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Piecewise Linear Optimization

min  fo(x)
S.T.

fi(z) <0
r eX

Vel
C R"

® Vic{0lUIl fi(x):D — R isapiecewise linear
function (PLF) and X Is any compact set.

® Convex = Linear

® Specialized algori

2008 ) or Mixed |

Programming. Non-Convex = NP Hard.
thms (Tomlin 1981, ..., de Farias et al.

nteger Programming Models (12+ papers).



Mixed Integer Models for PLFs

® [Xxisting studies are for separable functions:

f(@)=> fi(x;) for fi(z;): R — R

71=1

® \We emphasize Non-Separable and/or discontinuous:




Outline

® Applications of Piecewise Linear Functions.

® Modeling

Plecewlse Linear Functions.

® Computational Results.

® Extension to

Discontinuous Functions.

-Inal Remarks.
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Economies of Scale: Concave

® Single and multi-commodity network flow.

® Applications in telecommunications, transportation,
and |logistics.

® (Balakrishnan and Graves 1989, ..., Croxton, et al. 2007). . ..
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Fixed Charges and Discounts

1.Fixed Costs in Logistics.

2.Discounts (e.g. Auctions: Sandholm,
et al. 2006, CombineNet).

3.Discounts in fixed charges (Lowe
1984).
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Non-Linear and PDE Constraints

Source p(x,t) = gas pressure

Pipes/Valves/ q(x,t) = gas volume flow
Compressors

Connections

— ® Gas Network Optimization

Demand Points

(Martin et al. 2000).
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Q00O

Non-Linear and PDE Constraints

Source

Pipes/Valves/
Compressors

Connections

Demand Points

p(x,t) = gas pressure

q(x,t) = gas volume flow

Discretize non-linear stationary

solution p, = g(pw qu)

® Gas Network Optimization
(Martin et al. 2000).
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Q00O

Non-Linear and PDE Constraints

Source

Pipes/Valves/
Compressors

Connections

Demand Points

p(x,t) = gas pressure

q(x,t) = gas volume flow

Discretize PDE
(Fiigenschuh, et al. 2008)

® Gas Network Optimization
(Martin et al. 2000).
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Numerically Exact Global Optimization

o =]
BIOLOGICAL

® Process engineering (Bergamini et al. 2005, i, ot
2008, Computers and Chemical Eng.)
&~

® \Wetland restoration (Stralberg et al. 2009).
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Numerically Exact Global Optimization

B ewe |
BIOLOGICAL

® PrOCeSS englﬂeerlﬂg (Bergamlﬂl et al 2005,  CONSERVATION

X

2008, Computers and Chemical Eng.)

&

® Wetland restoration (Stralberg et al. 2009).
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Piecewise Linear Functions: Definition

EFINITION 1. Piecewise Linear f: D C R" — R:

f(x):= {mpw+cp relP VPeP.

for finite family of polytopes P such that D =J,_, P
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Piecewise Linear Functions: Definition

(0.48% + 0.03y + 6 (z,y) € Py

—0.42 — 0.04y +8.45 (x,y) € Pyos

={(my) ER: y>0,z<1,y—x <0}

={(r,y) ER:y>0,2>7,2+y <8}
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={(my) ER: y>0,z<1,y—x <0}
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EFINITION 1. Piecewise Linear f: D C R" — R:

f(x):= {mpw+cp relP VPeP.

for finite family of polytopes P such that D =J,_, P
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Modeling Function = Epigraph
ocpi(f) :={(z,2)) e DXRCR" xR : f(x) < z}.

=xample:  f(z) <0< (x,2) € epi(f), 2 <0
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Modeling Function = Epigraph
ocpi(f) ={(x,2) e DXxRCR" xR : f(zx) < z}.

® Example: f(z) <0< (z,2) € epi(f), 2 <0
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Modeling Function = Epigraph
ocpi(f) ={(x,2) e DXxRCR" xR : f(zx) < z}.

