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Abstract. In 1990 Cook, Kannan and Schrijver introduced the split closure
of a Mixed Integer Linear Program (MILP) and proved it to be a polyhedron.
Recently, Andersen, Cornuejols and Li (2002) gave a precise relationship be-
tween split cuts and intersection cuts introduced by Balas in 1971. This allowed
them to give an alternate proof of the polyhedrality of the split closure. Un-
fortunately, neither of these proofs is constructive. Also recently, Koppe and
Weismantel (2004) introduced a family of cuts based on a mixed integer Farkas’
Lemma. These cuts have been related to split cuts by Bertsimas and Weisman-
tel in 2005. By using an algebraic characterization of split cuts by Caprara and
Letchford (2003) we are able show that every cut from the family introduced by
Ko6ppe and Weismantel is dominated by the split cut to which it is related. Fur-
thermore, by using this relationship and a result from Andersen, Cornuejols and
Li (2002) we are able to give a constructive proof of the polyhedrality of the split
closure.
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1 Introduction
In 1990 Cook, Kannan and Schrijver [8] introduced a family of cuts for a Mixed

Integer Linear Program (MILP) which they called split cuts. These cuts are
a special case of Balas’ disjunctive cuts [4] which arise from a particular two

*Corresponding author. E-mail address: jvielma@Qisye.gatech.edu

TThis research was partially supported by NSF under grants DMI-0100020 and DMI-
0121495. The author would like to thank Shabbir Ahmed and George L. Nemhauser for
their very thoughtful comments regarding this work.



term disjunction. Split cuts are also related to intersection cuts introduced by
Balas in 1971 [3]. A precise correspondence between split cuts and intersection
cuts has been established for 0 — 1 MILPs by Balas and Perregaard [5] and for
general MILPs by Andersen, Cornuejols and Li [1, 2].

The split closure of a MILP is the intersection of all of its split cuts. Cook,
Kannan and Schrijver [8] proved that the split closure of a MILP is a polyhedron.
Andersen, Cornuejols and Li [1, 2] have given an alternate proof of this fact.
Unfortunately, neither of these proofs is constructive in the sense that they do
not provide a method for constructing the split closure for a given MILP.

Another family of cutting planes related to split cuts is the one introduced
by Koppe and Weismantel in 2004 [10]. This family of cuts is based on mixed
integer version of the Farkas’ Lemma and they were related to split cuts by
Bertsimas and Weismantel in 2005 [6].

By using an algebraic characterization of split cuts introduced by Caprara
and Letchford [7] we are able to show that every cut from [10] is dominated by
the split cut to which it is related. Furthermore, by using this relationship and
a result from [1, 2] we are able to construct a finite set of split cuts that define
the split closure, hence providing a constructive proof of its polyhedrality. The
key step of this proof is using the characterization from [7] to note that every
non-dominated split cut for a particular relaxation of a MILP can be associated
to an element in an integer lattice introduced in [10].

To make this paper more self contained we include proofs of most of the
external results. All of these proofs are slightly different or more detailed than
original ones, but most of them are not different enough to be really consid-
ered alternate proofs. The exception to this last statement are the properties
of intersection cuts, for which we present an alternate algebraic proof. For a
geometric insight into these properties we refer to the original geometric proofs
of Andersen, Cornuejols and Li [1, 2]. For this reason, we will use a notation as
close as possible as the original notation used in [1, 2].

The rest of the paper is organized as follows. In section 2 we introduce
some notation, the algebraic characterization of split cuts from [7] and some
results from [1, 2] we will use later. Then, in section 3 we present a simplified
characterization of split cuts for a particular relaxation of the MILP, present
the alternate proofs of known properties of intersection cuts and show that
basic split cuts are nothing more than intersection cuts. Finally, in section 4
we use this simplified characterization show that the cutting planes introduced
in [10] are dominated by split cuts and develop the constructive proof of the
polyhedrality of the split closure.

2 Split Cuts

We study the feasible region of a Mixed Integer Linear Programming (MILP)
problem given by

Pr={xe PCR":2; €Z Vje N} (1)



where N ={1,...,n}, Ny C N and P is a rational polyhedron given by
P:={zxeR": Az < b} (2)

where A € R™*™ b e R™, M ={1,...,m}, r = rank(A) and a;. corresponds
to row i of A. We will assume that P # (), but we will not assume r = n allowing
for P to contain a line. We also allow for P to be not full dimensional.

Now, let

B :={BCM : |B|=r and {a; }icp are linearly independent}.  (3)
Then, for every B € B we define the following relaxation of P
PB):={zcR" :alx<b; Vic B}. (4)

Note that B} corresponds to the bases of P, so for simplicity we will refer
to B € B} as a basis even when r < n, noting that in this later case, feasible
bases will not define extreme points of P. What will be true, even if r < n, is
that for any basis B € B we can write P(B) as:

P(B) =z(B) + L(B) + C(B) (5)

where Z(B) is any particular solution of the system alz = b;, Vi € B, L(B) is
the subspace defined by the system alx = 0, Vi € B and C(B) is the polyhedral
cone given by {x € R" : alz < 0Vi € B}. Note that C(B) is a simplicial cone,
ie. its extreme rays are linearly independent. We also have that P(B) is
the translation of polyhedral cone L(B) + C(B). We will denote this type of
polyhedra as conic polyhedra and in particular when L(B) = @) we will denote
them as simple conic polyhedra.

