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MICP Formulations and Representability

• A set                is MICP representable (MICPR) if it has 
an :
– A closed convex set
– auxiliary continuous variables
– auxiliary integer variables 

S ✓ Rn

M ✓ Rn+p+d

z 2 Zd

or equivalently

S = proj

x

�
M \

�
Rn+p ⇥ Zd

��

y 2 Rp

x 2 S ,
9(y, z) 2 Rp ⇥ Zd s.t.

(x, y, z) 2 M
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• Discrete subsets of the real line or natural numbers:

– Dense discrete set?

– Set of prime numbers?

What Sets are MICP Representable (MICPR) ?

�
x 2 R2 : 1  kxk  2

 �
x 2 R2 : 1 + x

2
1  x

2
2

 

Spherical shell?Two sheet hyperbola?

np
2x�

jp
2x

k

: x 2 N
o

✓ [0, 1]

"God made the integers, 

all else is the work of man” 

- Leopold Kronecker
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A Simple Lemma for non-MICP Representability

✗ Spherical shell

✗ Set of prime numbers

• Does have  non-convex 
polynomial MIP

✗ Set of Matrices of rank at most k

✗ Piecewise linear interpolation of x2
at all integers 

�
x 2 R2 : 1  kxk  2
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· ·
·· · ·

· · ·

· · ·

Fig. 1. From left to right, the annulus and the piece-wise linear function connecting
the integer points on the parabola are not mixed-integer convex representable. The
mixed-integer hyperbola and the collection of balls with increasing and concave radius
are mixed-integer convex representable.

have the same parity if ↵
i

and �
i

are both even or odd for each component
i = 1, . . . , d. Trivially, if ↵ and � have the same parity, then ↵+�

2 2 Zd. Given
that we can categorize any integer vector according to the 2d possible choices for
whether its components are even or odd, and we notice that from any infinite
collection of integer vectors we must have at least one pair that has the same
parity. Therefore since |R| = 1 we can find a pair x, x0 2 R such that their
associated integer points z

x

, z
x

0 have the same parity and thus satisfy (5). ut

Proposition 3. Fix n,m 2 N with m,n � 2. The set of matrices of dimension

m ⇥ n with rank at most 1, i.e., C1 := {X 2 Rm⇥n : rank(X)  1} is strongly

nonconvex and therefore not MICP representable.

Proof. We can assumem = 2. We set for all k 2 N the matrixA
k

=



1 k O1⇥n�2

k k2 O1⇥n�2

�

2

C1. We then set R = {A
k

|k 2 N}. Clearly |R| = 1. It is easy to verify that
rank( 12 (Ak

+A
k

0)) = 2 for k 6= k0. Therefore for any pair of distinct points in R,
their midpoint is not in C1. Therefore C1 is strongly nonconvex and in particular
not MICP representable.

One may use the midpoint lemma to verify that the epigraph of a twice di↵er-
entiable function is MICP representable if and only if the function is convex and
that the graph of a twice di↵erentiable function is MICP representable if and only
if f is linear. In Figure 1, we illustrate two more sets whose nonrepresentability
follows directly from the midpoint lemma: the annulus and the piecewise linear
function connecting the points {(x, y) 2 Z2 : y = x2}.

5 MICP representability of subsets of natural numbers

Recall that we define N = {0, 1, 2, . . .} to be the set of natural numbers. In this
section we investigate the limitations of MICP for representing subsets of the
natural numbers. We remind the reader that in the MILP case, it is known that a
subset of the natural numbers is rational-MILP (the coe�cients of the continuous

• Obstruction for MICP representability of S : 

infinite R ✓ S s.t.
u+ v

2
/2 S 8u, v 2 R, u 6= v

R
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MICPR = Convex Sets Indexed by Integers in Convex