® Example: f(z) <0< (2,2) € epi(f), 2 <0
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Convex Comb. Univariate (Dantzig, 1960)

- Jx+1 r e 0,2
- 16—-3/2z z€[2,4

V (P) = vertices of P.
V(P) =V (P )UV(P) ={0,2,4}.
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Convex Comb. Univariate (Dantzig, 1960)

| {a?+1 r e 0,2

6—3/2x x€l2,4
V(P) = vertices of P.

idea: write (x,y) € epi(f)
as convex combination of

(v, f(v)) for v € V(P).

(—Pl
<—P2

V(P) =V (P)UV(P) =1{0,2,4}.
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Convex Comb. Univariate (Dantzig, 1960)

| xr+ 1
- |6—-3/2z z€[2,4] «P,

S :072: “Pl

V (P) = vertices of P.

as convex combination of 2 =|1Ao +

idea: write (x,y) € epi(f) * : 0 T
1P

2
3

2_

V(P) =V (P)UV(P) =1{0,2,4}.

-4y

2_

-0y

(v, f(v)) for v € V(P). =X+ A2+ A1, Aoy A2, A0 20
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Convex Comb. Univariate (Dantzig, 1960)

xr+ 1
flz) = {6 — 3/2x

r e 0,2

r e (2,4

V(P) = vertices of P.

Ao and A4 cannot be X o + 29 -
1

-4y

nonzero at the same z >1Ag + 3A2 -

time.

1 = Ao+ A2 + A4,

-0y

(—Pl
<—P2

V(P) =V (P)UV(P) =1{0,2,4}.

Ao, A2, Ag > 0




1 1 100
Convex Comb. Univariate (Dantzig, 1960)

() = r+ 1 $6:0,2:<—P1
- |6-3/22 z€(2,4] « P,
V(P) = vertices of P.
V(P) =V (P)UV(Py) ={0,2,4}.

Ao and A4 cannot be T o + 2A2 +4A4
1

2 >1Ag + 33Xy + 0As

L =X+ A+ A4, Ag, A2, Ay >0
A <yp, A2=yp tyr, M =<Yp
l=yp +ypr, ¥ypr,yp, €10,1}

nonzero at the same

time.
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Convex Comb. Univariate (Dantzig, 1960)

6—3/2c €24 «P,

V (P) = vertices of P.
V(P) =V (P )UV(P) ={0,2,4}.

x=0Ag + 2o + 4\,

2> 1o+ 3o + 0y

L =X+ A2+ Ag, Ao, A2, Ay 2> 0
A <yp, A2=yp tyr, M =<Yp
l=yp +ypr, ¥ypr,yp, €10,1}
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CC Multivariate (Lee and Wilson, 2001)

oy 4T (x,y) € P
flwu): {y @,y € P,

< 1,0<y<zx}, Pr:=...
V(P) - = {(070)7 (170)7 (Ov 1)7 (17 1)}




L = O)\(O,O) 1)\(170)
y = 0A(0,0) + 0A(1,0) +

z 2 0A0,0) + 1A@,0) + 1A(0,1) -

Q0000
CC Multivariate (Lee and Wilson, 2001)

o - {w e

Y (may)epl

x<1,0<y <z},

| )\(O 1) T

:_)\(171)
IA1,1)

L =MXo,0) +A,00 + Awo,1) T A1), Aw©0,0)---5 A1) =0
Yyp, =+ yp, — ]-7 yp,,Yp, < {07 1}
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y = 0A(0,0) + 0A(1,0) +
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CC Multivariate (Lee and Wilson, 2001)

o - {w e

Y (may)epl

x<1,0<y <z},

O)\(() 1)
| )\(O 1) -

:_)\(171)
IA1,1)

L =MXo,0) +A,00 + Awo,1) T A1), Aw©0,0)---5 A1) =0
Yyp, =+ yp, — ]-7 yp,,Yp, < {07 1}

A0,0) S Yp, T YP; -




Q0000
CC Multivariate (Lee and Wilson, 2001)

oy 4T (x,y) € P
flwu): {y @,y € P,

x<1,0<y <z},

r = 0A,0) + 1A(1,0) » 1A, Polytopes that have

Yy = 0A0,0) + 0A¢1,0) +- 1A1,1) (0,0) as a vertex.
z > O)\(O,O) T 1)\(170) + 1 7 1,1)

L= Ao,00 + A(1,0) T Awpar™ A1,1), A@0,005- -5 A1) = 0

)\(070) S .o Yp, T YP, = 1, Yyp,Yp, < {07 1}
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Other issues: Log models & Strength
® Strength:

® Standard M

Popular models are strong.
LP technigues can

vield weak models.

