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n

Size of Smallest 0-1 Formulation for x € P;

1=1

e Standard ideal (integral) extended formulation for
P, = {:c cRY: Alx < bi} (Balas, Jeroslow and Lowe):

Alz' < by, Vie{l,...,n}

Zn 't = x, ' e RY Vied{l,...,n}
)

1, ye{o,1}"
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n

Size of Smallest 0-1 Formulation for z & - P;

e Standard ideal (integral) extended formulation for
P, = {:c cRY: Alx < bi} (Balas, Jeroslow and Lowe):

Alz' < by, Vie{l,...,n}
Zé_lxi:aﬁ, ' e RY Vied{l,...,n}

S owi=1, ye{o1}"

*What about non-extended (i.e. no variables copies) ?
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Size of Smallest 0-1 Formulation for z & Ufé_l P;

e Standard ideal (integral) extended formulation for
P, = {a: cRY: Az < bi} (Balas, Jeroslow and Lowe):
Alz' < by, Vie{l,...,n}
n . .
Z. 1:13’::1:, ' e RY Vied{l,...,n}
1=

Z:;l Yi

*What about non-extended (i.e. no variables copies) ?
*What about non-ideal? (i.e. some fractional extreme pts.)?
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Size of Smallest 0-1 Formulation for z & Ué_l P;

e Standard ideal (integral) extended formulation for
P, = {az cRY: Az < bi} (Balas, Jeroslow and Lowe):

Alz' < by, Vie{l,...,n}
Zé_lxi:x, ' e RY Vie{l,...,n}

S owi=1, yefo)”

*What about non-extended (i.e. no variables copies) ?
*What about non-ideal? (i.e. some fractional extreme
pts.)?

*What about precise lower/upper bounds on size?
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Performance for Univariate Functions

* Results from Nemhauser, Ahmed and V.10 using CPLEX 11

10000 s
M Standard non-extended
1000 s and non-ideal
M Standard extended and
100 s ideal
© Small extended and ideal
10 s
B Small non-extended and
ideal
1s

16 32

* Non-extended and ideal formulations provide a
significant computational advantage
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Constructing Non-extended Ideal Formulations

* Pure Integer:

2‘ o L
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Constructing Non-extended Ideal Formulations

* Pure Integer: * Mixed Integer:
Yy N
() := conv ({pz}i:1>
2 ¢ °
) NZA
1 + *
0‘ ®

0 1 2
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Constructing Non-extended Ideal Formulations

* Pure Integer: * Mixed Integer:
. i "
() := conv ({p }i:1>
o °

()N 7ZA
1 + °

0‘ L
0 1 2
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Outline

* Introduction
— Simple class of polyhedra, formulations and complexity

 Smallest non-extended formulations (ideal or not)
— Relaxation complexity

e Smallest non-extended ideal formulations
— Embedding complexity

* Constructing formulations in practice

— Multivariate piecewise linear functions

e Conclusions
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“Simple” Family of Polyhedra

()

A4,

Zj:l <f(déj)) &

{/\ CRi : 24 A =1

|
i=1 |

\
7\

3
. C A4
AeUizle C A
PfiZ:{)\EA4I)\d:O VdgTz}
T; :=A{di,dit1} 1€{1,...,3}
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“Simple” Family of Polyhedra

SOS2 Constraints

x 4 d;

= A
(2) = X0 (sl )

4
{\‘ Trgi EZ 1\

»)\EU._IR;QALL
Pi={AeA*: \y=0 Vd¢T,)
T; :=A{di,dit1} 1€{1,...,3}
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“Simple” Family of Polyhedra

3

(az,z)Egr(f)z i:lPi

SOS2 Constraints

3
’)\EU._IPZ-QALL

Pi={AeA*: \y=0 Vd¢T,)
.Tl.TQ. 13 ° T; = {di,di_|_1} 1 € {1, . ,3}
di do ds dy
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“Simple” Family of Polyhedra

L1

6/24
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“Simple” Family of Polyhedra: Faces of a Simplex

