at the beginning of each cycle and the length of cycle ¢
is O (exp (i/H)) for a fixed tuning parameter H > 0. Hence, as cycles elapse, there will be eventually
enough time to solve these problems.

Nonetheless, the policy cannot proceed until the problems Comb(-) and OCP(-) are solved.
However, one can easily modify the policy so that it begins solving Comb(-) and OCP(-) at the
beginning of a cycle, but continues to implement incumbent solutions while these problems are
being solved (such solutions might be computed either upfront or in previous cycles). Solutions to
these problems update incumbent solutions as they become available, which for long cycles would
be at the beginning of the next one. Algorithm [4] presents one such possible modification for the

OCP-based policy.

A.3.7. Greedy Oracle Polynomial-Time Heuristic

To further illustrate the potential practicality of policies based on OCP, we develop a greedy
heuristic for solving OCP that only requires a polynomial number of queries to an oracle for
Comb(-) (plus a polynomial number of additional operations). This heuristic always returns a
solution that is equal and possibly arbitrarily better than a minimal cover of A.

We begin by describing the heuristic for solving OCP(v) in Algorithm |5, Given a cost vector
v, the heuristic first sets all costs to their lowest possible values, and successively solves instances
of C'omb, each time incorporating the incumbent solution into the solution-cover G, adding its
ground elements to the (critical) set C, and updating the cost vector accordingly. The procedure
stops when the feedback from C' suffices to guarantee the optimality of the best solution (i.e., when
Z&omb (V') = 2 oms (V). To achieve efficiency of such a feedback, the heuristic then prunes elements
in C' that are not required to guarantee sufficiency of the feedback.

Note that in each iteration of the first loop, Algorithm [5] calls an oracle for Comb and adds at
least one ground element to C. Similarly, in the second loop, the heuristic calls such an oracle once
for every element in C. Hence, the procedure calls such an oracle at most 2 |A| times. Thus, the
heuristic makes a linear number of calls to the oracle for Comb. In particular, if Comb is in P, then

the heuristic runs in polynomial time.
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Algorithm 4 Basic Time-Constrained Asynchronous OCP-based policy 74 p(H)

Set i =0, C = A, and G a minimal cover of A
Let S* € S be an arbitrary solution and ficems = locp be an initial cost estimate
Asynchronously begin solving Comb (ficoms) and OCP (fiocp)
for n=1to N do
if n=n; then
Set i=1+1
if Asynchronous solution to Comb (ficems) has finished then
Set S* € S* (Hicoms) [Update exploitation set]
Set Licomy = Hn
Asynchronously begin solving Comb (ficoms)
end if
if Asynchronous solution to OCP (fiocp) has finished then
Set (C,G) € Tocr (Hocp) [Update OCP-exploration set]
Set flocp = [in
Asynchronously begin solving OCP (jiocp)
end if
end if
if T, (a) < i for some a € C' then
Set S, =S for any S € G such that a € .S [OCP-based exploration]
else
Set S, =5* [Exploitation]
end if

end for

The performance of the heuristic ultimately depends on the specifics of a setting. For instance,
in the setting of Example |1 the heuristic returns, in the worst case, a solution with |G| =k, which
is of the order of a cover of A. In the setting of Example 2] on the other hand, the heuristic returns
a solution with |G| =2 (in such a setting a cover of A is of order k). It is not hard to identify
settings where the heuristic performs arbitrarily better than any cover of A.

We finally note that the heuristic in Algorithm [5] can be modified as follows for solving the
Cover problem: the first loop should be implemented while A € C' and the second loop is no longer

needed. The resulting set G provides a cover of A.
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Algorithm 5 Oracle Polynomial-Time Heuristic
Set v':=(V'(a):ac A)=(l(a):a€ A), G=0, C=0.

while 2., (V') < z&,,. (V) do

Select S € §* (V') and set v'(a) =v(a) for all a €
G+ GU{S}tand C+CUS
end while
for ac C do
i 26 (0 AD) ({01)) 2 22,00 (v) then
C+ C\{a} and V'(a) < (a)
end if

end for

A.4. Additional Computational Results

In this section we provide the computational results for Examples and [3] Figure [7] depicts the
average performance of different policies on Examples|1| (left), 2| (center) and [3[ (right), respectively.