1
2
3

0

z

w = (x, y)
I = projz (M) convex

<latexit sha1_base64="M41vdzh9exQpM2UVjCIonIkHfi4="></latexit><latexit sha1_base64="M41vdzh9exQpM2UVjCIonIkHfi4="></latexit><latexit sha1_base64="M41vdzh9exQpM2UVjCIonIkHfi4="></latexit><latexit sha1_base64="C39OhB+IczRcjLNINXH29e9lt8M=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCpTN+pOcOOygmML7VAymTttaCYzJHeEMvQFXLhRfDB3vo3pz0KtBwIf5yTk3hMXSloKgi+vtrW9s7tX3/cPGv7h0XGz8WTz0ggMRa5y04+5RSU1hiRJYb8wyLNYYS+e3i3y3jMaK3P9SLMCo4yPtUyl4OSs7qjZCtrBUmwTOmtowVqj5ucwyUWZoSahuLWDTlBQVHFDUiic+8PSYsHFlI9x4FDzDG1ULcecs3PnJCzNjTua2NL9+aLimbWzLHY3M04T+zdbmP9lg5LS66iSuigJtVh9lJaKUc4WO7NEGhSkZg64MNLNysSEGy7INeO7Djp/N96E8LJ90w4eAqjDKZzBBXTgCm7hHroQgoAEXuDNm3iv3vuqqpq37uwEfsn7+Aap5IoM</latexit><latexit sha1_base64="J7I3QZ7VBxs6v6Ij9tDVcQrDK1I="></latexit><latexit sha1_base64="J7I3QZ7VBxs6v6Ij9tDVcQrDK1I="></latexit><latexit sha1_base64="NVZkQkb+RjWsKxBxe7z9ENwAwEM="></latexit><latexit sha1_base64="M41vdzh9exQpM2UVjCIonIkHfi4="></latexit><latexit sha1_base64="M41vdzh9exQpM2UVjCIonIkHfi4="></latexit><latexit sha1_base64="M41vdzh9exQpM2UVjCIonIkHfi4="></latexit><latexit sha1_base64="M41vdzh9exQpM2UVjCIonIkHfi4="></latexit><latexit sha1_base64="M41vdzh9exQpM2UVjCIonIkHfi4="></latexit><latexit sha1_base64="C39OhB+IczRcjLNINXH29e9lt8M=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCpTN+pOcOOygmML7VAymTttaCYzJHeEMvQFXLhRfDB3vo3pz0KtBwIf5yTk3hMXSloKgi+vtrW9s7tX3/cPGv7h0XGz8WTz0ggMRa5y04+5RSU1hiRJYb8wyLNYYS+e3i3y3jMaK3P9SLMCo4yPtUyl4OSs7qjZCtrBUmwTOmtowVqj5ucwyUWZoSahuLWDTlBQVHFDUiic+8PSYsHFlI9x4FDzDG1ULcecs3PnJCzNjTua2NL9+aLimbWzLHY3M04T+zdbmP9lg5LS66iSuigJtVh9lJaKUc4WO7NEGhSkZg64MNLNysSEGy7INeO7Djp/N96E8LJ90w4eAqjDKZzBBXTgCm7hHroQgoAEXuDNm3iv3vuqqpq37uwEfsn7+Aap5IoM</latexit><latexit sha1_base64="J7I3QZ7VBxs6v6Ij9tDVcQrDK1I="></latexit><latexit sha1_base64="J7I3QZ7VBxs6v6Ij9tDVcQrDK1I="></latexit><latexit sha1_base64="NVZkQkb+RjWsKxBxe7z9ENwAwEM="></latexit><latexit sha1_base64="M41vdzh9exQpM2UVjCIonIkHfi4="></latexit><latexit sha1_base64="M41vdzh9exQpM2UVjCIonIkHfi4="></latexit><latexit sha1_base64="M41vdzh9exQpM2UVjCIonIkHfi4="></latexit><latexit sha1_base64="M41vdzh9exQpM2UVjCIonIkHfi4="></latexit><latexit sha1_base64="M41vdzh9exQpM2UVjCIonIkHfi4="></latexit><latexit sha1_base64="C39OhB+IczRcjLNINXH29e9lt8M=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCpTN+pOcOOygmML7VAymTttaCYzJHeEMvQFXLhRfDB3vo3pz0KtBwIf5yTk3hMXSloKgi+vtrW9s7tX3/cPGv7h0XGz8WTz0ggMRa5y04+5RSU1hiRJYb8wyLNYYS+e3i3y3jMaK3P9SLMCo4yPtUyl4OSs7qjZCtrBUmwTOmtowVqj5ucwyUWZoSahuLWDTlBQVHFDUiic+8PSYsHFlI9x4FDzDG1ULcecs3PnJCzNjTua2NL9+aLimbWzLHY3M04T+zdbmP9lg5LS66iSuigJtVh9lJaKUc4WO7NEGhSkZg64MNLNysSEGy7INeO7Djp/N96E8LJ90w4eAqjDKZzBBXTgCm7hHroQgoAEXuDNm3iv3vuqqpq37uwEfsn7+Aap5IoM</latexit><latexit sha1_base64="J7I3QZ7VBxs6v6Ij9tDVcQrDK1I="></latexit><latexit sha1_base64="J7I3QZ7VBxs6v6Ij9tDVcQrDK1I="></latexit><latexit sha1_base64="NVZkQkb+RjWsKxBxe7z9ENwAwEM="></latexit><latexit sha1_base64="M41vdzh9exQpM2UVjCIonIkHfi4="></latexit><latexit sha1_base64="M41vdzh9exQpM2UVjCIonIkHfi4="></latexit><latexit sha1_base64="M41vdzh9exQpM2UVjCIonIkHfi4="></latexit><latexit sha1_base64="M41vdzh9exQpM2UVjCIonIkHfi4="></latexit><latexit sha1_base64="M41vdzh9exQpM2UVjCIonIkHfi4="></latexit>

• For rational polyhedral M (Jeroslow and Lowe ’84):

– S =
[k

i=1
Pi +

n

Xt

i=1
�ir

i : � 2 Zt
+

o

1: Rational polyhedra with  
the same recession cone

2:     Finite # of shapes
+ periodic translations 

S =

[

z2I\Zd

proj

x

(B
z

)

<latexit sha1_base64="oFIVmku+So+GnOOe1tSZFc2vUoM="></latexit><latexit sha1_base64="oFIVmku+So+GnOOe1tSZFc2vUoM="></latexit><latexit sha1_base64="oFIVmku+So+GnOOe1tSZFc2vUoM="></latexit>

