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Conic Optimization in JuMP
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• From https://github.com/jump-dev/JuMPTutorials.jl - conic_programming.ipynb

𝑡

𝑄!

https://github.com/jump-dev/JuMPTutorials.jl
https://nbviewer.jupyter.org/github/jump-dev/JuMPTutorials.jl/blob/master/notebook/optimization_concepts/conic_programming.ipynb


• Why Conic (or Function-in-set) v/s expression/“(Julia) function”-based :

• Why does Pajarito.jl only work on JuMP ≤ v0.18?
• Many links for skipped mathematical details (Technical but, “standard”)  

Outline / Goal ?
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Deprecated features

• Advanced sensitivity analysis.
• The traditional analysis based on the basis is still available.

• General convex optimization.

min f(x)
subject to g(x)  0,

except for explicit quadratic functions.
• Dropped the Fusion interface for MATLAB.

• Use a�ne conic constraints instead (Fusion light).
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Conic Optimization in JuMP

• From https://github.com/jump-dev/JuMPTutorials.jl - conic_programming.ipynb

• In general, a conic optimization problem is

• e.g. cone of positive semi-definite (SDP) matrices:

– Largest Eigenvalue of a Symmetric Matrix:
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Positive Semidefinite Cone
The set of Positive Semidefinite Matrices of dimension  form a cone in . We write this set mathematically asn ℝn

= {X ∈ ∣ Xz ≥ 0, ∀z ∈ }.n
+ n zT ℝn

A PSD cone is represented in JuMP using the MOI sets PositiveSemidefiniteConeTriangle  (for upper triangle of a PSD matrix) and
PositiveSemidefiniteConeSquare  (for a complete PSD matrix). However, it is preferable to use the PSDCone  shortcut as illustrated below.

Example: Largest Eigenvalue of a Symmetric Matrix

Suppose  has eigenvalues . Then the matrix  has eigenvalues . Note that  is PSD exactly when all
these eigenvalues are non-negative, and this happens for values  Thus, we can model the problem of finding the largest eigenvalue of a symmetric
matrix as:

A ≥ … ≥λ1 λ2 λn tI − A t − , t − , … , t −λ1 λ2 λn tI − A
t ≥ .λ1

= max tλ1
 s.t. tI − A ⪰ 0

In [11]: using LinearAlgebra
using SCS

A = [3 2 4;
     2 0 2;
     4 2 3]

model = Model(optimizer_with_attributes(SCS.Optimizer, "verbose" => 0))
@variable(model, t)
@objective(model, Min, t)
@constraint(model, t .* Matrix{Float64}(I, 3, 3) - A in PSDCone())

optimize!(model)

In [12]: @show objective_value(model);

Other Cones and Functions
For other cones supported by JuMP, check out the MathOptInterface Manual (http://www.juliaopt.org/MathOptInterface.jl/dev/apimanual/#Standard-form-
problem-1). A good resource for learning more about functions which can be modelled using cones is the MOSEK Modeling Cookbook[1].

References
1. MOSEK Modeling Cookbook — MOSEK Modeling Cookbook 3.1. Available at: https://docs.mosek.com/modeling-cookbook/index.html

(https://docs.mosek.com/modeling-cookbook/index.html).

In [13]:

┌ Info: Precompiling SCS [c946c3f1-0d1f-5ce8-9dea-7daa1f7e2d13]
└ @ Base loading.jl:1260

objective_value(model) = 8.000000000000014

https://github.com/jump-dev/JuMPTutorials.jl
https://nbviewer.jupyter.org/github/jump-dev/JuMPTutorials.jl/blob/master/notebook/optimization_concepts/conic_programming.ipynb


A more interesting (mixed-integer) conic example 

• Obstacle avoiding polynomial trajectory:

• Step 1: discretize to piecewise polynomial 
0 = 𝑇" < 𝑇# < ⋯ < 𝑇$ s.t.
𝑥 𝑡 , 𝑦 𝑡 = 𝑝% 𝑡 𝑡 ∈ 𝑇% , 𝑇%&"

• Step 2: “safe polyhedrons”           
𝑃' = 𝑥 ∈ ℝ#: 𝐴'𝑥 ≤ 𝑏' s.t.
∀ 𝑖 ∃ 𝑟 𝑠. 𝑡. 𝑝% 𝑡 ∈ 𝑃' 𝑡 ∈ 𝑇% , 𝑇%&"

(x(t), y(t))t2[0,1]
<latexit sha1_base64="wVa52RCd6D1IQ0/dYBkLEyLkkPw="></latexit><latexit sha1_base64="wVa52RCd6D1IQ0/dYBkLEyLkkPw="></latexit><latexit sha1_base64="wVa52RCd6D1IQ0/dYBkLEyLkkPw="></latexit><latexit sha1_base64="wVa52RCd6D1IQ0/dYBkLEyLkkPw="></latexit>

JQiBp�iBM; 2t�KTH2, h`�D2+iQ`v TH�MMBM;

Ɣ q�Mi iQ TH�M i`�D2+iQ`v Q7 /`QM2 �`QmM/ Q#bi�+H2b- bm#D2+i iQ
+QMi`QH 2H2K2Mib- T?vbB+b Q7 bvbi2KƔ JQ/2H i`�D2+iQ`B2b rBi? TB2+2rBb2 TQHvMQKB�HbƔ PTiBKBx2 Qp2` i`�D2+iQ`B2b mbBM; bmK Q7 b[m�`2b QTiBKBx�iBQM UK�Tb
iQ b2KB/2}MBi2 QTiBKBx�iBQM T`Q#H2K Ua.SVV

Ɣ UG27iV 6B`bi 72�bB#H2 bQHmiBQM- U_B;?iV QTiBK�H bQHmiBQM

• 𝑝! 𝑡 ∈ 𝑃" → 𝑞!," 𝑡 ≥ 0 ∀𝑡
• Sum-of-Squares (SOS):
– 𝑞!," 𝑡 = ∑$ 𝑟$%(𝑡)
– Polynomials 𝑟$(𝑡)
– Bound degree of polynomials: 
✓ SDP

• More details:
– Lecture at LANL Grid Science Winter School 

(https://github.com/juan-pablo-vielma/grid-science-2019)

– PolyJuMP.jl docs                                   
(including JuliaCon 2019 slides)

– Book by Blekherman, Parrilo and Thomas 
(http://www.mit.edu/~parrilo/sdocag/)

https://github.com/juan-pablo-vielma/grid-science-2019
https://github.com/jump-dev/PolyJuMP.jl
http://www.mit.edu/~parrilo/sdocag/


Computational Results (SIAM Opt 2017, Joey Huchette)

9 Regions & 8 time steps:
Optimal “Smoothness” in 651 seconds

60 horizontal segments & obstacle every 5: 
Optimal “clicks”  in 80 seconds

• PolyJuMP.jl
• SumOfSquares.jl
• MI-SDP Solver:
• Pajarito.jl

https://docs.google.com/presentation/d/1ASfjB1TdLJmYxT0b6rnyGh9eLbMc-66bTOt3_3yvc90/edit


Do I really need to learn conic optimization?

• For polynomial optimization:
– PolyJuMP.jl

• For something close to 
function/expression-based 
modeling:
– Disciplined Convex 

Programming (DCP) with 
Convex.jl



Why Conic 1: Linear-programming-like duality

• From https://github.com/jump-dev/JuMPTutorials.jl - conic_programming.ipynb

(Primal) (Dual)
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• “Explanation” of optimality : Think Max-flow/Min-cut or Menger’s theorem.  
– More: Set Programming : Theory and Computation, June 2020.            

Ph.D. Thesis by Dr. Benoît Legat 🎉 (https://blegat.github.io/publications/#phd_thesis)

• and…

https://github.com/jump-dev/JuMPTutorials.jl
https://nbviewer.jupyter.org/github/jump-dev/JuMPTutorials.jl/blob/master/notebook/optimization_concepts/conic_programming.ipynb
https://blegat.github.io/publications/


Why Conic 2: Faster and more stable algorithms  

• Avoid non-differentiability issues,  exploit primal-dual form, strong theory 
on barriers for interior point algorithms.

• Industry change in 2018:
– version 11.0 adds support for  SOCP constraints

– version 9.0 deprecates expression/function-based 
formulations and focuses on pure conic (linear, SOCP, rotated SOCP, 
SDP, exp & power)



Conic Optimization @ JuMP-dev I

• Monday June 12, 2017
– 09:30 The design of JuMP and MathProgBase

(Miles Lubin, MIT) 
– 10:30 The design and architecture of Pajarito

(Chris Coey, MIT)
• Tuesday June 13, 2017, 
– 09:15 Sum-of-squares optimization in Julia

[remote presentation] 
(Benoît Legat, Université Catholique de Louvain)

1st JuMP-dev 
Workshop, 

Cambridge, MA

Slides and videos:
https://jump.dev/meetings/mit2017/

https://jump.dev/meetings/mit2017/


Conic Optimization @ JuMP-dev II

• Artelys Knitro 11.0, a new conic solver and other novelties 
(Jean-hubert Hours, Artelys)

• Power and exponential Cones with Mosek
(Ulf Worsøe, MOSEK)

• ProxSDP.jl: A semidefinite programming solver written in 
Julia (Joaquim Dias Garcia & Mario Souto, PUC-Rio)

• A Julia JuMP-based module for polynomial optimization 
with complex variables applied to Optimal Power Flow
(Julie Sliwak, RTE)

• MathOptInterface and JuMP 0.19 (Miles Lubin, Google)
• Automatic reformulation using constraint bridges  

(Benoît Legat, UCLouvain)

2nd JuMP-dev 
Workshop, 

Bordeaux, France,
June, 2018

Slides and videos:
https://jump.dev/meetings/bordeaux2018/

https://jump.dev/meetings/bordeaux2018/


A “Few” Cones in MathOptInterface’s Function-in-Set Interface 
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ManualManual
LessThan(upper)LessThan(upper) : 

GreaterThan(lower)GreaterThan(lower) : 