We will study split disjunctions D(rw,mo) of the form n7a < 7oV ala > m + 1
where (7,79) € Z™". We denote the set of points satisfying split disjunction
D(m,m) as

Fprey ={z €R" : 7'z <myVn'a >m + 1} (6)

and conv(P N Fp(r,ry)) as the disjunctive hull defined by P and D(m, 7). Sim-
ilarly for B € B} we define the basic disjunctive hull defined by B and D(m, )
as conv(P(B) N Fp(x,xo))-

We say that a disjunction D(m, ) is valid for Pr if Pr C Fp(r,) & R"™
We are interested in the following set of disjunctions, which are always valid for
Pr.

15 (N1) := {(m, m) € (Z"\{0}) X Z : m; =0, j ¢ Ni} (7)

We also define the projection of IIf (Ny) onto the 7 variables as

I"(Ng) :=={mr € Z"\ {0} : m; =0, j ¢ Nr}. (8)



With this, the split closure of Pr is defined as

SC — ﬂ conv(P N Fp(r,xo))- (9)

(m,mo) €l (NT)

Similarly, for B € B}, we define the basic split closure as

SC(B) := ﬂ conv(P(B) N Fp(r,xy))- (10)
(m,mo) €Il (Ny)

A split cut is an inequality valid for SC and hence valid for P;. Similarly a
basic split cut is an inequality valid for SC(B) for some B € B. It is known
that basic split cuts are exactly the same as intersection cuts (see, for example,
[1, 2]). .

If 672 < 6o and {4 2 < 76}?21 are inequalities valid for SC, we will say
that 67z < &y is dominated by {fle:c < ~4}L, if and only if

{reP: 'yiTxgvé Vie{l,....,¢}} C{x e P:dTa <) (11)

Similarly, if the inequalities are valid for SC(B) for some B € B}, we will
say that 67z < ¢ is dominated by {flex < A4}, if and only if

(z€PB):~v o<~y Vie{l,...,g}} C{xePB): Tz <d}. (12)

In particular, we will say that a split cut or basic split cut 67z < &g is non-
trivial if and only if it is not dominated by the trivial inequality 07z < 1. In
other words, non-trivial split cuts and non-trivial basic split cuts are cuts that
are not already valid for P and P(B) respectively.

Any split cut §7x < & is a valid inequality for conv(P N Fp (o)) for some
(m,mo) € I (N7), so we will concentrate on characterizing split cuts for a fixed,
but arbitrary (m,m) € I (N7). We will refer to these split cuts for a fixed
(m,mo) € IIy(Ny) as a split cut for D(m,mp). Similarly we will also talk about
basic split cuts for D(m,m) and B for some basis B € B.

For any (m,mo) € 11 (N) we have that P N Fp(, ) is the disjoint union of
sets Py (m,mp) and Py (7, mg) given by

Pi(m,m) = {x € R": Az < b, 7lax<m} (13)
Py(m,mo) :={x € R": Az <b, —n'ax<—m—1} (14)

either of which could be empty. Note that P;(m,my) and Ps(7, 7o) respectively
correspond to the Left and Right polyhedra of [7].

The following characterization is constructed by using Farkas’ Lemma and
the fact that an inequality is valid for conv(P N Fp(r,x,)) if and only if it is valid
for Py (m,mp) and Pa(w, o). This approach was first proposed by Cook, Kannan
and Schrijver [8], but was not used to give a characterization of split cuts. This
characterization can also be seen as a slight simplification of the reverse polar



characterization of Balas [4] for the particular case of split disjunctions. It has
been implicitly used for 0—1 MILPs by Balas and Perregaard [5] and for general
MILPs by Andersen, Cornuejols and Li [1, 2], but to the best of our knowledge
it was explicitly introduced for the first time by Caprara and Letchford [7].

Proposition 1. Let (7, m) € I§(N;). Then for any pf, pg € Ry and p*, p? € R
which are solutions solutions to the system

Z pia; — Z pla; = (15)

€M ieM
ZM?@-ZM%@-M(%ZWO (16)
ieM ieM
po +ug =1 (17)

we have that §(u, 7, 7o) @ < do(u, 7, m0) given by

S, m,mo) 1= pym + Y plas = —pgm+ Y | pia;. (18)
€M 1EM

8o, m,m0) := pgmo + Y pibi = —pg(mo + 1) + > pib, (19)
€M 1EM

is a split cut for D(m,m). Conversely, any non-trivial split cut for D(mw, 7o)
is dominated by §(p, m, o) x < o(p, 7, m0) for some ud, 2 € Ry and p*, pu? €
R which are solutions to (15)-(17) that also satisfy

1g € (0,1). (20)

The validity of this characterization can be established from [4], in which a
higher dimensional characterization of conv(P N Fp(x x,)) is introduced. It can
also be proved without using this higher dimensional characterization [7].

To rigorously prove the validity of the characterization in Proposition 1 we
will use the following version of the Inhomogeneous Farkas’ Lemma.

Proposition 2 (Farkas’ Lemma). Let vy € R, g € R and Q = {z € R":
Ex < f} with E € R™*"™ and f € R™. Then vz < 5o is a valid inequality for
Q if and only if there exists p € R’ such that one of the following conditions
hold

1. v=ETu and v > u* f.
2. y=ETpu and vo = p* f.
3.0=ETpand 0> pTf.