® Size of existing models is linear

in|P|:

®Wec

0ga

fl'

Nemn

an get models wi

hmic in | P| (Viel

auser 2008, Vie

2009).

th “size”
ma and

ma et al.
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Computation: Transportation Problems

® Minimization Problems:

 Univariate Objective: Sum of 100
univariate functions, each affine in k
segments.

 Multivariate Objective: Sum of 10
bivariate functions, each affine in
a k x k grid.

—

(z,y) = g(ll(z,y)])
Concave PLF g(-)

® Solver: CPLEX 11 on 2.4Ghz machine.

<4 A /NHA
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Univariate Case (Separable)

=
o

n
)
>
—
O
n
Q
=
-
B
Q
(o)
©
M
)
>
54

8 16

Number of Segments




@00

Univariate Case (Separable)

=
o

n
)
>
—
O
n
Q
=
-
B
Q
(o)
©
M
)
>
54

8 16

Number of Segments




@00
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Univariate Case (Separable)

=
o

n
)
>
—
O
n
Q
=
-
B
Q
(o)
©
M
)
>
54

8 16

Number of Segments




00O

Multivariate Case (Non-Separable)
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Lower Semicontinuity (LSC)

® [ ower Semicontinuity:
flz) < f~(x), f(2) & epi(f) is closed.



Lower Semicontinuous PLFs

flx) = {mpx +cp xe€P VP EP Finite family of
copolytopes

P={zeR": aqz <bVie{l,...p}
ai33<bi\v/i€{pa°°'7




Lower Semicontinuous PLFs

1.5x4+1 z€]
) _

flx) = {mpx +cp xe€P VP EP Finite family of
copolytopes

PZ{ZE‘ER” : CZZCI?SbZ\V/’LG{l,
a;x < b;Vie{p,...,




Lower Semicontinuous PLFs

1.5x4+1 z€]
2 T € |

20 — 7 re (45

flx) = {mpx +cp xe€P VP EP Finite family of
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Lower Semicontinuous PLFs

flx) = {’mpa? +cp xz€P VP EP Finite family of
copolytopes

P={zeR": aqz <bVie{l,...p}
ai33<bi\v/i€{pa°°'7




Lower Semicontinuous PLFs
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Disaggregated CC (Jeroslow and Lowe, 1984)
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Disaggregated CC (Jeroslow and Lowe, 1984)




Q00O
Disaggregated CC (Jeroslow and Lowe, 1984)

¢ z >
0,2)
2, 4]

P =z :P1,0 +2Ap, 2
1

AP;,0 TIOAP, 2
l=Ap, 0+ AP, 2, Ap,.0,ApP,2>0
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Disaggregated CC (Jeroslow and Lowe, 1984)

Py,2 T4AP, 4
P> .2 7T OP2,4

T >\P2,2 _I_ )\P2,47 )\PQ,27 )\P2,4 Z O
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Disaggregated CC (Jeroslow and Lowe, 1984)

T = 0Ap, 0+ 2Ap, 2+ 2Ap, 2 +4Ap, 4
22> 1Ap, o+ 3Ap, 2+ 2Ap, 2+ 0Ap, 4
L =Ap, o+ AP 2, Ap,0,AP 220
l=Ap, 2+ Ap4, Apy2,Ap,a >0
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Disaggregated CC (Jeroslow and Lowe, 1984)

T = 0Ap, 0+ 2Ap, 2+ 2Ap, 2 +4Ap, 4

22> 1Ap, o+ 3Ap, 2+ 2Ap, 2+ 0Ap, 4
YpPi= Ap, o +Ap 2, Ap,0,Ap, 22> 0
YrPy= Ap, 2+ Ap, 4, Ap,2,Ap, 4 >0

l=yp, +yr,, ¥ypr,Yyp, €10,1}
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Multivariate Lower Semicontinuous
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Multivariate Lower Semicontinuous

4x4

8x8 16x16 32x32

Grid Size

D)
)
>
—
O
0
Q
S
-
B
)
o
©
g
0]
>
<G

=
o




0000

Multivariate Lower Semicontinuous
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Final Remarks

® Many MILP models for PLF: Most are simple.