EqualTo(value)EqualTo(value) : 

Reals(dimension)Reals(dimension) : 

Zeros(dimension)Zeros(dimension) : 

Nonnegatives(dimension)Nonnegatives(dimension) : 

Nonpositives(dimension)Nonpositives(dimension) : 

NormInfinityCone(dimension)NormInfinityCone(dimension) : 

NormOneCone(dimension)NormOneCone(dimension) : 

SecondOrderCone(dimension)SecondOrderCone(dimension) : 

RotatedSecondOrderCone(dimension)RotatedSecondOrderCone(dimension) : 

GeometricMeanCone(dimension)GeometricMeanCone(dimension) :  where  is 

ExponentialCone()ExponentialCone() : 

DualExponentialCone()DualExponentialCone() : 

PowerCone(exponent)PowerCone(exponent) : 

DualPowerCone(exponent)DualPowerCone(exponent) : 

RelativeEntropyCone(dimension)RelativeEntropyCone(dimension) : 

NormSpectralCone(row_dim, column_dim)NormSpectralCone(row_dim, column_dim) : 

NormNuclearCone(row_dim, column_dim)NormNuclearCone(row_dim, column_dim) : 

PositiveSemidefiniteConeTriangle(dimension)PositiveSemidefiniteConeTriangle(dimension) : 

PositiveSemidefiniteConeSquare(dimension)PositiveSemidefiniteConeSquare(dimension) : 

LogDetConeTriangle(dimension)LogDetConeTriangle(dimension) : 

LogDetConeSquare(dimension)LogDetConeSquare(dimension) : 

RootDetConeTriangle(dimension)RootDetConeTriangle(dimension) : 

RootDetConeSquare(dimension)RootDetConeSquare(dimension) : 

Integer()Integer() : 

ZeroOne()ZeroOne() : 

Semicontinuous(lower,upper)Semicontinuous(lower,upper) : 

Semiinteger(lower,upper)Semiinteger(lower,upper) : 

{! ∈ ℝ : ! ≤ upper}
{! ∈ ℝ : ! ≥ lower}

{! ∈ ℝ : ! = value}
ℝdimension

0dimension

{! ∈ : ! ≥ 0}ℝdimension

{! ∈ : ! ≤ 0}ℝdimension

{(", !) ∈ : " ≥ ‖! = | |}ℝdimension ‖∞ max# !#

{(", !) ∈ : " ≥ ‖! = | |}ℝdimension ‖1 ∑# !#

{(", !) ∈ : " ≥ ||!| }ℝdimension |2

{(", $, !) ∈ : 2"$ ≥ ||!| , ", $ ≥ 0}ℝdimension |2
2

{(", !) ∈ : ! ≥ 0, " ≤ }ℝ%+1 ⋯!1!2 !%‾ ‾‾‾‾‾‾‾‾‾√% % &#'(%)#*% − 1
{(!, +, ,) ∈ : + exp(!/+) ≤ ,, + > 0}ℝ3

{($, -, .) ∈ : −$ exp(-/$) ≤ (!/(1)., $ < 0}ℝ3

{(!, +, ,) ∈ : ≥ |,|, !, + ≥ 0}ℝ3 !exponent+1−exponent

{($, -, .) ∈ : ≥ |.|, $, - ≥ 0}ℝ3 $
exponent

exponent -
1−exponent

1−exponent

{($, -, .) ∈ : $ ≥ log( ), ≥ 0, ≥ 0}ℝdimension ∑# .#
.#
-#

-# .#

{(", 0) ∈ : " ≥ (0), 0is a matrix with row_dim rows and column_dim columns}ℝ1+row_dim×column_dim 11

{(", 0) ∈ : " ≥ (0), 0is a matrix with row_dim rows and column_dim columns}ℝ1+row_dim×column_dim ∑# 1#

{0 ∈ : 0is the upper triangle of a PSD matrix}ℝdimension(dimension+1)/2

{0 ∈ : 0is a PSD matrix}ℝdimension2

{(", $, 0) ∈ : " ≤ $ log(det(0/$)), 0is the upper triangle of a PSD matrix, $ > 0}ℝ2+dimension(1+dimension)/2

{(", $, 0) ∈ : " ≤ $ log(det(0/$)), 0is a PSD matrix, $ > 0}ℝ2+dimension2

{(", 0) ∈ : " ≤ &("(0 , 0is the upper triangle of a PSD matrix}ℝ1+dimension(1+dimension)/2 )1/dimension

{(", 0) ∈ : " ≤ det(0 , 0is a PSD matrix}ℝ1+dimension2
)1/dimension

ℤ
{0, 1}

{0} ∪ [2*.(3, $//(3]
{0} ∪ {2*.(3, 2*.(3 + 1, … , $//(3 − 1, $//(3}

Manual � Edit on GitHub � �

ManualManual
LessThan(upper)LessThan(upper) : 

GreaterThan(lower)GreaterThan(lower) : 

EqualTo(value)EqualTo(value) : 

Reals(dimension)Reals(dimension) : 

Zeros(dimension)Zeros(dimension) : 

Nonnegatives(dimension)Nonnegatives(dimension) : 

Nonpositives(dimension)Nonpositives(dimension) : 

NormInfinityCone(dimension)NormInfinityCone(dimension) : 

NormOneCone(dimension)NormOneCone(dimension) : 

SecondOrderCone(dimension)SecondOrderCone(dimension) : 

RotatedSecondOrderCone(dimension)RotatedSecondOrderCone(dimension) : 

GeometricMeanCone(dimension)GeometricMeanCone(dimension) :  where  is 

ExponentialCone()ExponentialCone() : 

DualExponentialCone()DualExponentialCone() : 

PowerCone(exponent)PowerCone(exponent) : 

DualPowerCone(exponent)DualPowerCone(exponent) : 

RelativeEntropyCone(dimension)RelativeEntropyCone(dimension) : 

NormSpectralCone(row_dim, column_dim)NormSpectralCone(row_dim, column_dim) : 

NormNuclearCone(row_dim, column_dim)NormNuclearCone(row_dim, column_dim) : 

PositiveSemidefiniteConeTriangle(dimension)PositiveSemidefiniteConeTriangle(dimension) : 

PositiveSemidefiniteConeSquare(dimension)PositiveSemidefiniteConeSquare(dimension) : 

LogDetConeTriangle(dimension)LogDetConeTriangle(dimension) : 

LogDetConeSquare(dimension)LogDetConeSquare(dimension) : 

RootDetConeTriangle(dimension)RootDetConeTriangle(dimension) : 

RootDetConeSquare(dimension)RootDetConeSquare(dimension) : 

Integer()Integer() : 

ZeroOne()ZeroOne() : 

Semicontinuous(lower,upper)Semicontinuous(lower,upper) : 

Semiinteger(lower,upper)Semiinteger(lower,upper) : 

{! ∈ ℝ : ! ≤ upper}
{! ∈ ℝ : ! ≥ lower}

{! ∈ ℝ : ! = value}
ℝdimension

0dimension

{! ∈ : ! ≥ 0}ℝdimension

{! ∈ : ! ≤ 0}ℝdimension

{(", !) ∈ : " ≥ ‖! = | |}ℝdimension ‖∞ max# !#

{(", !) ∈ : " ≥ ‖! = | |}ℝdimension ‖1 ∑# !#

{(", !) ∈ : " ≥ ||!| }ℝdimension |2

{(", $, !) ∈ : 2"$ ≥ ||!| , ", $ ≥ 0}ℝdimension |2
2

{(", !) ∈ : ! ≥ 0, " ≤ }ℝ%+1 ⋯!1!2 !%‾ ‾‾‾‾‾‾‾‾‾√% % &#'(%)#*% − 1
{(!, +, ,) ∈ : + exp(!/+) ≤ ,, + > 0}ℝ3

{($, -, .) ∈ : −$ exp(-/$) ≤ (!/(1)., $ < 0}ℝ3

{(!, +, ,) ∈ : ≥ |,|, !, + ≥ 0}ℝ3 !exponent+1−exponent

{($, -, .) ∈ : ≥ |.|, $, - ≥ 0}ℝ3 $
exponent

exponent -
1−exponent

1−exponent

{($, -, .) ∈ : $ ≥ log( ), ≥ 0, ≥ 0}ℝdimension ∑# .#
.#
-#

-# .#

{(", 0) ∈ : " ≥ (0), 0is a matrix with row_dim rows and column_dim columns}ℝ1+row_dim×column_dim 11

{(", 0) ∈ : " ≥ (0), 0is a matrix with row_dim rows and column_dim columns}ℝ1+row_dim×column_dim ∑# 1#

{0 ∈ : 0is the upper triangle of a PSD matrix}ℝdimension(dimension+1)/2

{0 ∈ : 0is a PSD matrix}ℝdimension2

{(", $, 0) ∈ : " ≤ $ log(det(0/$)), 0is the upper triangle of a PSD matrix, $ > 0}ℝ2+dimension(1+dimension)/2

{(", $, 0) ∈ : " ≤ $ log(det(0/$)), 0is a PSD matrix, $ > 0}ℝ2+dimension2

{(", 0) ∈ : " ≤ &("(0 , 0is the upper triangle of a PSD matrix}ℝ1+dimension(1+dimension)/2 )1/dimension

{(", 0) ∈ : " ≤ det(0 , 0is a PSD matrix}ℝ1+dimension2
)1/dimension

ℤ
{0, 1}

{0} ∪ [2*.(3, $//(3]
{0} ∪ {2*.(3, 2*.(3 + 1, … , $//(3 − 1, $//(3}

Manual � Edit on GitHub � �

ManualManual
LessThan(upper)LessThan(upper) : 

GreaterThan(lower)GreaterThan(lower) : 

EqualTo(value)EqualTo(value) : 

Reals(dimension)Reals(dimension) : 

Zeros(dimension)Zeros(dimension) : 

Nonnegatives(dimension)Nonnegatives(dimension) : 

Nonpositives(dimension)Nonpositives(dimension) : 