Furthermore, {x € Q : vTx = v0} # 0 if and only if alternative 2 holds and
alternative 3 is equivalent to Q = ().



This version of Farkas’ Lemma can easily be proved using linear program-
ming duality. For a discussion of different versions of Farkas’ Lemma we refer
to [12] page 39. In particular Proposition 2 is a slight specialization of Farkas
Lemma IIT in page 41 of [12].

To determine the appropriate alternative of Farkas’ Lemma we first need to
study the faces induced by split cut 672 < §y. These faces are the ones induced
by §7x < §p on conv(P N Fp(r,xe))s Pi(m,m) and Py (7, 7o), which are given by

F(8,80) := {z € conv(P N Fp(nm)) : 0" = o} (21)
Fi.(8,00) :={x € Pp(m,mo) : 67 =60} ke {1,2}. (22)

From these definitions we have that F(d,dp) = conv(Fi(4,00) U Fa(d, dp)).
Furthermore, we the have that

Lemma 1. Let (m,m) € H2(Ny) and 6Tx < & be a non-trivial split cut for
D(m, o). If Pi(m,mo) # 0 for k € {1,2} then there exists a split cut vTx < o
for D(m,mo) such that

1. 6Tx < § is dominated by vTx < .

2. Fy(v,v) # 0 for k€ {1,2}.

Proof. If both F (8, dp)’s are empty then F (4, 6o) = () by changing dp to max{é’ =
x € conv(P N Fpx xo))} < 0o we can reduce to the case when only one of the
Fy(8,80)’s is empty.

For the case where one Fy (8, dp) is empty we will assume that F (8, o) # 0
and Fy(d,d0) = () as the other case is analogous.

If F»(8,00) = 0 then 672 < &y does not touch Py(m,m). To obtain v7 2 < 7
we will tilt 67 a < 6o until it does touch Pa(m, o).

Applying Farkas’ Lemma to P;(m,my) and Pa(m, mp) we get alternatives 2
and 1 respectively. By combining them we get that there exist p!, u? € R
pd, 13 € Ry such that

Z prag +ppm =6 = Z pa;. — pam (23)
ieM i€M

2
Zuzb +u0770—60>z,u1b pa(mo + 1). (24)
€M €M

By eliminating § and ¢y from (23)-(24) and reordering we get

(o +mo)m =Y pas — Y plas (25)

eM €M
(1o + )0 + 1y > Zlﬁbi— Zlﬁbi- (26)
ieM ieM

Given that 672 < &y is a non-trivial split cut and hence by Farkas’ Lemma
it is not equivalent to or dominated by a non-negative linear combination of



the original constraints we have that uf > 0 for k € {1,2}. Then, if we keep
ps + pd constant while decreasing pg until (26) is complied at equality or u3
reaches zero we will get fi), i3 € R such that

(6 + mo)w = D piai — Y piai. (27)
ieM ieM
and either iz = 0 or
(76 + A3)mo + g = Y uibi = Y pibi. (28)
ieM ieM

Let v,y be such that

V= Z [ ag. + Jigm (29)
ieM

Yo = Z pibi + figmo- (30)
ieM

Then if 13 = 0 we have

v=Y pia (31)

€M
Y =Y ulbi. (32)
€M
and if not
v=Y piai — pgm (33)
€M
Yo=Y pibi — fig(mo + 1). (34)
€M

In both cases by using Farkas’ lemma we see that v7z < 7 is valid for
Py(m,mo) and P (7, mp) so it is a split cut. Now, as fi§ > uj, from (23)-(24) and
(29)-(30) we have that

{zeR": 7T >mp, Yo <y} C{reR™: nla >m, 67x <&} (35)
We also have that 6Tz < &g is valid for P; (m,mp) so
{zeP :nTx<m}C{reR": 6Tz <d}. (36)
By combining (35)-(36) we get
{reP:y"z<y}C{zreR": 6 z<d} (37)

and hence {r € P : /T <y} C{z e P : 6Tz <5}
As 6Tz < §p is non-trivial and dominated by vz < v we have that 2 # 0
and then Fy(v,v9) # 0 for k € {1,2}.
o



With this we can now prove Proposition 1.

Proof of Proposition 1. Using Farkas’ Lemma and (18)-(19) we have that
S(p, 7, m0) T < S, m,mo) is valid for Py(m,mo) for k € {1,2} and hence it
is valid for conv(P N Fp(r,xy))-

For the converse, lets suppose that §7x < &g is a non-trivial split cut for
D(m, ) and lets distinguish between the cases Py (m, mo) # 0 for k € {1,2} and
Py(m,m) = () for exactly one k € {1,2}.

If Py(m,m0) # 0 for k € {1,2} from Lemma 1 67z < §y is dominated by
yTz < 79 where vTo < 7 is a valid inequality for Py(m,m) for k € {1,2}
that induces non-empty faces in both these polyhedra. Then by Farkas’ Lemma
alternative 2 we have that there exist u, u§ € R4 and p', u? € R such that

v = ppm+ Z pia;. = —pdm + Z pa;. =0(p,m, ) (38)
ieM ieM

Yo =pomo+ Y pibi = —pd(mo + 1)+ Y pibi=do(u,m,m0).  (39)
iEM iEM

As 6Tz < §p is a non-trivial split cut for D(m, mp) we have that vz < g is
a non-trivial split cut for D(m, 7). Then, by Farkas’ Lemma v7z < 7p is not
a non-negative linear combination of the original constraints and hence pf > 0
for k € {1,2}. Then by scaling (38)-(39) by A = 1/(u& + puft) and renaming the
variables we obtain a solution to

Ay = ,u(1)7r + Z u}ai. = —ugﬂ + Z M?ai‘ = d(p, 7, mo) (40)
ieM ieM

Mo = pemo + Z pib; = —pd(mo + 1) + Z pibi= do(p, m,m0)  (41)
ieM ieM

that complies with (17) and (20).

