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Piecewise Linear Optimization

min  fo(x)
S.T.

fi(z) <0
r eX

Vel
C R"

® Vic{0lUIl fi(x):D — R isapiecewise linear
function (PLF) and X Is any compact set.

® Convex = Linear

® Specialized algori

2008 ) or Mixed |

Programming. Non-Convex = NP Hard.
thms (Tomlin 1981, ..., de Farias et al.

nteger Programming Models (12+ papers).



Mixed Integer Models for PLFs

® EXxisting studies are for separable functions:

f($) — ij(xj) for fj(xj) R — R

j=1

® Contributions (Vielma et al. 20084a,b):

® First models with a logarithmic # of binary variables.

® [heoretical anc

mul

variate (non-separa

computational comparison:

ole) and lower

SEeIT

icontinuous functior

S In a unifying framework.

V/ L0



Outline

® Applications of Piecewise Linear Functions.

® Modeling Piecewise Linear Functions.
® | ogarithmic Formulations.

® Comparison of Formulations.

® Extension to Lower Semicontinuous Functions.

® Fnal Remarks.
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Economies of Scale: Concave

® Single and multi-commodity network flow.

® Applications in telecommunications, transportation,
and |logistics.

® (Balakrishnan and Graves 1989, ..., Croxton, et al. 2007). ...



Fixed Charges and Discounts

1.Fixed Costs in Logistics.

2.Discounts (e.g. Auctions: Sandholm,
et al. 2006, CombineNet).

3.Discounts in fixed charges (Lowe
1984).




Non-Linear and PDE Constraints

Source p(x,t) = gas pressure

Pipes/Valves/ q(x,t) = gas volume flow
Compressors

Connections

— ® Gas Network Optimization

Demand Points

(Martin et al. 2000).
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Non-Linear and PDE Constraints

Source

Pipes/Valves/
Compressors

Connections

Demand Points

p(x,t) = gas pressure

q(x,t) = gas volume flow

Discretize non-linear stationary

solution p, = g(pw qu)

® Gas Network Optimization
(Martin et al. 2000).
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Non-Linear and PDE Constraints

Source p(x,t) = gas pressure

Pipes/Valves/ q(x,t) = gas volume flow
Compressors

Connections

Discretize PDE
(Fiigenschuh, et al. 2008)

— ® Gas Network Optimization

Demand Points

(Martin et al. 2000).
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Numerically Exact Global Optimization

o =]
BIOLOGICAL

® Process engineering (Bergamini et al. 2005, i, ot
2008, Computers and Chemical Eng.)
&~

® \Wetland restoration (Stralberg et al. 2009).
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Piecewise Linear Functions: Definition

EFINITION 1. Piecewise Linear f: D C R" — R:

f(x):= {mpw+cp relP VPeP.

for finite family of polytopes P such that D =J,_, P
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Modeling Function = Epigraph
ocpi(f) :={(z,2)) e DXRCR" xR : f(x) < z}.

=xample:  f(z) <0< (x,2) € epi(f), 2 <0
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Convex Combination (CC): Univariate

- Jx+1 r e 0,2
- 16—-3/2z z€[2,4

V (P) = vertices of P.
V(P) =V (P )UV(P) ={0,2,4}.
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Convex Combination (CC): Univariate

- |6-3/2 z€[2,4] « P

V (P) = vertices of P.
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idea: write (x,y) € epi(f)
as convex combination of

(v, f(v)) for v € V(P).




Convex Combination (CC): Univariate

| xr+ 1
- |6—-3/2z z€[2,4] «P,

S :072: “Pl

V (P) = vertices of P.

as convex combination of 2 =|1Ao +

idea: write (x,y) € epi(f) * : 0 T
1P

2
3

2_

V(P) =V (P)UV(P) =1{0,2,4}.

-4y

2_

-0y

(v, f(v)) for v € V(P). =X+ A2+ A1, Aoy A2, A0 20




Convex Combination (CC): Univariate

- Jx+1
flz) = {63/2w
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time.
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Convex Combination (CC): Univariate
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-0y
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Convex Combination (CC): Univariate

6—3/2c €24 «P,

V (P) = vertices of P.
V(P) =V (P )UV(P) ={0,2,4}.

r = 0Ag + 2Xo + 44
< Z 1)\() T 3)\2 T O)\4
L =X+ A2+ A1, Ag, A2, A4 =0




Convex Combination (CC): Multivariate

® Univariate (Dantzig, 1960) ... Multivariate (Lee and
Wilson (2001).




Convex Combination (CC): Multivariate

® Univariate (Dantzig, 1960) ... Multivariate (Lee and
Wilson (2001).

ZUGV(P) AU =T, ZUEV(P) Av(mpv+cp) <z

A >0 YoeV(P):= UPEP V(P), ZUEV(P) A, =1

Ay < Z yp YveV(P), Zypzl, yp € {0,1} VPeP

{PEP :veV(P)} PepP
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Convex Combination (CC): Multivariate

® Univariate (Dantzig, 1960) ... Multivariate (Lee and
Wilson (2001).

“Original
Constraints”
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{PeP:veV (P)}




Convex Combination (CC): Multivariate

® Univariate (Dantzig, 1960) ... Multivariate (Lee and
Wilson (2001).

“Extra
Constraints”
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{PeP:veV(P)}




Convex Combination (CC): Multivariate

® Univariate (Dantzig, 1960) ... Multivariate (Lee and
Wilson (2001).

“Extra
)\UU — &, )\fU M oV _|_ C S >
COnStralntS” Z’UEV(P) Z’UEV(P) ( P P)

A >0 YoeV(P):= UPEP V(P), ZUEV(P) Ao = 1

SOS2 only for univariate




Convex Combination (CC): Multivariate

® Univariate (Dantzig, 1960) ... Multivariate (Lee and
Wilson (2001).