NormInfinityCone(dimension)NormInfinityCone(dimension) : 

NormOneCone(dimension)NormOneCone(dimension) : 

SecondOrderCone(dimension)SecondOrderCone(dimension) : 

RotatedSecondOrderCone(dimension)RotatedSecondOrderCone(dimension) : 

GeometricMeanCone(dimension)GeometricMeanCone(dimension) :  where  is 

ExponentialCone()ExponentialCone() : 

DualExponentialCone()DualExponentialCone() : 

PowerCone(exponent)PowerCone(exponent) : 

DualPowerCone(exponent)DualPowerCone(exponent) : 

RelativeEntropyCone(dimension)RelativeEntropyCone(dimension) : 

NormSpectralCone(row_dim, column_dim)NormSpectralCone(row_dim, column_dim) : 

NormNuclearCone(row_dim, column_dim)NormNuclearCone(row_dim, column_dim) : 

PositiveSemidefiniteConeTriangle(dimension)PositiveSemidefiniteConeTriangle(dimension) : 

PositiveSemidefiniteConeSquare(dimension)PositiveSemidefiniteConeSquare(dimension) : 

LogDetConeTriangle(dimension)LogDetConeTriangle(dimension) : 

LogDetConeSquare(dimension)LogDetConeSquare(dimension) : 

RootDetConeTriangle(dimension)RootDetConeTriangle(dimension) : 

RootDetConeSquare(dimension)RootDetConeSquare(dimension) : 

Integer()Integer() : 

ZeroOne()ZeroOne() : 

Semicontinuous(lower,upper)Semicontinuous(lower,upper) : 

Semiinteger(lower,upper)Semiinteger(lower,upper) : 

{! ∈ ℝ : ! ≤ upper}
{! ∈ ℝ : ! ≥ lower}

{! ∈ ℝ : ! = value}
ℝdimension

0dimension

{! ∈ : ! ≥ 0}ℝdimension

{! ∈ : ! ≤ 0}ℝdimension

{(", !) ∈ : " ≥ ‖! = | |}ℝdimension ‖∞ max# !#

{(", !) ∈ : " ≥ ‖! = | |}ℝdimension ‖1 ∑# !#

{(", !) ∈ : " ≥ ||!| }ℝdimension |2

{(", $, !) ∈ : 2"$ ≥ ||!| , ", $ ≥ 0}ℝdimension |2
2

{(", !) ∈ : ! ≥ 0, " ≤ }ℝ%+1 ⋯!1!2 !%‾ ‾‾‾‾‾‾‾‾‾√% % &#'(%)#*% − 1
{(!, +, ,) ∈ : + exp(!/+) ≤ ,, + > 0}ℝ3

{($, -, .) ∈ : −$ exp(-/$) ≤ (!/(1)., $ < 0}ℝ3

{(!, +, ,) ∈ : ≥ |,|, !, + ≥ 0}ℝ3 !exponent+1−exponent

{($, -, .) ∈ : ≥ |.|, $, - ≥ 0}ℝ3 $
exponent

exponent -
1−exponent

1−exponent

{($, -, .) ∈ : $ ≥ log( ), ≥ 0, ≥ 0}ℝdimension ∑# .#
.#
-#

-# .#

{(", 0) ∈ : " ≥ (0), 0is a matrix with row_dim rows and column_dim columns}ℝ1+row_dim×column_dim 11

{(", 0) ∈ : " ≥ (0), 0is a matrix with row_dim rows and column_dim columns}ℝ1+row_dim×column_dim ∑# 1#

{0 ∈ : 0is the upper triangle of a PSD matrix}ℝdimension(dimension+1)/2

{0 ∈ : 0is a PSD matrix}ℝdimension2

{(", $, 0) ∈ : " ≤ $ log(det(0/$)), 0is the upper triangle of a PSD matrix, $ > 0}ℝ2+dimension(1+dimension)/2

{(", $, 0) ∈ : " ≤ $ log(det(0/$)), 0is a PSD matrix, $ > 0}ℝ2+dimension2

{(", 0) ∈ : " ≤ &("(0 , 0is the upper triangle of a PSD matrix}ℝ1+dimension(1+dimension)/2 )1/dimension

{(", 0) ∈ : " ≤ det(0 , 0is a PSD matrix}ℝ1+dimension2
)1/dimension

ℤ
{0, 1}

{0} ∪ [2*.(3, $//(3]
{0} ∪ {2*.(3, 2*.(3 + 1, … , $//(3 − 1, $//(3}

Manual � Edit on GitHub � �

ManualManual
LessThan(upper)LessThan(upper) : 

GreaterThan(lower)GreaterThan(lower) : 

EqualTo(value)EqualTo(value) : 

Reals(dimension)Reals(dimension) : 

Zeros(dimension)Zeros(dimension) : 

Nonnegatives(dimension)Nonnegatives(dimension) : 

Nonpositives(dimension)Nonpositives(dimension) : 

NormInfinityCone(dimension)NormInfinityCone(dimension) : 

NormOneCone(dimension)NormOneCone(dimension) : 

SecondOrderCone(dimension)SecondOrderCone(dimension) : 

RotatedSecondOrderCone(dimension)RotatedSecondOrderCone(dimension) : 

GeometricMeanCone(dimension)GeometricMeanCone(dimension) :  where  is 

ExponentialCone()ExponentialCone() : 

DualExponentialCone()DualExponentialCone() : 

PowerCone(exponent)PowerCone(exponent) : 

DualPowerCone(exponent)DualPowerCone(exponent) : 

RelativeEntropyCone(dimension)RelativeEntropyCone(dimension) : 

NormSpectralCone(row_dim, column_dim)NormSpectralCone(row_dim, column_dim) : 

NormNuclearCone(row_dim, column_dim)NormNuclearCone(row_dim, column_dim) : 

PositiveSemidefiniteConeTriangle(dimension)PositiveSemidefiniteConeTriangle(dimension) : 

PositiveSemidefiniteConeSquare(dimension)PositiveSemidefiniteConeSquare(dimension) : 

LogDetConeTriangle(dimension)LogDetConeTriangle(dimension) : 

LogDetConeSquare(dimension)LogDetConeSquare(dimension) : 

RootDetConeTriangle(dimension)RootDetConeTriangle(dimension) : 

RootDetConeSquare(dimension)RootDetConeSquare(dimension) : 

Integer()Integer() : 

ZeroOne()ZeroOne() : 

Semicontinuous(lower,upper)Semicontinuous(lower,upper) : 

Semiinteger(lower,upper)Semiinteger(lower,upper) : 

{! ∈ ℝ : ! ≤ upper}
{! ∈ ℝ : ! ≥ lower}

{! ∈ ℝ : ! = value}
ℝdimension

0dimension

{! ∈ : ! ≥ 0}ℝdimension

{! ∈ : ! ≤ 0}ℝdimension

{(", !) ∈ : " ≥ ‖! = | |}ℝdimension ‖∞ max# !#

{(", !) ∈ : " ≥ ‖! = | |}ℝdimension ‖1 ∑# !#

{(", !) ∈ : " ≥ ||!| }ℝdimension |2

{(", $, !) ∈ : 2"$ ≥ ||!| , ", $ ≥ 0}ℝdimension |2
2

{(", !) ∈ : ! ≥ 0, " ≤ }ℝ%+1 ⋯!1!2 !%‾ ‾‾‾‾‾‾‾‾‾√% % &#'(%)#*% − 1
{(!, +, ,) ∈ : + exp(!/+) ≤ ,, + > 0}ℝ3

{($, -, .) ∈ : −$ exp(-/$) ≤ (!/(1)., $ < 0}ℝ3

{(!, +, ,) ∈ : ≥ |,|, !, + ≥ 0}ℝ3 !exponent+1−exponent

{($, -, .) ∈ : ≥ |.|, $, - ≥ 0}ℝ3 $
exponent

exponent -
1−exponent

1−exponent

{($, -, .) ∈ : $ ≥ log( ), ≥ 0, ≥ 0}ℝdimension ∑# .#
.#
-#

-# .#

{(", 0) ∈ : " ≥ (0), 0is a matrix with row_dim rows and column_dim columns}ℝ1+row_dim×column_dim 11

{(", 0) ∈ : " ≥ (0), 0is a matrix with row_dim rows and column_dim columns}ℝ1+row_dim×column_dim ∑# 1#

{0 ∈ : 0is the upper triangle of a PSD matrix}ℝdimension(dimension+1)/2

{0 ∈ : 0is a PSD matrix}ℝdimension2

{(", $, 0) ∈ : " ≤ $ log(det(0/$)), 0is the upper triangle of a PSD matrix, $ > 0}ℝ2+dimension(1+dimension)/2

{(", $, 0) ∈ : " ≤ $ log(det(0/$)), 0is a PSD matrix, $ > 0}ℝ2+dimension2

{(", 0) ∈ : " ≤ &("(0 , 0is the upper triangle of a PSD matrix}ℝ1+dimension(1+dimension)/2 )1/dimension

{(", 0) ∈ : " ≤ det(0 , 0is a PSD matrix}ℝ1+dimension2
)1/dimension

ℤ
{0, 1}

{0} ∪ [2*.(3, $//(3]
{0} ∪ {2*.(3, 2*.(3 + 1, … , $//(3 − 1, $//(3}

Manual � Edit on GitHub � �

ManualManual
LessThan(upper)LessThan(upper) : 

GreaterThan(lower)GreaterThan(lower) : 

EqualTo(value)EqualTo(value) : 

Reals(dimension)Reals(dimension) : 

Zeros(dimension)Zeros(dimension) : 

Nonnegatives(dimension)Nonnegatives(dimension) : 

Nonpositives(dimension)Nonpositives(dimension) : 

NormInfinityCone(dimension)NormInfinityCone(dimension) : 

NormOneCone(dimension)NormOneCone(dimension) : 

SecondOrderCone(dimension)SecondOrderCone(dimension) : 

RotatedSecondOrderCone(dimension)RotatedSecondOrderCone(dimension) : 