By eliminating Ay and Ayq from (40)-(41) and reordering we get that the mul-
tipliers also comply with (15)-(16). Finally from (40)-(41) we get that vz < 7o
is equivalent to d(u, 7, 7o) x < do(u, 7, 7). Then 672 < J§p is dominated by
S(p, 7, m0) T < 8o, m,m0).

For the remaining case we will assume Pa(m,m9) = @ as the other case is
analogous. In this case 772 < mg is a split cut for D(m,mg) as it is trivially
valid for Py (m, m) for k € {1,2}. We may assume that 77z < 7 is not valid
for P or else we would have conv(P N Fp(x, x,)) = P in which case there would
be no non-trivial split cuts for D(m,m). On the other hand, we also have
that conv(P N Fp(x xy)) = Pi(m,m) so 67a < & is valid for Py(m,m). Then
0Tz < 6y is dominated by 772 < 7.

Now as Po(m,m) = @ we have alternative 3 of Farkas’ Lemma for P (m, 7o)
and hence there exists u§ € Ry and p? € R’ such that

0=—pgm+ Y pias (42)
€M
0> —p(mo + 1)+ Y pibi. (43)
eM



As P # () we do not have alternative 3 of Farkas’ Lemma for P and hence
pé > 0. Then dividing (42)-(43) by u3, reordering terms and renaming u? we
get pu? € R’ such that

=Y pa (44)

ieM
mo + 1> Z 12D, (45)

€M

Now, as 7’z < mp is not valid for P we have that

Z M?bi > . (46)

i€ M

Hence there exists pg € (0,1) such that

S w1 = mo. ()

ieM

By letting uf = 1 — p2 and p! = 0 we have that 77z < 7o is equivalent to
S(p, 7, m0) T < So(p, 7, mo) and the result follows.

O
We will also use the following results from [1, 2].
Proposition 3. Let (7, m) € II§(Ny). Then
conv(P N Fp(rmy) = (] conv(P(B) N Fp(rxy))- (48)

BeB;

Corollary 1. SC = (| SC(B).
BEB;

We will prove Proposition 3 by refining Proposition 1 as follows.
Proposition 4. Let (m,mg) € II§(Nr). Any non-trivial split cut for D(m, 7o) is
dominated by {0(p ( ), 7T0) x < do(u(l), m,m0) }i_, for some for some q € Z4\

l

{0} and p(l) = (u (), pd (1), 1t (1), p*(1)) € R solutions to (15)-(17),(20)
that further comply with

W) 1) =0 Yie M (49)
{@i}{i:3ke{0.1} such that ur >0y are linearly independent (50)
|{i : 3k € {0,1} such that pF(1) > 0}| < rank(A). (51)

Proof. Let §Tx < &y be a non-trivial split cut for D(m, mp) and let u be the
solution to (15)-(17),(20) from Proposition 1 such that §7x < §; is dominated

by 5(”7 7T77T0)TSC < 50(#5 71'77'('0).



Now, system (15)-(17) plus the non-negativity constraints is a standard form
linear problem over p which we will denote by (SFP). After possibly remov-
ing redundant constraints we have that basic solutions to (SFP) have at most
rank(A) 4+ 2 non-zero components. Then, when (20) holds, extra requirements
(49)-(51) are equivalent to requiring p to be a basic solution to (SFP). Then if
our particular y is a basic solution for (SFP) we are done. If not, as y is feasible
for (SFP), we have that u is a convex combination of basic feasible solution
{u(l)}]_, for some g € Z, \ {0,1}. Let o € R be such that

da=1 (52)
=1
p=_oup(l). (53)
=1

Given that (6(p, 7, 7o), do(p, m,7p)) is linear in u, we have that

(5(“‘7 , 7T0>, 50(:“‘7 T, 7r0)) = Z O‘l(é(ﬂ(l)v T, 7T0>a 50(:“‘(”) , 7TO))' (54)
=1

Then, by Farkas’ Lemma we have that 67z < &y is dominated by

{6(n(), m,m0)"x < Go(u(l), 7, m0) }_s -

Proposition 4 shows us that, besides the original constraints of P, the only
inequalities needed to describe conv(P N F D(ﬁﬂm)) are split cuts constructed
from at most rank(A) linearly independent constraints, hence Proposition 3
holds. We note that the proof of Proposition 4 is similar to the algebraic proof
of Proposition 3 presented in [1, 2]. Furthermore, the fact that any non-trivial
split cut for D(m, ) is dominated by &(u, m, mo) 'z < 6o(p, 7, ™) for some p €
R2™*? solution (15)-(17),(20),(49) was directly proved in [7].

Given that B is finite, from Corollary 1 we have that proving that SC is
a polyhedron reduces to proving that SC(B) is a polyhedron for all B € B.
This was exactly the approach used in [1, 2] to prove the polyhedrality of SC.
In this same spirit we now study the characterization of basic split cuts to give
a constructive proof of the polyhedrality of SC(B).