200 500 20
_Extended «Extended
UCB1+ UCB1+ UCB1+
150 400 Extended \ 15
N UCB1+
2 UCB1+ 300 3
5100 5200 a8:)]_0 ////,}{,,
OCP-based
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100 OCP-based
- \ e e

100 600 1100 1600 2000 100 600 1100 1600 2000 100 600 1100 1600 2000
N N N

Figure 7  Average performance of different policies on Examples [1f (left), [2| (center) and |3[ (right).

On Example [T} the OCP-based and Greedy-Heuristic policies perform significantly better than
the benchmark policies. The situation is essentially the same on Example [2| only that this time
Extended UCB1+ outperforms the UCB1+ policy. There, the solution to OCP(u) is only of size
2, which helps our policies achieve the best performance. (Note that for this setting, the Greedy-
Heuristic tends to find the actual optimal solution to OCP(u) even with unreliable estimates.) On

Example [3] the heuristic solution to OCP coincides with the minimum-regret cover of S, thus the
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Greedy-Heuristic policy is outperformed by UCB1+ (note that this latter policy rarely uses the
arcs pe and go, since the costs of p; and ¢; are close to 0).

As discussed before, the lower bound in Theorem [I] is asymptotic, so it is not clear whether
the lower bound is meaningful in the finite time. However, we plot the lower bound for the three
shortest path examples in Figure [7] As can be noted from the graph, in Examples [I] and [2] the
lower bound is in fact meaningful and the regret of the OCP-based and Greedy-Heuristic policies
is much closer to the lower bound than the other benchmark policies. In Example |3 however, the
lower bound is not meaningful, that is, the lower bound is larger than the regret of all policies as
it only provides an asymptotic lower bound on regret.

In terms of efficient information collection, one can divide the set of ground elements (arcs)
into three classes: those that are part of the optimal solution (called the “Optimal arcs”), those
that are covered by at least one optimal solution to OCP(u) (called the “Exploration arcs”),
and the rest (called the “Uninformative arcs”). Table |2 shows the average number of times that
each type of arc (shown in columns called “Opt.”, “Exp.”, and “Uninf.”, respectively) is tested
up to period N = 2000 by each policy. Note that the OCP-based and Greedy-Heuristic policies
spend significantly less time exploring uninformative arcs. Table [2| also shows the average length of
implemented solutions (i.e., the average number of arcs in the implemented solutions) for different

policies (the column called “Length”).

Example 1] Example |2 Example 3|
Opt. Exp. | Uninf. | Length | Opt. Exp. | Unin. | Length | Opt. | Exp. | Unin. | Length
OCP-based 1958.93 | 470.67 | 2.25 3.06 | 1858.25|548.12| 4.55 | 1.19 |140.03 |214.50 | 1.00 4.72
Greedy-Heuristic | 1951.62 | 472.18 | 3.38 3.07 191843 (524.20| 3.32 | 1.11 |106.83|215.94| 35.71 | 4.79
UCBI1+ 1660.75| 533.35 | 42.12 | 3.51 | 474.31 [929.80| 66.61 | 3.19 | 92.45 |217.75| 24.61 | 4.82
Ext. UCB1+ 791.31 | 684.36 | 364.72 | 4.81 | 870.88 |795.78 | 53.76 | 2.67 | 14.87 |219.02 |151.79| 4.97

Table 2 Average number of trials of different arcs up to period N = 2000, and also average solution size for

different policies on Examples and

Figure [§] depicts box plots of the 100 different cumulative regrets at the final time period N =
2000 (i.e., sample path final regrets) for OCP-based, UCB1+ and Extended UCB1+ policies in
Examples and [3] We observe that the OCP-based policy significantly outperforms UCB1+
and Extended UCB1+ not only in terms of average regret, but also for (almost) all sample path

final regrets.
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Figure 8 Box plots of sample path regrets for OCP-based and benchmark policies on Examples (left), [2f (center)
and 3| (right).

A.5. Short-Term Experiments

In this section we discuss the short-term experiments. In what follows, we first describe the bench-

mark policies and then discuss the studied settings and results.

A.5.1. Benchmark Policies and Implementation Details

Benchmark Policies. Our benchmark policies are adaptations of the Knowledge-Gradient (KG)
policy in |[Ryzhov et al|(2012) and the Gittins index approximation in |Lai (1987)) to our setting.
Both policies require prior knowledge of the time horizon N, and because of this, several runs of
the benchmark policies are necessary to construct their cumulative regret curves.