GeometricMeanCone(dimension)GeometricMeanCone(dimension) :  where  is 

ExponentialCone()ExponentialCone() : 

DualExponentialCone()DualExponentialCone() : 

PowerCone(exponent)PowerCone(exponent) : 

DualPowerCone(exponent)DualPowerCone(exponent) : 

RelativeEntropyCone(dimension)RelativeEntropyCone(dimension) : 

NormSpectralCone(row_dim, column_dim)NormSpectralCone(row_dim, column_dim) : 

NormNuclearCone(row_dim, column_dim)NormNuclearCone(row_dim, column_dim) : 

PositiveSemidefiniteConeTriangle(dimension)PositiveSemidefiniteConeTriangle(dimension) : 

PositiveSemidefiniteConeSquare(dimension)PositiveSemidefiniteConeSquare(dimension) : 

LogDetConeTriangle(dimension)LogDetConeTriangle(dimension) : 

LogDetConeSquare(dimension)LogDetConeSquare(dimension) : 

RootDetConeTriangle(dimension)RootDetConeTriangle(dimension) : 

RootDetConeSquare(dimension)RootDetConeSquare(dimension) : 

Integer()Integer() : 

ZeroOne()ZeroOne() : 

Semicontinuous(lower,upper)Semicontinuous(lower,upper) : 

Semiinteger(lower,upper)Semiinteger(lower,upper) : 

{! ∈ ℝ : ! ≤ upper}
{! ∈ ℝ : ! ≥ lower}

{! ∈ ℝ : ! = value}
ℝdimension

0dimension

{! ∈ : ! ≥ 0}ℝdimension

{! ∈ : ! ≤ 0}ℝdimension

{(", !) ∈ : " ≥ ‖! = | |}ℝdimension ‖∞ max# !#

{(", !) ∈ : " ≥ ‖! = | |}ℝdimension ‖1 ∑# !#

{(", !) ∈ : " ≥ ||!| }ℝdimension |2

{(", $, !) ∈ : 2"$ ≥ ||!| , ", $ ≥ 0}ℝdimension |2
2

{(", !) ∈ : ! ≥ 0, " ≤ }ℝ%+1 ⋯!1!2 !%‾ ‾‾‾‾‾‾‾‾‾√% % &#'(%)#*% − 1
{(!, +, ,) ∈ : + exp(!/+) ≤ ,, + > 0}ℝ3

{($, -, .) ∈ : −$ exp(-/$) ≤ (!/(1)., $ < 0}ℝ3

{(!, +, ,) ∈ : ≥ |,|, !, + ≥ 0}ℝ3 !exponent+1−exponent

{($, -, .) ∈ : ≥ |.|, $, - ≥ 0}ℝ3 $
exponent

exponent -
1−exponent

1−exponent

{($, -, .) ∈ : $ ≥ log( ), ≥ 0, ≥ 0}ℝdimension ∑# .#
.#
-#

-# .#

{(", 0) ∈ : " ≥ (0), 0is a matrix with row_dim rows and column_dim columns}ℝ1+row_dim×column_dim 11

{(", 0) ∈ : " ≥ (0), 0is a matrix with row_dim rows and column_dim columns}ℝ1+row_dim×column_dim ∑# 1#

{0 ∈ : 0is the upper triangle of a PSD matrix}ℝdimension(dimension+1)/2

{0 ∈ : 0is a PSD matrix}ℝdimension2

{(", $, 0) ∈ : " ≤ $ log(det(0/$)), 0is the upper triangle of a PSD matrix, $ > 0}ℝ2+dimension(1+dimension)/2

{(", $, 0) ∈ : " ≤ $ log(det(0/$)), 0is a PSD matrix, $ > 0}ℝ2+dimension2

{(", 0) ∈ : " ≤ &("(0 , 0is the upper triangle of a PSD matrix}ℝ1+dimension(1+dimension)/2 )1/dimension

{(", 0) ∈ : " ≤ det(0 , 0is a PSD matrix}ℝ1+dimension2
)1/dimension

ℤ
{0, 1}

{0} ∪ [2*.(3, $//(3]
{0} ∪ {2*.(3, 2*.(3 + 1, … , $//(3 − 1, $//(3}

Manual � Edit on GitHub � �

ManualManual
LessThan(upper)LessThan(upper) : 

GreaterThan(lower)GreaterThan(lower) : 

EqualTo(value)EqualTo(value) : 

Reals(dimension)Reals(dimension) : 

Zeros(dimension)Zeros(dimension) : 

Nonnegatives(dimension)Nonnegatives(dimension) : 

Nonpositives(dimension)Nonpositives(dimension) : 

NormInfinityCone(dimension)NormInfinityCone(dimension) : 

NormOneCone(dimension)NormOneCone(dimension) : 

SecondOrderCone(dimension)SecondOrderCone(dimension) : 

RotatedSecondOrderCone(dimension)RotatedSecondOrderCone(dimension) : 

GeometricMeanCone(dimension)GeometricMeanCone(dimension) :  where  is 

ExponentialCone()ExponentialCone() : 

DualExponentialCone()DualExponentialCone() : 

PowerCone(exponent)PowerCone(exponent) : 

DualPowerCone(exponent)DualPowerCone(exponent) : 

RelativeEntropyCone(dimension)RelativeEntropyCone(dimension) : 

NormSpectralCone(row_dim, column_dim)NormSpectralCone(row_dim, column_dim) : 

NormNuclearCone(row_dim, column_dim)NormNuclearCone(row_dim, column_dim) : 

PositiveSemidefiniteConeTriangle(dimension)PositiveSemidefiniteConeTriangle(dimension) : 

PositiveSemidefiniteConeSquare(dimension)PositiveSemidefiniteConeSquare(dimension) : 

LogDetConeTriangle(dimension)LogDetConeTriangle(dimension) : 

LogDetConeSquare(dimension)LogDetConeSquare(dimension) : 

RootDetConeTriangle(dimension)RootDetConeTriangle(dimension) : 

RootDetConeSquare(dimension)RootDetConeSquare(dimension) : 

Integer()Integer() : 

ZeroOne()ZeroOne() : 

Semicontinuous(lower,upper)Semicontinuous(lower,upper) : 

Semiinteger(lower,upper)Semiinteger(lower,upper) : 

{! ∈ ℝ : ! ≤ upper}
{! ∈ ℝ : ! ≥ lower}

{! ∈ ℝ : ! = value}
ℝdimension

0dimension

{! ∈ : ! ≥ 0}ℝdimension

{! ∈ : ! ≤ 0}ℝdimension

{(", !) ∈ : " ≥ ‖! = | |}ℝdimension ‖∞ max# !#

{(", !) ∈ : " ≥ ‖! = | |}ℝdimension ‖1 ∑# !#

{(", !) ∈ : " ≥ ||!| }ℝdimension |2

{(", $, !) ∈ : 2"$ ≥ ||!| , ", $ ≥ 0}ℝdimension |2
2

{(", !) ∈ : ! ≥ 0, " ≤ }ℝ%+1 ⋯!1!2 !%‾ ‾‾‾‾‾‾‾‾‾√% % &#'(%)#*% − 1
{(!, +, ,) ∈ : + exp(!/+) ≤ ,, + > 0}ℝ3

{($, -, .) ∈ : −$ exp(-/$) ≤ (!/(1)., $ < 0}ℝ3

{(!, +, ,) ∈ : ≥ |,|, !, + ≥ 0}ℝ3 !exponent+1−exponent

{($, -, .) ∈ : ≥ |.|, $, - ≥ 0}ℝ3 $
exponent

exponent -
1−exponent

1−exponent

{($, -, .) ∈ : $ ≥ log( ), ≥ 0, ≥ 0}ℝdimension ∑# .#
.#
-#

-# .#

{(", 0) ∈ : " ≥ (0), 0is a matrix with row_dim rows and column_dim columns}ℝ1+row_dim×column_dim 11

{(", 0) ∈ : " ≥ (0), 0is a matrix with row_dim rows and column_dim columns}ℝ1+row_dim×column_dim ∑# 1#

{0 ∈ : 0is the upper triangle of a PSD matrix}ℝdimension(dimension+1)/2

{0 ∈ : 0is a PSD matrix}ℝdimension2

{(", $, 0) ∈ : " ≤ $ log(det(0/$)), 0is the upper triangle of a PSD matrix, $ > 0}ℝ2+dimension(1+dimension)/2

{(", $, 0) ∈ : " ≤ $ log(det(0/$)), 0is a PSD matrix, $ > 0}ℝ2+dimension2

{(", 0) ∈ : " ≤ &("(0 , 0is the upper triangle of a PSD matrix}ℝ1+dimension(1+dimension)/2 )1/dimension

{(", 0) ∈ : " ≤ det(0 , 0is a PSD matrix}ℝ1+dimension2
)1/dimension

ℤ
{0, 1}

{0} ∪ [2*.(3, $//(3]
{0} ∪ {2*.(3, 2*.(3 + 1, … , $//(3 − 1, $//(3}

Manual � Edit on GitHub � �

ManualManual
LessThan(upper)LessThan(upper) : 

GreaterThan(lower)GreaterThan(lower) : 

EqualTo(value)EqualTo(value) : 

Reals(dimension)Reals(dimension) : 

Zeros(dimension)Zeros(dimension) : 

Nonnegatives(dimension)Nonnegatives(dimension) : 

Nonpositives(dimension)Nonpositives(dimension) : 

NormInfinityCone(dimension)NormInfinityCone(dimension) : 

NormOneCone(dimension)NormOneCone(dimension) : 

SecondOrderCone(dimension)SecondOrderCone(dimension) : 

RotatedSecondOrderCone(dimension)RotatedSecondOrderCone(dimension) : 

GeometricMeanCone(dimension)GeometricMeanCone(dimension) :  where  is 

ExponentialCone()ExponentialCone() : 

DualExponentialCone()DualExponentialCone() : 

PowerCone(exponent)PowerCone(exponent) : 