3 Basic Split Cuts

In this section we study basic split cuts for a particular basis B € B;:. We will
use Proposition 1 to give a family of inequalities that contain all non-dominated
basic split cuts for B and does not explicitly depend on (m, 7). We will also
show that a basic split cut for D(m, m) and basis B coincides with with the
intersection cut for D(m, mp) and basis B and present algebraic proof of some
known properties of intersection cuts.

10



For a particular basis B € B we denote by B the r x n submatrix of A
defined by this basis and by b the corresponding r-dimensional righthand side.

By defining y~ = max{—y,0}, y* = max{y,0} and f(y) = y — |y] for
any y € R and assuming that these operations together with |y| are applied
component wise for y € R” we have that

Proposition 5. For B € B} and i € R" define the following inequalities:
1. 6 (i, B)Tx < 8 (ji, B) given by
(B7)"(Bx —b)+ (1~ f(5"0))(A" Bz — |5"b)) <0 (55)
2. 6*(n, B)Tx < 82(fi, B) given by
(55" (B —b) = f(A"b)(A" Bx — |570]) + f(A"H) <0 (56)

3. 83(n, B)Tx < 83(ji, B) given by
5 (18I (B~ 5) + (1 — 27 (i"5) (4" B — [75)) + f(575)) <0 (57)

Also, for m € II"(Ny) define the following linear system over i € R”
BTn=r. (58)
Then

1. If @ is a solution to (58) then, for all k € {1,2,3} we have that
§¥ (i1, B)Tx < 68 (ja, B) is valid for conv(P(B)NFp(r | ars)))- FPurthermore,
51(ﬂ’ B) = 52(ﬂ73) = 63(ﬁ73) and 66(/1’ B) = 58(ﬂ73) = 6S(ﬁ73)

2. If [i is the unique solution to (58) and i'b ¢ Z then for any k € {1,2,3}
conv(P(B) N Fp(y, zr3))) = { € P(B) : 6" (1, B)x < & (i, B)}
C P(B). (59)

3. If (58) is infeasible or the unique solution fi to (58) is such that i*'b € 7
then
COHV(P(B) n FD(TF,\_;TLTEJ)) = P(B) (60)

4. conv(P(B) N Fp(r.xy)) = P(B) for all mo # |i"b].

Proof. To prove this proposition we will use Proposition 1 for the special case
P = P(B) for the given B € B;. For this case, condition (49) of Proposition
1 for (m,m) allow us to combine ! and p? into i € R". We can then write

11



conditions (15)-(17),(20) of Proposition 1 in variables fi and the original u}, 3
as:

BT[L = Zﬁiaz =T (61)
i€B

aTb =" fibi = mo + uj (62)
i€B

ph+ 1 =1 (63)

p2 e (0,1) (64)

Then, from (61),(62),(64) and Proposition 1 we have that for P = P(B)
there can be a non-trivial split cut for D(m, 7y) only if (58) is feasible and the
unique solution fi to (58) is such that i”b ¢ Z and mo = [i”b|. This proves
parts 3 and 4 by noting that, besides the original constraints of P(B), the only
necessary inequalities for the description of conv(P(B)NFp(x,x,)) are non-trivial
split cuts.

Now, if fi is a solution to (58), by the identities pl = f;, p? = ﬁj,
po = f(i"b), puy = 1—f(a"b) and 7o = |i"b] we have that 6* (i, B) = 6(u, 7, mo)
and 68 (fi, B) = do(p, m,m) for k € {1,2}. Hence for k € {1,2} we have that
§*(, B)Tx < 6§ (i, B) is valid for conv(P(B) N Fp(x x,))- By noting that (57)
is the average of (55) and (56) we have part 1.

Finally, we already know that under the conditions of part 2 the first equality
of (59) holds. To prove that the strict containment holds we will show that for
any k € {1,2,3}, 6*(1)Z(B) > 6f(f1). First, by multiplying Bz(B) = b by i’
and using i7b ¢ Z we have that g7 Bz(B) — |a”b| > 0. By multiplying this
last strict inequality by (1 — f(u7b)) > 0 and BZ(B) = b by u~ > 0 and adding
them together we have that §'(@)Z(B) > d4(jii). The result follows from the
equivalence of 6% (11, B)Tx < 6&(f, B) for k € {1,2,3}.

(]

With this characterization we can prove the following properties of basic
split cuts which correspond to known properties of intersection cuts for split
disjunctions.

Proposition 6. conv(P(B) N Fp(r ) # P(B) if and only if any of the fol-
lowing equivalent conditions hold

1. 77x(B) € (w0, mo + 1) and m is in the linear span of {a;.}ieB-

2. 7Tx(B) € (mg,m0 + 1) and ©1x is constant over x € x(B) + L(B).
3. 7Tx(B) € (mg,m0 + 1) and 71y =0 for all y € L(B).

4. wlx € (mo,mo + 1) for all x € x(B) + L(B).

Proof. Direct from linear algebra and Proposition 5 by noting that when (58)
has a solution ji then n7x(B) = uTb. O
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Propositions 5 and 6 suggest the following definitions

Definition 1. For any B € B} and i € R" such that i is the unique solution for
(58) for some m € I"(Ny) we define 5(ji, B)Tx < do(ji, B) to be the inequality
defined by 6* (i, B)Tx < 6§ (11, B) for any k € {1,2,3}.