4 / 12



MICPR = Convex Sets Indexed by Integers in Convex
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w = (x, y)
I = projz (M) convex
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• Extensions

– M = ! ∈ ℤ$ ∶ !& ' !$ ≥ ) ⟹ Pi = points (Dey & Moran ’13)

– M = Rational Polyhedron ∩ “Rational” Ellipsoidal Cylinder ⟹
Pi = Rational Ellipsoid ∩ Polytope  (Del Pia & Poskin ‘16)

– M = Compact Convex + Rational Polyhedron Cone ⟹
Pi = Compact Convex (Lubin, Zadik & V. 17’)

S =
[k

i=1
Pi +

n

Xt

i=1
�ir

i : � 2 Zt
+

o

S =

[

z2I\Zd

proj

x

(B
z

)
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• For rational polyhedral M (Jeroslow and Lowe ’84):

– S =
[k

i=1
Pi +

n

Xt

i=1
�ir

i : � 2 Zt
+

o

1: Rational polyhedra with  
the same recession cone

2:     Finite # of shapes
+ periodic translations 

S =

[

z2I\Zd

proj

x

(B
z

)
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Extra from MICP 1: Non-Polyhedral Unions

1. Unions of Non-Polyhedral 
sets

Plus Projection:

2. Unions of non-closed sets
3. Unions of convex sets with 

different recession cones

�
x 2 R2 : 1 + x

2
1  x

2
2

 

Two sheet hyperbola?

✓

nn

(x, t) : x 2 Si, kxk22  t

ook

i=1
have the same recession cone
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S =

[

z2I\Zd

proj

x

(B
z

)
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Extra from MICP 2: Non-Polyhedral I

• An infinite set S is periodic if and only if:

• Non-periodic MICPR sets
– Dense discrete set

– Set of naturals 
n

x 2 N :
p
2x�

jp
2x

k

/2
⇣

", 1�
p
2"
⌘o

np
2x�

jp
2x

k

: x 2 N
o

✓ [0, 1]

k(z1, z1)k2  z2 + 1, k(z2, z2)k2  2z1, x1 = y1 � z2,

k(z1, z1)k2  y1, k(y1, y1)k2  2z1, z 2 Z2

k(x1, x1)k2  x2 + ",

k(x2, x2)k2  2x1 + 2", x 2 Z2
+
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A Definition Rational MICPR (R-MICPR)

S =

[

z2I\Zd

proj

x

(B
z

)

S = proj

x

�
M \

�
Rn+p ⇥ Zd

��

I = proj

z

(M)

span(rec(I)) a↵(I)
⇣
z1 +

p
2z2

⌘2
 z3

⇣
z2 �

p
2z1

⌘2
 1

span(rec(I)) = span({e3})
rec(projz1,z2(I)) = span({(1,

p
2)})

• Any rational affine mapping of index set I :
– Is bounded, or
– Has an integer (rational) recession direction
• Irrational directions can hide!
– R-MICPR ⇎ and/or             = rational space
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• For compact S : 
– Finite unions of compact convex sets

• For S infinite unions of “uniformly bounded” closed 
convex sets :
– Finite union of periodic
– Dense discrete and non-periodic naturals NOT R-MICPR

• Rational MICP Representability:
– Closed under: Finite Union, Cartesian Product and 

Minkowski sum
– NOT Closed under intersection. 

Properties of Rational MICPR (R-MICPR)
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R-MICPR does Not Imply Finite Shapes

• There exists increasing functions h such that:
–
–
–

• Equal volume ⇒ Finite # of Shapes

Pz \ Pz0 = ;, z 6= z0
Pz ✓ R2

regular h(z)-gon centered at (z, 0)

S =

[1

z=1
Pz is R-MICPR and periodic
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Summary

• General mixed integer convex representability 
(MICPR):
– Infinite union of convex  w. different recession cones
–With special structure (e.g. Primes are not MICPR)
– Infinite structure can be irregular (irrational rays)
• Can be caused by hided rays for non- “thin” sets

• Rational MICPR
–Regularity recovered forcing rational unboundedness
• Equal volume  ⇒ Finite # of Shapes
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R-MICPR: Periodicity for Natural #s

• An infinite set of naturals S is periodic if and only if:

–

– It is rational MILP representable
• A subset S of the naturals is R-MICPR if and only if:
– It is the union of a finite and an infinite periodic set

S =

[k

i=1
{si}+ intcone ({r})
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A Simple Lemma for non-MICP Representability

• Obstruction for MICP representability of S : 

(u, yu, zu) 2 M

(v, yv, zv) 2 M

zu + zv
2

/2 Zd)

zu ⌘ zv (mod 2) component-wise ) zu + zv
2

2 Zd

infinite R ✓ S s.t.
u+ v

2
/2 S 8u, v 2 R, u 6= v

component-wise parity classes = 2

d < |R| = 1 )|(

S = proj

x

�
M \

�
Rn+p ⇥ Zd

��
Proof: Assume for contradiction there exists M such that:
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