® Popular models are strong.

® Caution: Standard MILP technigues can weak

models.

® Best model varies: e.g. Log’s best for fine grids.

® Advertisemer

http:// www?2.i

t: Papers at
sye.gatech.edu/~

vielma
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Strength of LP Relaxations

® Sharp Models: LP = lower convex envelope.

LP relaxation

7
/
/
/
/
/
/
/

() conv (epi(f)).
® All popular models are sharp.
® [ ocally Ideal: LP = Integral (All but CC, even Log).
® [ ocally ideal implies Sharp.
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For Multivariate Functions
ZPEP Z’UEV(?) )\P’UU — ZPEP Z’UEV(F) )\Pa’U (mp’U =+ CP) <z

(DCC) Apy >0 VYPcP,vcV(P ZPEP ZU(P) o=

Z AP,v:yP \V/PEP, Zszla yPG{Oal} vPeP

veV (P)

{PEP :veEP}
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For Multivariate Functions
ZPEP Z’UEV(?) )\P’UU — ZPEP Z’UEV(F) )\Pa’U (mp’U =+ CP) <z

(DCC) Apy >0 VYPcP,vcV(P ZPEP ZU(P) o=

Z AP,v:yP \V/PEP, Zszla yPG{Oal} vPeP

veV (P)




Logarithmic DCC (DLog)

S: S: Ap U =1, S: S: Apo(Mmpv+cp) <z

PeEPveV (P) PePveV(P)

Ap, >0 YPeP,veV(P), Y Y Ap,=1

PePveV(P)

Z Z )\p,véyl, Z Z )\Pv_ ]-_yl ZE{Oa]-} VZEL(P)

PcPt(B,l)veV (P) PcPO(B,l)veV (P)

where B : P — {0,1}/"°82/7Il is any injective function, L(P):={1,..., [log,|P|]},

PH(B,l):={PeP : B(P),=1} and P°(B,l):={Pe€P : B(P),=0}.

® New? Direct from ideas In lbaraki (1976), Vielma and
Nemhauser (2008)




Logarithmic DCC (DLog)

Z Z Ap U =1, Z Z Apo(Mmpv+cp) <z

PeEPveV (P) PePveV(P)

Apo>0 YPEP,vEV(P), > Y Ap,=

PH(B,l):={PeP : B(P),=1} and P°(B,l):={Pe€P : B(P),=0}.

® New? Direct from ideas In lbaraki (1976), Vielma and
Nemhauser (2008)
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Logarithmic Conv. Comb. (Log)

® Requires Independent Branching scheme.

® Vielma and Nemhauser (2008).
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Logarithmic Conv. Comb. (Log)

® Requires Independent Branching Scheme.

® \/ielma and Nemhauser (2008).



Multiple Choice (MC)

> (mpa” +cpyp) <z

PeP

AP$P§ypbp \V/PGP

Yp € {0,1} VP eP,

where Apx < bp is the set of linear inequalities describing P.

® Balakrishnan and Graves (1989), Croxton et al. (2003a),
Jeroslow and Lowe (1984) and Lowe (1984)




K
d0—|—25k (dk _dk—l) — X

k=1
K

f(do) + > 8k (f(di) = f(dr)) <2

Opr1 < Yr < O,

ykE{O,l} \V/kE{l,...,K—l}.

® Similar for multivariate functions.

® Croxton et al. (2003a), Dantzig (1963, 1960), Keha et al.
(2004), Markowitz and Manne (1957), Padberg (2000),
Sherali (2001), Vajda (1964) and Wilson (1998).
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Multivariate Case (Non-Separable)
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Multivariate Lower Semicontinuous
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