And for any B € B} and (m,my) € II§(Ny) such that (w,m) complies with
any of conditions 1-4 of Proposition 6 we define 6(m, o, B)Tx < do(, 70, B) to
be &(ji, B)Tx < 60(ji, B) for i unique solution to (58) for B and =.

Corollary 2. For any B € B} and (7, my) € II§ (N1) such that (7, m) complies
with any of conditions 1-4 of Proposition 6 and fi unique solution to (58) we
have that

1. §(m,mo, B)T'x < 6o(m, mo, B) is the unique non-trivial basic split cut for B
and D(m,my) and §(m, 7o, B) @ > do(m, w0, B) for all x € x(B) + L(B).

2. If Py(m,mo, B) # 0 then
Fy={x € Pi(m,70,B) : 7l =mg, alx=b;Vi € B s.t. i; <0} (65)
and if Py(m,m, B) # 0 then

Fy={x € Py(m,mo,B) : n'x =my+ 1, alx =b;Vi € B s.t. i; >0}

(66)
where Fy, = {x € P(r, 70, B) : 6(m, 70, B)Tz = do(m, ™0, B)}
3. If Py(m,mo, B) # 0 for k € {1,2} then
{ai }rieB: <0y U{m} are linearly independent (67)
{ai }rieB:p, >0y U{T} are linearly independent. (68)

Proof. 1 is direct from Propositions 5 and 6. 2 comes from using characteriza-
tions 6% ()Tx < §k() of d(m,mo, B)Tx < So(m, mo, B) for k € {1,2} and using
(58). 3 comes direct from (58), the fact that {a;.};cp are linearly independent
and that if Py(m, 7, B) # 0 for k € {1,2} then there exists i,j € B such that
fi; < 0 and jij > 0. O

We now show that basic split cuts are in fact intersection cuts.

In general, an intersection cut [3] is a cut based on the intersection of the
extreme rays of P(B) for some B € B} with a convex set C that contains
Z(B)+ L(B) in its interior but does not contain any integer feasible solutions in
its interior. For a description of this general intersection cut see [3] or [9] page
203.

In particular, given a valid split disjunction D (7, mo) such that 77x € (g, mo + 1)
for all z € Z(B)+L(B) we have that C = {x € R" : mp < 2 < mp+1} complies
with the requirements of an intersection cut.

We then have the following definition of an intersection cut for a split dis-
junction from [1, 2].
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Definition 2. Lets chose the extreme rays of P(B) to be {r‘};,cp such that

alrk = {_1 if k=i (69)

0 0.W.

If D(m,mo) is such that my < 7la < mo + 1 for all x € z(B) + L(B) then the
unique intersection cut for P(B) and D(m,m) is

Z Bi(b; —alz) >1 (70)
i€B
where
—(rTrty/et ifaTrt <0
Bi =< (7Trt)/e? if 7Tr? >0 (71)
0 0.W.

with ¢! .= 7TZ(B) — |7TZ(B)| and 2 := [7Tz(B)| + 1 — nT%(B).

Note that the requirements for the existence of an intersection cut for P(B)
and D(m,m) are the same as the requirements for the existence of a non-trivial
basic split cut for B and D(w, mp). We in fact have that

Proposition 7. Under the requirements for the existence of an intersection cut
for P(B) and D(m, 7o) we have that intersection cut (70) is equivalent to basic
split cut §(m, mo, B)Tx < 6o(m, mo, B).

Proof. Let fi be the unique solution to (58) such that p”b ¢ Z; which exists
under the requirements for the existence of an intersection cut for P(B) and
D(m, ). Multiplying (58) by 7% and using (69) we get:

alrt = — (72)
and by using (58) and the fact that B#(B) = b we have that
el = f(a"h) and €2 =1 — f(a"b). (73)

By multiplying (70) by —ele?,using these identities and reordering we obtain
that (70) is equivalent to

> filalz —b) = F(E"0) Y pialw —b) < —f(@"b) + f(BTD)?  (T4)
i€EB i€B
>0

and by using the definition of B and reordering again we get that (70) is equiv-
alent to

()" (Bx —b) — f(a"b) (" Bz — [i"b]) + f(1"b) < 0 (75)

which is equal to (56) and hence equivalent to &(m, mo, B)Tx < do(m, 70, B). O
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4 Mixed Integer Lattices and Polyhedrality of
the Split Closure

In this section we show that every non-dominated basic split cut for a particular
basis B € B} can be associated to an element of the integer lattice used by [10].
Then we construct a finite set of inequalities defining SC(B).

We start by summarizing the results from [10] in Proposition 8. For this we
let By € R™*IN1l and B € R™*(®~IN1l) be the submatrices of B corresponding
to the integer and the continuous variables of P; respectively and we use the
following definition of an integer lattice.

Definition 3. Let {vi};cyy € R™ be a finite set of linear independent vectors.
The integer lattice generated by {v'}iey is L= {p € R" : p =, . kiv' k; € Z}.
The set {v'}icy is called a basis of L. (See chapter 6 in [6] or chapter 1.7 in

[11]).

Proposition 8. For every B € B
1. L(B):={p€R" : BiTpezZWil, BcTh =0} is an integer lattice
2. If i € L(B) is such that i’b & Z then the inequality defined by
[a~1"(Bx —b) + (1 — f(a"b))(a" Bz — ["b]) <0 (76)

is valid for {x € P(B) : x; € ZV j € N;}. Furthermore this inequality is
not satisfied by T(B).