The KG policy requires a prior distribution for the cost and hyper-parameters. In our imple-
mentation, we use the Exponential-Gamma conjugate prior for each ground element. That is, the
algorithm assumes that for each a € A, B(a) follows an exponential distribution with rate u(a),
but this rate itself is random, and initially distributed according to a Gamma distribution with
parameters «a, o and f3, 0. At period n, the posterior distribution of p(a) is a Gamma with param-

eters
Qg pn = Qg0 + Tn(a)a /Ba,n - 5(1,0 + Z bm(a)a ac A.
m<n:a€Sm

Thus at period n, the KG algorithm implements solution SX¢  where

O Jun iy § 5 P
owecugmn{g e ({3t {3t )

where the expectation is taken with respect to B,. The expectation above corresponds to the
knowledge gradient term vg K97 in the notation of Ryzhov et al. (2012). Unlike in that paper, there

K97 in our setting. Our plain vanilla implementation of the KG

is no closed-form expression for vg
algorithm computes such a term via Monte Carlo simulation, and performs the outer minimization

via enumeration. The complexity of the implementation limited the size of the settings we tested.
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The second benchmark is an approximation based on the Gittins index rule which in the finite-
horizon undiscounted settings takes the form of an average productivity index (see Nino-Mora
(2011)), and although it is not optimal in general, it is still applied heuristically. Our implemen-
tation assigns an index to each ground element, and computes the index of a solution as the sum
of the indexes of the ground elements included in that solution. The policy requires a parametric
representation of the uncertainty. To mimic a setting where the functional form of the cost distribu-
tions is unknown, we consider the approximation in |Lai (1987)) based on normally distributed costs
and use Normal/Normal-Gamma conjugate priors (this is motivated by a central limit argument):

in our approximation, the index of a ground element a € A at period n is given by

+
/Ban )\an_)\ao
o ana)\an7 anyMan) = a,n : h ; ; ’
I (Han> Aa.ns Qans fan) (M’ (o — 1) Aan N—-—n+1+An— Ao

where f1,., and A, , are the mean and variance of the normal posterior, respectively, «,, and
Ban are the hyper-parameters of the Gamma posterior, respectively, and h(-) approximates the

boundary of an underlying optimal stopping problem. The policy implements solution S¢* where

Sgitt € arg min {Z gg,N(Ma’n, )\a,na Qgony Ba,n) } .

Ses wes

Implementation Details. The implementation details are as in the long-term experiments in
Section The average running time for a single replication ranged from around one second
for the OCP-based policy to around 2 seconds for Gittins to less than 10 minutes for KG. We
exclude the results for the UCB1+4 and Extended UCB1+ policies, because they were consistently
outperformed by the OCP-based policy.

A.5.2. Settings and Results

We consider randomly generated (structure and costs) settings of shortest path, Steiner tree
and knapsack problems. We observed consistent performance of the policies across settings, and
show only a representative setting for each class of problems. There, the total number of periods
is selected so as to visualize the value at which the OCP-based policy begins outperforming the
benchmarks. In all settings, the benchmark policies initially provide a better performance compared
to the OCP-based policy, but the latter policy eventually surpasses the benchmarks for moderate
values of N. The same holds true for the case of the Greedy-Heuristic policy.
Shortest Path Problem. The left panel of Figure [J] depicts the average performances for a

shortest path problem in a layered graph with 5 layers, each with 4 nodes, and 2 connections
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between each inner layer. The representative setting is such that |A| =40, |S| = 64, the minimum-
size cover is of size 9, and the solution-cover to OC P(u) is of size 10 with an implied critical set of
size 23.

Minimum Steiner Tree Problem. The central panel of Figure [J] depicts the average perfor-
mances on a representative setting for the Steiner tree problem. The representative setting is such
that |A] =9, |S| =50, the minimum-size cover is of size 2, and the solution-cover to OCP(u) is of
size 4 with an implied critical set of size 8.

Knapsack Problem. The right panel of Figure [9] depicts the average performances on a rep-
resentative setting for the knapsack problem. (Here we report on the average behavior over 500
replications so that the confidence intervals do not cross.) The representative setting is such that
|A| =11, |S§| =50, the minimum-size cover is of size 7, and the solution-cover to OCP(u) is of size

2 with an implied critical set of size 5.
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Figure 9 Average performance of different policies on the representative setting for the shortest path (left), Steiner

tree (center) and knapsack (right) problems — the vertical lines show the 95% confidence intervals.