DualPowerCone(exponent)DualPowerCone(exponent) : 

RelativeEntropyCone(dimension)RelativeEntropyCone(dimension) : 

NormSpectralCone(row_dim, column_dim)NormSpectralCone(row_dim, column_dim) : 

NormNuclearCone(row_dim, column_dim)NormNuclearCone(row_dim, column_dim) : 

PositiveSemidefiniteConeTriangle(dimension)PositiveSemidefiniteConeTriangle(dimension) : 

PositiveSemidefiniteConeSquare(dimension)PositiveSemidefiniteConeSquare(dimension) : 

LogDetConeTriangle(dimension)LogDetConeTriangle(dimension) : 

LogDetConeSquare(dimension)LogDetConeSquare(dimension) : 

RootDetConeTriangle(dimension)RootDetConeTriangle(dimension) : 

RootDetConeSquare(dimension)RootDetConeSquare(dimension) : 

Integer()Integer() : 

ZeroOne()ZeroOne() : 

Semicontinuous(lower,upper)Semicontinuous(lower,upper) : 

Semiinteger(lower,upper)Semiinteger(lower,upper) : 

{! ∈ ℝ : ! ≤ upper}
{! ∈ ℝ : ! ≥ lower}

{! ∈ ℝ : ! = value}
ℝdimension

0dimension

{! ∈ : ! ≥ 0}ℝdimension

{! ∈ : ! ≤ 0}ℝdimension

{(", !) ∈ : " ≥ ‖! = | |}ℝdimension ‖∞ max# !#

{(", !) ∈ : " ≥ ‖! = | |}ℝdimension ‖1 ∑# !#

{(", !) ∈ : " ≥ ||!| }ℝdimension |2

{(", $, !) ∈ : 2"$ ≥ ||!| , ", $ ≥ 0}ℝdimension |2
2

{(", !) ∈ : ! ≥ 0, " ≤ }ℝ%+1 ⋯!1!2 !%‾ ‾‾‾‾‾‾‾‾‾√% % &#'(%)#*% − 1
{(!, +, ,) ∈ : + exp(!/+) ≤ ,, + > 0}ℝ3

{($, -, .) ∈ : −$ exp(-/$) ≤ (!/(1)., $ < 0}ℝ3

{(!, +, ,) ∈ : ≥ |,|, !, + ≥ 0}ℝ3 !exponent+1−exponent

{($, -, .) ∈ : ≥ |.|, $, - ≥ 0}ℝ3 $
exponent

exponent -
1−exponent

1−exponent

{($, -, .) ∈ : $ ≥ log( ), ≥ 0, ≥ 0}ℝdimension ∑# .#
.#
-#

-# .#

{(", 0) ∈ : " ≥ (0), 0is a matrix with row_dim rows and column_dim columns}ℝ1+row_dim×column_dim 11

{(", 0) ∈ : " ≥ (0), 0is a matrix with row_dim rows and column_dim columns}ℝ1+row_dim×column_dim ∑# 1#

{0 ∈ : 0is the upper triangle of a PSD matrix}ℝdimension(dimension+1)/2

{0 ∈ : 0is a PSD matrix}ℝdimension2

{(", $, 0) ∈ : " ≤ $ log(det(0/$)), 0is the upper triangle of a PSD matrix, $ > 0}ℝ2+dimension(1+dimension)/2

{(", $, 0) ∈ : " ≤ $ log(det(0/$)), 0is a PSD matrix, $ > 0}ℝ2+dimension2

{(", 0) ∈ : " ≤ &("(0 , 0is the upper triangle of a PSD matrix}ℝ1+dimension(1+dimension)/2 )1/dimension

{(", 0) ∈ : " ≤ det(0 , 0is a PSD matrix}ℝ1+dimension2
)1/dimension

ℤ
{0, 1}

{0} ∪ [2*.(3, $//(3]
{0} ∪ {2*.(3, 2*.(3 + 1, … , $//(3 − 1, $//(3}

Manual � Edit on GitHub � �

ManualManual
LessThan(upper)LessThan(upper) : 

GreaterThan(lower)GreaterThan(lower) : 

EqualTo(value)EqualTo(value) : 

Reals(dimension)Reals(dimension) : 

Zeros(dimension)Zeros(dimension) : 

Nonnegatives(dimension)Nonnegatives(dimension) : 

Nonpositives(dimension)Nonpositives(dimension) : 

NormInfinityCone(dimension)NormInfinityCone(dimension) : 

NormOneCone(dimension)NormOneCone(dimension) : 

SecondOrderCone(dimension)SecondOrderCone(dimension) : 

RotatedSecondOrderCone(dimension)RotatedSecondOrderCone(dimension) : 

GeometricMeanCone(dimension)GeometricMeanCone(dimension) :  where  is 

ExponentialCone()ExponentialCone() : 

DualExponentialCone()DualExponentialCone() : 

PowerCone(exponent)PowerCone(exponent) : 

DualPowerCone(exponent)DualPowerCone(exponent) : 

RelativeEntropyCone(dimension)RelativeEntropyCone(dimension) : 

NormSpectralCone(row_dim, column_dim)NormSpectralCone(row_dim, column_dim) : 

NormNuclearCone(row_dim, column_dim)NormNuclearCone(row_dim, column_dim) : 

PositiveSemidefiniteConeTriangle(dimension)PositiveSemidefiniteConeTriangle(dimension) : 

PositiveSemidefiniteConeSquare(dimension)PositiveSemidefiniteConeSquare(dimension) : 

LogDetConeTriangle(dimension)LogDetConeTriangle(dimension) : 

LogDetConeSquare(dimension)LogDetConeSquare(dimension) : 

RootDetConeTriangle(dimension)RootDetConeTriangle(dimension) : 

RootDetConeSquare(dimension)RootDetConeSquare(dimension) : 

Integer()Integer() : 

ZeroOne()ZeroOne() : 

Semicontinuous(lower,upper)Semicontinuous(lower,upper) : 

Semiinteger(lower,upper)Semiinteger(lower,upper) : 

{! ∈ ℝ : ! ≤ upper}
{! ∈ ℝ : ! ≥ lower}

{! ∈ ℝ : ! = value}
ℝdimension

0dimension

{! ∈ : ! ≥ 0}ℝdimension

{! ∈ : ! ≤ 0}ℝdimension

{(", !) ∈ : " ≥ ‖! = | |}ℝdimension ‖∞ max# !#

{(", !) ∈ : " ≥ ‖! = | |}ℝdimension ‖1 ∑# !#

{(", !) ∈ : " ≥ ||!| }ℝdimension |2

{(", $, !) ∈ : 2"$ ≥ ||!| , ", $ ≥ 0}ℝdimension |2
2

{(", !) ∈ : ! ≥ 0, " ≤ }ℝ%+1 ⋯!1!2 !%‾ ‾‾‾‾‾‾‾‾‾√% % &#'(%)#*% − 1
{(!, +, ,) ∈ : + exp(!/+) ≤ ,, + > 0}ℝ3

{($, -, .) ∈ : −$ exp(-/$) ≤ (!/(1)., $ < 0}ℝ3

{(!, +, ,) ∈ : ≥ |,|, !, + ≥ 0}ℝ3 !exponent+1−exponent

{($, -, .) ∈ : ≥ |.|, $, - ≥ 0}ℝ3 $
exponent

exponent -
1−exponent

1−exponent

{($, -, .) ∈ : $ ≥ log( ), ≥ 0, ≥ 0}ℝdimension ∑# .#
.#
-#

-# .#

{(", 0) ∈ : " ≥ (0), 0is a matrix with row_dim rows and column_dim columns}ℝ1+row_dim×column_dim 11

{(", 0) ∈ : " ≥ (0), 0is a matrix with row_dim rows and column_dim columns}ℝ1+row_dim×column_dim ∑# 1#

{0 ∈ : 0is the upper triangle of a PSD matrix}ℝdimension(dimension+1)/2

{0 ∈ : 0is a PSD matrix}ℝdimension2

{(", $, 0) ∈ : " ≤ $ log(det(0/$)), 0is the upper triangle of a PSD matrix, $ > 0}ℝ2+dimension(1+dimension)/2

{(", $, 0) ∈ : " ≤ $ log(det(0/$)), 0is a PSD matrix, $ > 0}ℝ2+dimension2

{(", 0) ∈ : " ≤ &("(0 , 0is the upper triangle of a PSD matrix}ℝ1+dimension(1+dimension)/2 )1/dimension

{(", 0) ∈ : " ≤ det(0 , 0is a PSD matrix}ℝ1+dimension2
)1/dimension

ℤ
{0, 1}

{0} ∪ [2*.(3, $//(3]
{0} ∪ {2*.(3, 2*.(3 + 1, … , $//(3 − 1, $//(3}

Manual � Edit on GitHub � �

ManualManual
LessThan(upper)LessThan(upper) : 

GreaterThan(lower)GreaterThan(lower) : 

EqualTo(value)EqualTo(value) : 

Reals(dimension)Reals(dimension) : 

Zeros(dimension)Zeros(dimension) : 

Nonnegatives(dimension)Nonnegatives(dimension) : 

Nonpositives(dimension)Nonpositives(dimension) : 

NormInfinityCone(dimension)NormInfinityCone(dimension) : 

NormOneCone(dimension)NormOneCone(dimension) : 

SecondOrderCone(dimension)SecondOrderCone(dimension) : 

RotatedSecondOrderCone(dimension)RotatedSecondOrderCone(dimension) : 

GeometricMeanCone(dimension)GeometricMeanCone(dimension) :  where  is 

ExponentialCone()ExponentialCone() : 

DualExponentialCone()DualExponentialCone() : 

PowerCone(exponent)PowerCone(exponent) : 

DualPowerCone(exponent)DualPowerCone(exponent) : 

RelativeEntropyCone(dimension)RelativeEntropyCone(dimension) : 

NormSpectralCone(row_dim, column_dim)NormSpectralCone(row_dim, column_dim) : 

NormNuclearCone(row_dim, column_dim)NormNuclearCone(row_dim, column_dim) : 