Proof. See Proposition 2 and Theorem 3 of [10] for the case » = n. The case
r < n is analogous. O

Bertsimas and Weismantel [6] related split cuts to inequality (76) by showing
that every i € L£(B) such that i’b ¢ Z induces a valid split disjunction for
Pr. We will now see that in fact, the only split disjunctions necessary for the
description of SC(B) are the ones induced by elements of L(B).

We have that £(B) precisely corresponds to all the i € R" such that g
is the unique solution to (58) for B and some 7 € II"(Nj). Hence, every
non-dominated basic split cuts for B is associated to an element in £(B). Fur-
thermore, from Proposition 5 we get the following characterization of SC(B).

Proposition 9. For every B € B and ji € L(B) we have that §(ji, B)Tx < §o(fi, B)
is a valid inequality for SC(B). Furthermore we have that

SC(B)= () {zeP(B): én,B) v < (g B)} (77)
REL(B)
aTbe7

We then have that every element of £(B) that is associated to a cut given by
(76) is also associated to a non-dominated basic split cuts for B. Furthermore
we have that
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Proposition 10. Let i € L(B) be such that i’b ¢ 7 then cut (76) for fi is
dominated by the basic split cut §(fi, B)Tx < 8o(fi, B).

Proof. The result follows directly from representation (55) of §(f, ) < do(f, B)
and the facts that Bz — b < 0 for all z € P(B) and that [a~] > ™. O

We will now construct a finite subset of £(B) that suffices to characterize
SC(B). To do this we will need to study the intersection of £(B) with each
orthant separately. For any o € {0,1}" let

L(B,o):={pe L(B): (-1)%u; >0, Vie{l,...,r}} (78)
be the intersection of £(B) with the orthant defined by o. We then have that

LB)= |J £(B,o) (79)
o€{0,1}"
Now, for each o € {0,1}", we construct a finite subset of £(B, ), such that

the finite union of these sets suffices to characterize SC(B). To do this we will
need the following lemma

Lemma 2. Leto € {0,1}" and let i € L(B,0) with i = a+f fora, € L(B, o)
such that 3Tb € Z. Then §(ji, B)Tx < 8o(fi, B) is dominated by §(a, B)Tx < §o(c, B).

Proof. We will use representation (57) of 4&(ii, B)Tx < &o(fi, B) and

d(a, B)T2 < 6p(a, B). First note that

[70) = [a"b] + 870 (80)
f(i"b) = f(a™b). (81)
Then
2(8(fa, B) & — do(a, B)) = || (Bx — b) + (1 — 2f (2" b)) (" Bz — ["b))
+ f(2"b) (82)
= |a + 6" (Bz —b)
+ (1 =2f(aTb) (o Bz — |aTb] + T Bz — 57b)
+ f(a™b) (83)

= [a|"(Bx —b) + (1 = 2f(a”b))(a” Bz — [a"))
+f(a”b) + 1" (Bx —b)
+ (1= 2f(a”0))(8" Bz — 570) (84)
where the first equality follows from using representation (57) of §(ji, B) Tz < do(ji, B)
scaled by 2, the second one follows from i = o + § and (80)-(81) and the

last equality follows from the fact when « and [ are on the same orthant
la+ Bl = laf + 18]
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Then, by using representation (57) of §(a, B)Tx < §o(c, B) scaled by 2 we
obtain
2(0(j1, B) & — 80(j1, B)) = 2(8(cv, B) & — 6o (v, B)) + |8]" (Bx — b)
+ (1 —2f(a"b))8" (Bx — b). (85)
Finally by noting that |3 = 87 + 3~ and 8 = 87 — 3~ we obtain

2(6( B)" — b0, B)) = 2(6(a, BT — do(ax, B)) + 2 (oT5)5~ " (B — )
+(2—2f(a”b))s+" (Ba —b). (86)
The result follows from (86) as (2 — 2f(ab)) >0, f(aTh) >0 and Bz —b<0

for all x € P(B).
O

We also need the following proposition.
Proposition 11. For any o € {0,1}" there exists a finite integral generating
set for L(B,0). That is, a finite set {v'};cy(o) € L(B,0) such that
LB,o)={peR" :p= Y ko' k €Ly} (87)
i€V(o)
Moreover this set can be constructed by a finite algorithm.

Proof. Let V C IR™ be the subspace of R" generated by the columns of B and
let
VO0={z eV :z;=0Y¢ N} (88)

Let Q € Z!*™ the matrix such that subspace V' is equal to {x € R" : Qz = 0}.
Then ~
BTL(B)={x€Z" : Qv =0} (89)

By Theorem 6.4 in page 207 of [6] we have that BT £(B) is a lattice whose
basis {z'}!¥; C R"™ can be constructed using the integral normal form of Q. Let
{w}¥ | CR" be such that each w’ is the unique solution to

BTw' = 2 (90)

Then {w'}Y, CR" is a basis of £L(B). Lets define the following linear operator
from RY to R".