“Extra
>\,UU — &, )\fU M oV _|_ C S >
COnStralntS” Z’UEV(P) Z’UEV(P) ( P P)

A >0 YoeV(P):= UPEP V(P), ZUEV(P) Ao = 1

PePst.{veV(P): A\, >0} CV(P)

® Nonzero variables are associated to vertices of a
single polytope.

VNTTR
| 2/ Z0



Existing Models are Linear on |P|

® Other models: Multiple Choice
(MC), Incremental (Inc),

Disaggregated Convex
Combination (DCC).

® Number of binary variables and
combinatorial “extra” constraints
are linear in | P,

® For multivariate on a k X k
grid |P| = O(k?).
® | ogarithmic sized formulations?
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SOS1, SOS2 and CC constraints.

® SOS1-2 (Beale and Tomlin 1970):
® S50OS1: At most one variable Is nonzero.
® S0OS2: Only 2 adjacent variables are nonzero.

v (0,1,1/2,0,0) X (0,1,0,1/2,0)

® (\)ics € R, allowed sets (Si)ier, S; C J
0SOS1: I =J, S;={i}.
®©S0S2: J=10,....m}, I =J\{m}, S; = {i,i + 1}.
8CC:J=V(P), =P, Sp =V(P).
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Logarithmic Formulation for SOS1

Allowed sets: SO — {O}, Sl — {1}, SQ — {2}, Sg — {3}

3
Zj—o Aj =1, Ag, A1, A2, Az > 0, at most 1 A; is nonzero.




Logarithmic Formulation for SOS1

® [njective function:
B:{0,...,m—1} — {0,1}/ls2™

| ® \/ariables:
w € {0,182

® [dea:

)\j>0<:)w:B(j)
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Logarithmic Formulation for SOS1

3
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Logarithmic Formulation for SOS1

® [n general:
'log, m| variables and

2|log, m| constraints.

15/26



Logarithmic Formulation for SOS2

4
ijo Ai =1, Ag,..., Aa >0, only 2 adjacent A;’s ar nonzero.

Allowed sets: S; ={i,i+ 1} fori € {0,...,3}.
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Logarithmic Formulation for SOS2

4
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® Variables:

w € {0,182

® |dea:
)\j, )\j_|_1 >0 w = B(])
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wy w2 € {0,1}



Logarithmic Formulation for SOS2

4
Zj:() Ai =1, Ag,..., Aa >0, only 2 adjacent A;’s ar nonzero.

Allowed sets: S; ={i,i+ 1} fori € {0,...,3}.

® [njective function:
B:{0,...,m—1} — {0,1}/ls2™
® Variables:

w € {0,182

® |dea:
)\j, )\j_|_1 >0 w = B(])

A3 + Ay < wo

wy w2 € {0,1}
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Logarithmic Formulation for SOS2

4
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Logarithmic Formulation for SOS2

4
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Logarithmic Formulation for SOS2

4
Zj:() Ai =1, Ag,..., Aa >0, only 2 adjacent A;’s ar nonzero.
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Logarithmic Formulation for SOS2

4
Zj:() Ai =1, Ag,..., Aa >0, only 2 adjacent A;’s ar nonzero.

Allowed sets: S; = {i,1

1} foried0,...,3}.
® \\Vhere is )\, ?!

® |n general:
B(z) and B(z+ 1)

differ in one component

® Gray Code.




Independent Branching: Dichotomies
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Independent Branching for 2 var CC

® Select Triangle by forbidding vertices.
® ? stages:
S
® Se

ect Square by SOS2 o
ect 1 triangle from eac

N each variable.

N square.

-4 0/ ? ;:h
< / N
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Independent Branching for 2 var CC

® Select Triangle by forbidding vertices.
® ? stages:

Se

® Se

ect Square by SOS2 o
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N each variable.
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" Independent Branching for 2 var CC

® Select Triangle by forbidding vertices.

® ? stages:
® Select Square by SOS2 o
® Select 1 triangle from eac

N each variable.

N square.

L={(r,s)eJ:

r even and s odd}

= {square vertices}
R={(r,s)eJ:

r odd and s even}

= {diamond vertices}



Strength of LP Relaxations

® Sharp Models: LP = lower convex envelope.

LP relaxation

7
/
/
/
/
/
/
/

() conv (epi(f)).
® All popular models are sharp.
® [ ocally Ideal: LP = Integral (All but CC, even Log).
® [ ocally ideal implies Sharp.
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Computational Results

® |[hstances
' Transportation problems (10x10 & 5x2).
» Univariate: Concave Separable Objective.

» Multivariate: 2-commodity. — e

' Functions: affine in k segments or k x K

grid triangulation (100 instances per k). (2:y) = 9(ll(z, 9)])

Concave PLF ¢(-)

® Solver: CPLEX 11 on 2.4Ghz machine.

® | ogarithmic versions of CC = Log,
DCC=DLog.
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Multivariate Case (Non-Separable)
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Lower Semicontinuous Models

® Direct from Disjunctive Programming (Jeroslow and

11

_owe)

—xtreme

Traditiona

noINt” =

= Multiple Choice (MC).

® Other models can be adapted to special t\.

DCC.

discontinuities (e.g. simple fixed charges).
® MC, DCC, DLog are locally ideal and sharp.

® Computations: 2-commodity FC discount function.
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Final Remarks

® Unifying theoretical framework: allows for

multivariate non-separable and lower

semicontinuous functions.

st loga
strong ar
computa’

discour

t fur

® Revive forgotten for
functions: MC ar
ction.

d fl

rithmic formulations: Theoretically
d provides significant
ional advantage for large |P|

Mmulations and

xed charge
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