PositiveSemidefiniteConeTriangle(dimension)PositiveSemidefiniteConeTriangle(dimension) : 

PositiveSemidefiniteConeSquare(dimension)PositiveSemidefiniteConeSquare(dimension) : 

LogDetConeTriangle(dimension)LogDetConeTriangle(dimension) : 

LogDetConeSquare(dimension)LogDetConeSquare(dimension) : 

RootDetConeTriangle(dimension)RootDetConeTriangle(dimension) : 

RootDetConeSquare(dimension)RootDetConeSquare(dimension) : 

Integer()Integer() : 

ZeroOne()ZeroOne() : 

Semicontinuous(lower,upper)Semicontinuous(lower,upper) : 

Semiinteger(lower,upper)Semiinteger(lower,upper) : 

{! ∈ ℝ : ! ≤ upper}
{! ∈ ℝ : ! ≥ lower}

{! ∈ ℝ : ! = value}
ℝdimension

0dimension

{! ∈ : ! ≥ 0}ℝdimension

{! ∈ : ! ≤ 0}ℝdimension

{(", !) ∈ : " ≥ ‖! = | |}ℝdimension ‖∞ max# !#

{(", !) ∈ : " ≥ ‖! = | |}ℝdimension ‖1 ∑# !#

{(", !) ∈ : " ≥ ||!| }ℝdimension |2

{(", $, !) ∈ : 2"$ ≥ ||!| , ", $ ≥ 0}ℝdimension |2
2

{(", !) ∈ : ! ≥ 0, " ≤ }ℝ%+1 ⋯!1!2 !%‾ ‾‾‾‾‾‾‾‾‾√% % &#'(%)#*% − 1
{(!, +, ,) ∈ : + exp(!/+) ≤ ,, + > 0}ℝ3

{($, -, .) ∈ : −$ exp(-/$) ≤ (!/(1)., $ < 0}ℝ3

{(!, +, ,) ∈ : ≥ |,|, !, + ≥ 0}ℝ3 !exponent+1−exponent

{($, -, .) ∈ : ≥ |.|, $, - ≥ 0}ℝ3 $
exponent

exponent -
1−exponent

1−exponent

{($, -, .) ∈ : $ ≥ log( ), ≥ 0, ≥ 0}ℝdimension ∑# .#
.#
-#

-# .#

{(", 0) ∈ : " ≥ (0), 0is a matrix with row_dim rows and column_dim columns}ℝ1+row_dim×column_dim 11

{(", 0) ∈ : " ≥ (0), 0is a matrix with row_dim rows and column_dim columns}ℝ1+row_dim×column_dim ∑# 1#

{0 ∈ : 0is the upper triangle of a PSD matrix}ℝdimension(dimension+1)/2

{0 ∈ : 0is a PSD matrix}ℝdimension2

{(", $, 0) ∈ : " ≤ $ log(det(0/$)), 0is the upper triangle of a PSD matrix, $ > 0}ℝ2+dimension(1+dimension)/2

{(", $, 0) ∈ : " ≤ $ log(det(0/$)), 0is a PSD matrix, $ > 0}ℝ2+dimension2

{(", 0) ∈ : " ≤ &("(0 , 0is the upper triangle of a PSD matrix}ℝ1+dimension(1+dimension)/2 )1/dimension

{(", 0) ∈ : " ≤ det(0 , 0is a PSD matrix}ℝ1+dimension2
)1/dimension

ℤ
{0, 1}

{0} ∪ [2*.(3, $//(3]
{0} ∪ {2*.(3, 2*.(3 + 1, … , $//(3 − 1, $//(3}

Manual � Edit on GitHub � �

ManualManual
LessThan(upper)LessThan(upper) : 

GreaterThan(lower)GreaterThan(lower) : 

EqualTo(value)EqualTo(value) : 

Reals(dimension)Reals(dimension) : 

Zeros(dimension)Zeros(dimension) : 

Nonnegatives(dimension)Nonnegatives(dimension) : 

Nonpositives(dimension)Nonpositives(dimension) : 

NormInfinityCone(dimension)NormInfinityCone(dimension) : 

NormOneCone(dimension)NormOneCone(dimension) : 

SecondOrderCone(dimension)SecondOrderCone(dimension) : 

RotatedSecondOrderCone(dimension)RotatedSecondOrderCone(dimension) : 

GeometricMeanCone(dimension)GeometricMeanCone(dimension) :  where  is 

ExponentialCone()ExponentialCone() : 

DualExponentialCone()DualExponentialCone() : 

PowerCone(exponent)PowerCone(exponent) : 

DualPowerCone(exponent)DualPowerCone(exponent) : 

RelativeEntropyCone(dimension)RelativeEntropyCone(dimension) : 

NormSpectralCone(row_dim, column_dim)NormSpectralCone(row_dim, column_dim) : 

NormNuclearCone(row_dim, column_dim)NormNuclearCone(row_dim, column_dim) : 

PositiveSemidefiniteConeTriangle(dimension)PositiveSemidefiniteConeTriangle(dimension) : 

PositiveSemidefiniteConeSquare(dimension)PositiveSemidefiniteConeSquare(dimension) : 

LogDetConeTriangle(dimension)LogDetConeTriangle(dimension) : 

LogDetConeSquare(dimension)LogDetConeSquare(dimension) : 

RootDetConeTriangle(dimension)RootDetConeTriangle(dimension) : 

RootDetConeSquare(dimension)RootDetConeSquare(dimension) : 

Integer()Integer() : 

ZeroOne()ZeroOne() : 

Semicontinuous(lower,upper)Semicontinuous(lower,upper) : 

Semiinteger(lower,upper)Semiinteger(lower,upper) : 

{! ∈ ℝ : ! ≤ upper}
{! ∈ ℝ : ! ≥ lower}

{! ∈ ℝ : ! = value}
ℝdimension

0dimension

{! ∈ : ! ≥ 0}ℝdimension

{! ∈ : ! ≤ 0}ℝdimension

{(", !) ∈ : " ≥ ‖! = | |}ℝdimension ‖∞ max# !#

{(", !) ∈ : " ≥ ‖! = | |}ℝdimension ‖1 ∑# !#

{(", !) ∈ : " ≥ ||!| }ℝdimension |2

{(", $, !) ∈ : 2"$ ≥ ||!| , ", $ ≥ 0}ℝdimension |2
2

{(", !) ∈ : ! ≥ 0, " ≤ }ℝ%+1 ⋯!1!2 !%‾ ‾‾‾‾‾‾‾‾‾√% % &#'(%)#*% − 1
{(!, +, ,) ∈ : + exp(!/+) ≤ ,, + > 0}ℝ3

{($, -, .) ∈ : −$ exp(-/$) ≤ (!/(1)., $ < 0}ℝ3

{(!, +, ,) ∈ : ≥ |,|, !, + ≥ 0}ℝ3 !exponent+1−exponent

{($, -, .) ∈ : ≥ |.|, $, - ≥ 0}ℝ3 $
exponent

exponent -
1−exponent

1−exponent

{($, -, .) ∈ : $ ≥ log( ), ≥ 0, ≥ 0}ℝdimension ∑# .#
.#
-#

-# .#

{(", 0) ∈ : " ≥ (0), 0is a matrix with row_dim rows and column_dim columns}ℝ1+row_dim×column_dim 11

{(", 0) ∈ : " ≥ (0), 0is a matrix with row_dim rows and column_dim columns}ℝ1+row_dim×column_dim ∑# 1#

{0 ∈ : 0is the upper triangle of a PSD matrix}ℝdimension(dimension+1)/2

{0 ∈ : 0is a PSD matrix}ℝdimension2

{(", $, 0) ∈ : " ≤ $ log(det(0/$)), 0is the upper triangle of a PSD matrix, $ > 0}ℝ2+dimension(1+dimension)/2

{(", $, 0) ∈ : " ≤ $ log(det(0/$)), 0is a PSD matrix, $ > 0}ℝ2+dimension2

{(", 0) ∈ : " ≤ &("(0 , 0is the upper triangle of a PSD matrix}ℝ1+dimension(1+dimension)/2 )1/dimension

{(", 0) ∈ : " ≤ det(0 , 0is a PSD matrix}ℝ1+dimension2
)1/dimension

ℤ
{0, 1}

{0} ∪ [2*.(3, $//(3]
{0} ∪ {2*.(3, 2*.(3 + 1, … , $//(3 − 1, $//(3}

Manual � Edit on GitHub � �

ManualManual
LessThan(upper)LessThan(upper) : 

GreaterThan(lower)GreaterThan(lower) : 

EqualTo(value)EqualTo(value) : 

Reals(dimension)Reals(dimension) : 

Zeros(dimension)Zeros(dimension) : 

Nonnegatives(dimension)Nonnegatives(dimension) : 

Nonpositives(dimension)Nonpositives(dimension) : 

NormInfinityCone(dimension)NormInfinityCone(dimension) : 

NormOneCone(dimension)NormOneCone(dimension) : 

SecondOrderCone(dimension)SecondOrderCone(dimension) : 

RotatedSecondOrderCone(dimension)RotatedSecondOrderCone(dimension) : 

GeometricMeanCone(dimension)GeometricMeanCone(dimension) :  where  is 

ExponentialCone()ExponentialCone() : 

DualExponentialCone()DualExponentialCone() : 

PowerCone(exponent)PowerCone(exponent) : 

DualPowerCone(exponent)DualPowerCone(exponent) : 

RelativeEntropyCone(dimension)RelativeEntropyCone(dimension) : 

NormSpectralCone(row_dim, column_dim)NormSpectralCone(row_dim, column_dim) : 

NormNuclearCone(row_dim, column_dim)NormNuclearCone(row_dim, column_dim) : 

PositiveSemidefiniteConeTriangle(dimension)PositiveSemidefiniteConeTriangle(dimension) : 

PositiveSemidefiniteConeSquare(dimension)PositiveSemidefiniteConeSquare(dimension) : 