A.6. Alternative Feedback Setting

The flexibility of the OCP-based policies allows them to be easily extended or combined with other
techniques that consider similar what-and-how-to-explore questions. For instance, the OCP-based
policy can be easily combined with the “barycentric spanner” of|[Awerbuch and Kleinberg (2004) to
extend our results from element-level observations to set- or solution-level observations as follows.
For a particular application, it might be the case that the decision-maker only has access, for
example, to the total cost incurred by implementing solution S,,. We begin by showing how a cover-
based policy (i.e., a policy that conducts exploration by implementing solutions in a cover) can be
adapted to this last setting. For a set of ground elements S C A, let Ig:= (Is(a):a € A) € {0,1}*"
denote the incidence vector of the ground set (so that S ={a:Is(a)=1,a € A}). We say that a
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solution set &€ recovers aset E C A if for each a € E, there exists a vector y(a) := (ys(a), S € £) € RI¥|
such that

Z’Ys a)ls = I (A-21)

Se€

Without loss of generality, one can assume that each ground element is recovered by at least
one solution set. Let £ be a solution set that recovers A, and let v := (v(a),a € A) be such that
Y seeVs(a)ls = I;qy, for all a € A. One can implement a cover-based policy with £ playing the role

of a cover while using the estimate mean cost vector i,, = (li,(a) :a € A), where

L (a Z \m< ) S, =S| Z me(a), a€A. (A-22)

Se& m<n:Sm==S a€S

The estimate above reconstructs the expected cost of each solution in £ and uses to translate
such estimates to the ground-element level. Implementing this modification requires precomputing
a solution set & recovering A. Such a set can be selected so that |£| < |A|, and computed by solving
O(]A|) instances of Comb(-) (see e.g., the algorithm in |Awerbuch and Kleinberg| (2004)).

The idea above can also be used to extend the OCP-based policy to this new setting. For that
we could consider the estimates in and (C,€) to be a solution to an alternative version of
OCP(v), denoted by OCP’'(v), where in addition to —, one imposes that £ recovers C,
that is, OCP'(v) is given by

min Y A% y(S) (A-23a)
s.t. Sisys s =2(a)lis, acA (A-23b)
ija) <Qy(S), Se€S,acA (A-23c)
—vs(a) <Q y(S), Se€S,acA (A-23d)
Z (l(a)(1—xz(a)) +b(a)x(a)) > 25pm(V), SES (A-23e)
Z:G(Z), y(S)€{0,1},vs(a) eR, a€A,SeS, (A-23f)

where @) is an instance-dependent constant, whose size is polynomial in the size of the instance.

The additional constraints(A-23b))-(A-23d]) in OCP’(v) ensure that the solution-cover £ recovers

the critical set C. Like OCP, the formulation above can be specialized to accommodate the com-
binatorial structure of Comb. The performance guarantee in Theorem [3| would remain valid with
the constants associated with OC'P’. We anticipate that the challenge of solving OC' P’ effectively
is comparable to that of solving OCP.
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A.7. Auxiliary Result for the Proof of Theorem 2] and Theorem [3]

PROPOSITION 4. For any fixed a € A, n€N, k€N, and € >0 we have that

P (n(0) — (o) 2 Tl 2 1} < 2exp {2 |

where L£:=max{u(a) —l(a):a € A}.

Proof of Proposition 4. For m € N, define t,,(a) :=inf {n € N: T, (a) =m} — 1. Indexed by

m, one has that B, ,)(a) — p(a) is a bounded martingale difference sequence, thus one has that

Tn(a)
P{[fin(a) — p(@)] > €, Th(a) = b} = P{ > (Biniwa) — u(a)) ZETn<a>,Tn<a>2k}
< ZIP’{ Z (Bim(a(a) —p(a))| > € h, Ty(a) :h}

IN&

> —2 he?
2 Zexp{p}P{Tn(a):h}
h=k
—2 ke
2exp{ EQE },

where (a) follows from the Hoeffding-Azuma Inequality (see, for example, Lemma A.7 in (Cesa-

Bianchi and Lugosi (2006))).

IN
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