L(z) := szwz (91)

Let o € {0,1}", we that have that £(B, o) is the image under L of
Cp:={zeczZV : (-1)% (inwz eﬂ> >0vje{l,....r}}  (92)
i=1
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where e/ is now the j-th unit vector in R". C, is the set of all integer points in
a rational polyhedral cone, so by Theorem 8.1 in page 289 of [6] there exists a
finite set {u'};ci(o) € R such that

Co={zeRY 2= > ku' kecZ} (93)
i€U(o)

Then by letting V(o) = U(o) and v* = L(u?) for all i € V(o) we have a finite
set {v'}iev () such that (87) holds.

The finite algorithm for constructing the finite integral generating set can
be extracted from this proof and the proof of Theorem 8.1 of [6] which is also
constructive. (]

Now, for any o € {0,1}" let {v"};c1 () be a finite integral generating set of
L(B,0o).

For every i € V(o) let m; = min{m € Z, \ {0} : mbTv’ € Z}. For example
if bTv! = ¢/d with ¢ € Z and d € Z, \ {0} relatively prime we have that m; = d.

Now, for every o € {0,1}" we define the following finite subset of L(B, o).

EO(Bzg) = {:u € E(B7O-> U= Z rivi T € {07' sy My — 1}} (94>
i€V(0)

We also define the following finite subset of L(B).

£B):= |J £%Bo) (95)

oe{0,1}"
We now state our main result.

Theorem 1. For any B € B} we have that SC(B) is a polyhedron defined by
the original inequalities of P(B) and the following finite set of inequalities

§(i, B)'w < 60(i,B) V€ LB) s.t. b ¢ Z. (96)

Proof. Because of Proposition 9 the only thing that needs to be proved is that,
for any 1 € L(B), §(f1, B)Tx < 6o (ji, B) is dominated by d(a, B)Tx < §o(cx, B)
for some a € L°(B).

Let i € L(B). Let o € {0,1}" be such that i € L(B, o) and {k;}icv(o) € Zy
be such that i = ZieV(U) k;v*. For all i € V(o) ki = nym; + r; for some
ng,r; € Ziy, 0 < r; <my;. Thus

Z kot = Z rivt + Z n;mv’ (97)
i€V(0) i€V (o) i€V(0o)

but
ET( Z nim;v') = Z n;m;b v’ € Z. (98)

ieV(o) i€V(o)
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Let

a= Z vt (99)

i€V(0o)
and '
g8 = Z n;m;v* (100)
i€V(o)
Because fi,a,8 € L(B,o), (97) and (98), by Lemma 2 we have that
5(ji, B)Tx < 8o(ji, B) is dominated by 6(a, B)Tx < §g(av, B). The result follows
by noting that o € LY(B, o) C L°(B). O

Combining Theorem 1 with Corollary 1 and the fact that B} is a finite set
we have

Corollary 3. SC is a polyhedron.

Note that by applying Theorem 1 to every B € B} we not only prove that
there exists a finite set of inequalities defining SC', but Theorem 1 can actually
be used to develop a finite algorithm to obtain SC.

We note that the constructed set of inequalities is not minimal for the de-
scription of SC or SC(B). In fact we have that

Proposition 12. Let

LYB,o)={p€L(B,o) :p= Z riv' o €{0,...,m; — 1}

i€V(0o)
and {r;}icy are relatively prime } (101)
and ~ -
£'B)= |J £%B.o) (102)
oe{0,1}"
then
SCB)= (] {reP(B): 6B x<d(mB)}  (103)
ReL(B)
aTbeZ

To prove this Proposition we will need the following lemma.

Lemma 3. Let i € L(B,o) with i = ka for « € L(B,0) and k € Zy. Then
5(ji, B)Tx < 8o(ji, B) is dominated by 6(c, B)Tx < §o(c, B).

Proof. The result true if 57b € Z as then 6(ji, B)Tx < do(fi, B) is trivial, so we
will assume that g7b ¢ Z. -

Let 7 = "B, mp = i”b, # = o7 B and 7y = oT'b. From the proof of Propo-
sition 7 we have that &(i, B)Tx < 8o(f1, B) is equivalent to the intersection cut
for D(m, ) and B and that §(«, B)T2 < do(a, B) is equivalent to the intersec-
tion cut for D(7, 7o) and B. Then it suffices to prove that the intersection cut
for D(mw,mp) and B is dominated by intersection cut for D(7, %) and B. By
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using identifications (72) and (73) we have that the intersection cut for D(m, )
and B is given by

> Bilbi —afz) > 1 (104)
i€B
with B
fii/ f(E"D) if 1 >0
Bi = (—mi)/(1—a"b) if iy < 0. (105)
0 0.W.

Similarly the intersection cut for D(7, %) and B is given by

> Bibi—alz) > 1 (106)
i€EB
with ~
a;/f(aTh) ifa; >0
Bi =1 (—)/(1—aTh) ifa; <0. (107)
0 0.W.

By using the identity |a7b] = k|aTb] + |kf(aTh)| we have that
ElaTh| < |aTb| < klaTh| +k—1 (108)

From which we obtain that f(z7b) < kf(a®b) and 1—f(a'b) < k(1 — f(a®b)).
By noting that ji; = ka; we have

B; < B VieB. (109)

Then any x € P(B) that complies with (106) also complies with (104) and hence
(104) is dominated by (106). O

With this we can prove Proposition 12.

Proof of Proposition 12. Direct from Theorem 1, Lemma 3 and noting that if
B= 2 iev(o) riv' € LO(B,0) is such that {r;};ey(,) are not relatively prime we
have that u = kji for k € Z \ {0,1} and some ji € L°(B, o). O
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