LogDetConeTriangle(dimension)LogDetConeTriangle(dimension) : 

LogDetConeSquare(dimension)LogDetConeSquare(dimension) : 

RootDetConeTriangle(dimension)RootDetConeTriangle(dimension) : 

RootDetConeSquare(dimension)RootDetConeSquare(dimension) : 

Integer()Integer() : 

ZeroOne()ZeroOne() : 

Semicontinuous(lower,upper)Semicontinuous(lower,upper) : 

Semiinteger(lower,upper)Semiinteger(lower,upper) : 

{! ∈ ℝ : ! ≤ upper}
{! ∈ ℝ : ! ≥ lower}

{! ∈ ℝ : ! = value}
ℝdimension

0dimension

{! ∈ : ! ≥ 0}ℝdimension

{! ∈ : ! ≤ 0}ℝdimension

{(", !) ∈ : " ≥ ‖! = | |}ℝdimension ‖∞ max# !#

{(", !) ∈ : " ≥ ‖! = | |}ℝdimension ‖1 ∑# !#

{(", !) ∈ : " ≥ ||!| }ℝdimension |2

{(", $, !) ∈ : 2"$ ≥ ||!| , ", $ ≥ 0}ℝdimension |2
2

{(", !) ∈ : ! ≥ 0, " ≤ }ℝ%+1 ⋯!1!2 !%‾ ‾‾‾‾‾‾‾‾‾√% % &#'(%)#*% − 1
{(!, +, ,) ∈ : + exp(!/+) ≤ ,, + > 0}ℝ3

{($, -, .) ∈ : −$ exp(-/$) ≤ (!/(1)., $ < 0}ℝ3

{(!, +, ,) ∈ : ≥ |,|, !, + ≥ 0}ℝ3 !exponent+1−exponent

{($, -, .) ∈ : ≥ |.|, $, - ≥ 0}ℝ3 $
exponent

exponent -
1−exponent

1−exponent

{($, -, .) ∈ : $ ≥ log( ), ≥ 0, ≥ 0}ℝdimension ∑# .#
.#
-#

-# .#

{(", 0) ∈ : " ≥ (0), 0is a matrix with row_dim rows and column_dim columns}ℝ1+row_dim×column_dim 11

{(", 0) ∈ : " ≥ (0), 0is a matrix with row_dim rows and column_dim columns}ℝ1+row_dim×column_dim ∑# 1#

{0 ∈ : 0is the upper triangle of a PSD matrix}ℝdimension(dimension+1)/2

{0 ∈ : 0is a PSD matrix}ℝdimension2

{(", $, 0) ∈ : " ≤ $ log(det(0/$)), 0is the upper triangle of a PSD matrix, $ > 0}ℝ2+dimension(1+dimension)/2

{(", $, 0) ∈ : " ≤ $ log(det(0/$)), 0is a PSD matrix, $ > 0}ℝ2+dimension2

{(", 0) ∈ : " ≤ &("(0 , 0is the upper triangle of a PSD matrix}ℝ1+dimension(1+dimension)/2 )1/dimension

{(", 0) ∈ : " ≤ det(0 , 0is a PSD matrix}ℝ1+dimension2
)1/dimension

ℤ
{0, 1}

{0} ∪ [2*.(3, $//(3]
{0} ∪ {2*.(3, 2*.(3 + 1, … , $//(3 − 1, $//(3}

Manual � Edit on GitHub � �

ManualManual
LessThan(upper)LessThan(upper) : 

GreaterThan(lower)GreaterThan(lower) : 

EqualTo(value)EqualTo(value) : 

Reals(dimension)Reals(dimension) : 

Zeros(dimension)Zeros(dimension) : 

Nonnegatives(dimension)Nonnegatives(dimension) : 

Nonpositives(dimension)Nonpositives(dimension) : 

NormInfinityCone(dimension)NormInfinityCone(dimension) : 

NormOneCone(dimension)NormOneCone(dimension) : 

SecondOrderCone(dimension)SecondOrderCone(dimension) : 

RotatedSecondOrderCone(dimension)RotatedSecondOrderCone(dimension) : 

GeometricMeanCone(dimension)GeometricMeanCone(dimension) :  where  is 

ExponentialCone()ExponentialCone() : 

DualExponentialCone()DualExponentialCone() : 

PowerCone(exponent)PowerCone(exponent) : 

DualPowerCone(exponent)DualPowerCone(exponent) : 

RelativeEntropyCone(dimension)RelativeEntropyCone(dimension) : 

NormSpectralCone(row_dim, column_dim)NormSpectralCone(row_dim, column_dim) : 

NormNuclearCone(row_dim, column_dim)NormNuclearCone(row_dim, column_dim) : 

PositiveSemidefiniteConeTriangle(dimension)PositiveSemidefiniteConeTriangle(dimension) : 

PositiveSemidefiniteConeSquare(dimension)PositiveSemidefiniteConeSquare(dimension) : 

LogDetConeTriangle(dimension)LogDetConeTriangle(dimension) : 

LogDetConeSquare(dimension)LogDetConeSquare(dimension) : 

RootDetConeTriangle(dimension)RootDetConeTriangle(dimension) : 

RootDetConeSquare(dimension)RootDetConeSquare(dimension) : 

Integer()Integer() : 

ZeroOne()ZeroOne() : 

Semicontinuous(lower,upper)Semicontinuous(lower,upper) : 

Semiinteger(lower,upper)Semiinteger(lower,upper) : 

{! ∈ ℝ : ! ≤ upper}
{! ∈ ℝ : ! ≥ lower}

{! ∈ ℝ : ! = value}
ℝdimension

0dimension

{! ∈ : ! ≥ 0}ℝdimension

{! ∈ : ! ≤ 0}ℝdimension

{(", !) ∈ : " ≥ ‖! = | |}ℝdimension ‖∞ max# !#

{(", !) ∈ : " ≥ ‖! = | |}ℝdimension ‖1 ∑# !#

{(", !) ∈ : " ≥ ||!| }ℝdimension |2

{(", $, !) ∈ : 2"$ ≥ ||!| , ", $ ≥ 0}ℝdimension |2
2

{(", !) ∈ : ! ≥ 0, " ≤ }ℝ%+1 ⋯!1!2 !%‾ ‾‾‾‾‾‾‾‾‾√% % &#'(%)#*% − 1
{(!, +, ,) ∈ : + exp(!/+) ≤ ,, + > 0}ℝ3

{($, -, .) ∈ : −$ exp(-/$) ≤ (!/(1)., $ < 0}ℝ3

{(!, +, ,) ∈ : ≥ |,|, !, + ≥ 0}ℝ3 !exponent+1−exponent

{($, -, .) ∈ : ≥ |.|, $, - ≥ 0}ℝ3 $
exponent

exponent -
1−exponent

1−exponent

{($, -, .) ∈ : $ ≥ log( ), ≥ 0, ≥ 0}ℝdimension ∑# .#
.#
-#

-# .#

{(", 0) ∈ : " ≥ (0), 0is a matrix with row_dim rows and column_dim columns}ℝ1+row_dim×column_dim 11

{(", 0) ∈ : " ≥ (0), 0is a matrix with row_dim rows and column_dim columns}ℝ1+row_dim×column_dim ∑# 1#

{0 ∈ : 0is the upper triangle of a PSD matrix}ℝdimension(dimension+1)/2

{0 ∈ : 0is a PSD matrix}ℝdimension2

{(", $, 0) ∈ : " ≤ $ log(det(0/$)), 0is the upper triangle of a PSD matrix, $ > 0}ℝ2+dimension(1+dimension)/2

{(", $, 0) ∈ : " ≤ $ log(det(0/$)), 0is a PSD matrix, $ > 0}ℝ2+dimension2

{(", 0) ∈ : " ≤ &("(0 , 0is the upper triangle of a PSD matrix}ℝ1+dimension(1+dimension)/2 )1/dimension

{(", 0) ∈ : " ≤ det(0 , 0is a PSD matrix}ℝ1+dimension2
)1/dimension

ℤ
{0, 1}

{0} ∪ [2*.(3, $//(3]
{0} ∪ {2*.(3, 2*.(3 + 1, … , $//(3 − 1, $//(3}

https://jump.dev/MathOptInterface.jl/dev/apimanual/index.html#Standard-form-problem-1

https://jump.dev/MathOptInterface.jl/dev/apimanual/index.html


Just need to port Pajarito to MathOptInterface (MOI) …

MI-convex model:
CBF, Convex.jl, CVXPY, JuMP

MI-conic solver:
Pajarito

Continuous solver:
CSDP, ECOS,

MOSEK, SCS, SDPA

MILP solver:
CBC, CPLEX, GLPK,

Gurobi, MOSEK, SCIP

conic interface

conic interface
linear/quadratic interface

(through JuMP)

Figure 1: Pajarito’s integration with MathProgBase.

coefficient vectors, variable and constraint cones expressed as lists of standard
primitive cones (1-dimensional vector sets) with corresponding ordered row in-
dices, and a vector of variable types (each continuous, binary, or general integer).
In addition to the basic linear cones (nonnegative, nonpositive, zero, and free
cones), Pajarito recognizes three standard primitive nonpolyhedral cones intro-
duced in section 1.2: exponential cones (see appendix A.1), second-order cones
(see appendix A.2), and positive semidefinite cones (see appendix A.3).19

Friberg [2016] designed the Conic Benchmark Format (CBF) as a file for-
mat originally to support mixed-integer second-order cone (SOCP) and positive
semidefinite cone (SDP) instances. In collaboration with Henrik Friberg, we
extended the format to support exponential cones in Version 2, and developed
a Julia interface ConicBenchmarkUtilities.jl to provide utilities for translating
between CBF and MathProgBase conic format.20 One may use Pajarito to
solve any instance in the Conic Benchmark Library (CBLIB), which contains
thousands of benchmark problems from a wide variety of sources.

Lubin et al. [2016] demonstrate that all 333 known MI-convex instances in
MINLPLib2 [Vigerske, 2018] are representable with linear, second-order, expo-
nential, and power cones. Since a power cone constraint is representable with
linear and exponential cone constraints, Pajarito can be used to solve any of
the MI-convex instances in MINLPLib2. We translated 115 instances from the
MINLPLIB2 library to CBF and contributed them to CBLIB.21 Many of the

19As we note in appendix A.2, Pajarito also recognizes rotated second-order cones, but for
simplicity converts them to second-order cones during preprocessing.

20Pajarito’s extensive unit tests rely on small example instances loaded from CBF files.
21Lubin et al. [2016] first translated these instances from the MINLPLIB2 library into Con-

vex.jl models. We used ConicBenchmarkUtilities.jl to translate these to CBF. The instances,
available at github.com/mlubin/MICPExperiments, are 48 ‘rsyn’ instances, 48 ‘syn’ instances,
6 ‘tls’ instances, 12 ‘clay’ instances, and the challenging ‘gams01’ instance.

21

“Only” standard cones: linear, SOCP, 
rotated SOCP, SDP, exp & power cones 
(still enough to model all MOI cones 
through bridges).

• Pajarito: A Julia?-based MICP Solver
• Chris Coey ~ July, 2018: How about a pure

Julia-based continuous solver with direct 
support for more cones (no-bridge)?

• Not experts on continuous solvers, but 
Julia makes you bold!

• Hypatia.jl



Selection of Conic Optimization @ JuMP-dev III

• The Hypatia.jl solver: conic interior point algorithms 
and interfaces (Chris Coey, MIT)

• Modeling with new and nonsymmetric cones         
(Lea Kapelevich, MIT)

• Tulip.jl: An interior-point [LP] solver with abstract linear 
algebra (Mathieu Tanneau, Polytechnique Montréal)
– Only pure Julia solver included in classical benchmarks by H. 

Mittelmann (http://plato.asu.edu/ftp/lpbar.html)

• Set Programming with JuMP
(Benoît Legat, UC Louvain)
– https://blegat.github.io/publications/#phd_thesis

• JuliaMoments
(Tillmann Weisser, Los Alamos National Laboratory)
– Dual of Sum-of-Squares

3rd JuMP-dev 
Workshop, 

Santiago, Chile,
March, 2019

Slides and videos:
https://jump.dev/meetings/santiago2019/

http://plato.asu.edu/ftp/lpbar.html
https://blegat.github.io/publications/
https://jump.dev/meetings/santiago2019/


Hypatia: Pure Julia-based IPM Beyond “Standard” Cones 

• A homogeneous interior-point solver for non-symmetric cones        
(Coey, Kapelevich & V. https://arxiv.org/abs/2005.01136)  

• Versatility & performance = More Cones! : 
– Two dozen predefined standard and exotic cones
• e.g. SDP, Sum-of-Squares and “Matrix” Sum-of-Squares for 

convexity/shape constraints
– Customizable: “Bring your own barrier” = “Bring your own cone”
– Take advantage of Natural formulations 
– Take advantage of Julia: multi-precision arithmetic, abstract linear 

operators, etc. 

https://arxiv.org/abs/2005.01136


• After some math (e.g see paper): Optimize = “Follow” 𝜇: 1 → 0 in

• 𝑔( 𝑠( : gradient of Logarithmically Homogeneous Self-Concordant Barrier 
𝑓( 𝑠( for “primitive” cone 𝒦(

• Barrier examples:
– , dimension = 1 :   

– : 

• Bring-Your-Own-Barrier for new cones: barrier could be Julia code!
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Interior Point Algorithms, Central Path and Barriers

5.1. Homogeneous self-dual embedding. As defined by [42, section 6], the
HSDE is a self-dual conic feasibility problem in variables x ∈ Rn, y ∈ Rp, z ∈ Rq, τ ∈
R, s ∈ Rq,κ ∈ R and is derived from a homogenization of the primal-dual optimality
conditions (4.1b)–(4.1c) and (4.2b)–(4.2c) and (4.5):
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For convenience we represent a point (x, y, z, τ, s,κ) as w ∈ Rn+p+2q+2, and we define
the structured square 6× 6 block matrix E such that (5.1a) is equivalent to:

(5.2) Ew = 0.

Note that the point w = 0 satisfies (5.1), so the HSDE is always feasible. We define an
interior point of the HSDE as any w that is strictly feasible for the conic constraints
(5.1b), i.e. w satisfies (z, τ, s,κ) ∈ int (K∗ × R≥ ×K × R≥).

Suppose a point w is feasible for the HSDE (5.1). From skew-symmetry of the
matrix in (5.1a), we have s′z + κτ = 0. From the conic constraints (5.1b) and the
dual cone inequality (3.1) we have s′z ≥ 0 and κτ ≥ 0. Hence s′z = κτ = 0, and we
consider several possible cases below.
Optimality. If τ > 0,κ = 0, then 1

τ
(x, y, z) is a certificate of optimality satisfying

(4.1b)–(4.1c), (4.2b)–(4.2c), and (4.5).
Infeasibility. If τ = 0,κ > 0, then c′x+ b′y+h′z < 0 and we consider two sub-cases.

Primal. If b′y+h′z < 0, (y, z) is a primal infeasibility certificate satisfying (4.4).
Dual. If c′x < 0, x is a dual infeasibility certificate satisfying (4.3).

Ill-posedness. If κ = τ = 0, we have no information about primal or dual feasibility.7

5.2. High-level generic algorithm. Suppose we have an initial interior point
w0 = (x0, y0, z0, τ0, s0,κ0) for the HSDE (5.1) (we describe a procedure for obtaining
a w0 in subsection 5.3.1). For each primitive cone k ∈ !K", we define the gradient
oracle of the LHSCB fk for Kk or K∗

k as gk = ∇fk. We partition the primitive cone
indices !K" into two sets: Kpr for cones with primal oracles and Kdu for cones with
only dual oracles, hence we have oracles for Kk, ∀k ∈ Kpr and K∗

k, ∀k ∈ Kdu. We
define the central path of the HSDE as the trajectory of solutions w, parametrized by
µ > 0, satisfying:

Ew = µEw0(5.3a)

zk = −µgk(sk) ∀k ∈ Kpr,(5.3b)

sk = −µgk(zk) ∀k ∈ Kdu,(5.3c)

κτ = µ,(5.3d)

(z, τ, s,κ) ∈ int (K∗ × R≥ ×K × R≥) .(5.3e)

If all primitive cones have primal oracles (Kdu is empty) then our definition (5.3)
exactly matches the central path defined in [42, equation 32], and only differs from the
definition in [39, equations 7-8] in the affine form used (i.e. the variable names and

7 This is a known shortcoming of the HSDE and can be rectified by using the complete conic
algorithm described by [35].
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4. Conic standard form and certificates. Hypatia defines a convenient gen-
eral conic form. The primal problem over variable x ∈ Rn is:

infx c′x :(4.1a)

b−Ax = 0,(4.1b)

h−Gx ∈ K,(4.1c)

where c ∈ Rn, b ∈ Rp, and h ∈ Rq are vectors, A : Rn → Rp and G : Rn → Rq are
linear maps, and K is a Cartesian product K = K1 × · · · × KK of primitive proper
cones. The corresponding conic dual problem over variable y ∈ Rp associated with
(4.1b), and z ∈ Rq associated with (4.1c), is:

supy,z −b′y − h′z :(4.2a)

c+A′y +G′z = 0,(4.2b)

z ∈ K∗,(4.2c)

where (4.2b) is associated with primal variable x ∈ Rn, and K∗ ⊂ Rq is the dual
cone of K, defined in (3.1). Like K, K∗ is a proper cone, and if K = K1 × · · ·×KK is
a product of primitive proper cones, then K∗ = K∗

1 × · · ·× K∗
K is the product of the

primitive proper dual cones.
If the conic primal-dual pair (4.1)–(4.2) is well-posed, there exist simple conic cer-

tificates providing easily verifiable proofs of infeasibility of the primal or dual problems
or optimality of a given primal-dual solution [42, 35]. A primal improving ray x is a
feasible direction for the primal along which the primal objective improves:

c′x < 0,(4.3a)

−Ax = 0,(4.3b)

−Gx ∈ K,(4.3c)

and hence it certifies dual infeasibility (via the conic generalization of Farkas’ lemma).
Similarly, a dual improving ray (y, z) certifies primal infeasibility:

−b′y − h′z > 0,(4.4a)

A′y +G′z = 0,(4.4b)

z ∈ K∗.(4.4c)

Finally, a complementary solution (x, y, z) satisfies the primal-dual feasibility con-
ditions (4.1b)–(4.1c) and (4.2b)–(4.2c), and has equal and attained primal and dual
objective values:

(4.5) c′x = −b′y − h′z,

and hence certifies optimality of (x, y, z) via conic weak duality. Upon successful
termination of the algorithm, Hypatia provides a problem status specifying which
approximate certificate is found, and allows querying the associated values of x, y, z.

5. Algorithm. In subsection 5.1 we describe how to obtain conic certificates for
the standard form conic primal-dual pair (4.1)–(4.2) from a solution to the homoge-
neous self-dual embedding (HSDE) conic feasibility problem. Then in subsection 5.2
we define the central path of the HSDE and a generic algorithm for finding a solution
to the HSDE. In subsections 5.3 and 5.4 we outline a specific implementation of the
generic algorithm in Hypatia that we run for our experiments in section 6.
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Final Remarks

• More on Hypatia (repo and more soon):
– Coey, Kapelevich & V. https://arxiv.org/abs/2005.01136

• Conic Optimization @ JuMP-dev IV? 
– 4th JuMP-dev Workshop, Louvain-la-Neuve, Belgium, June, 2020. 

Canceled due to COVID-19
– Yurii Nesterov was scheduled to give a plenary

• Interesting JuMP applications? 
– Please email oscar.dowson at northwestern.edu

• Parting thought: Julia makes you bold. Use it to try new math before 
learning it, not to avoid learning it  

https://arxiv.org/abs/2005.01136