AV i={NeRY D> A =1},
o Pi:{)\EAVZ)\fU:O \V/U¢TZ}
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Standard Non-ideal Formulation for SOS2

T T, Ty T _
@ 1. 2. 3. 4. ZZ:1>\Z_1
1 2 3 4 5=n+l ) p

1 ;= 1
2+ 1) ye {01}, >y
/_/H
0< A\ <y

0< A <y1+1o
0 < A3 <o+ ys3
0< A4 <ys+was
0<As <
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Standard Non-ideal Formulation for SOS2

T, Ty T o
— Lo Zg g, ZizlAz_l
1 2 3 4 5=n+l ) p
1 =1
2+ 1) ye {01}, >y
/_/H
0< A\ <y

0< A2 <y + o
0< A3 <2+ w3
0< A4 <ys+was
0<As <

I—General Inequalities
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Standard Non-ideal Formulation for SOS2

5)

T, Ty T o
— Lo Zg g, ZizlAz_l
1 2 3 4 5=n+l ) p

0,1 ;i = 1

2+ 1) ye {01}, >y

/_/H
0< A\ <y

0< A2 <y + o
0 < A3 <o+ ys3
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Standard Non-ideal Formulation for SOS2

5
0T10T20T30T40 Zizlki:1

1 2 3 4 5=n+1 . 4
yE{Oal} ) Zizlyizl

0< A <y * Minimum # of (general) inequalities?
0 <X <+ 1 — Ideal formulation:

0< A\ <y3+ 1y — Non-ideal formulation:

I—General Inequalities

Bounds
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Standard Non-ideal Formulation for SOS2

5

1, 1 13 T -
® 1 @ 2 @ 3 @ 4 L Z’L:l >\/L o 1
1 2 3 4 5=n+l ) |

1 ;i =1
2+ 1) ye {01} >y

~ JH
0< )\ < U1 * Minimum # of (general) inequalities?
0< o < 14 — Ideal formulation:

> A2 > Y1 T Y2 2Mog, n]
0<As=y2+uys n+1<...<n+1+2[log,n]
0< A\ <y3+ 1y — Non-ideal formulation:

I—General Inequalities

Bounds
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Standard Non-ideal Formulation for SOS2

5

1, 1 13 T -
® 1 @ 2 @ 3 @ 4 L Z’L:l >\’L o 1
1 2 3 4 5=n+l ) |
1 ;i =1
2+ 1) ye {01} >y
~ H
0< )\ < U1 * Minimum # of (general) inequalities?
0< o < 14 — ldeal formulation:
> A2 > Y1 T Y2 2Mog, n]
0<As=y2+uys n+1<...<n+1+2[log,n]
0< A\ <y3+ 1y — Non-ideal formulation:
2<...<4
0< A5 <4 O

General Inequalities

Bounds
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What is a Formulation?

0T10T20T30T4o Zizlki:1
1 2 3 4 5

0< A <y
0< A2 <1+ 10
0 < A3 <1y +ys
0< A4 <ys+was
0<As <

Pr={NeN : \;=0 jé{ii+1}}
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What is a Formulation?

.T1.T2.T3.T4. Q Zi_l)\izl
1 2 3 4 5

0< A <y
0< A2 <1+ 10
0 < A3 <1y +ys
0< A4 <ys+was
0<As <
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What is a Formulation?

T10T20T30T4o Zizlki:1
1 2 3 4 5

4
Yy < {07 1}47 Zi—l Yi — 1

0< XA <u

0<dp<u typ MU EQN (R XZT)
0 < A3 <y2+uys >

0< A4 <ys+ua y=¢e¢" A XEP,
0< A5 <uys

Pr={NeN : \;=0 jé{ii+1}}
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What is a Formulation?

Tl.TZ.TS.Tél. Q Zi_l)\izl

—_
DO

3

4
Yy < {07 1}47 Zi—l Yi — 1

4 D

0< A <y

0<dp<u typ MU EQN (R XZT)
0< A3 <2+ w3 i)

0< A4 <ys+ua y=¢e¢" A XEP,
0< A5 <4 DNy

P; = {)\EA5 A =0 j¢{i,i+1}}\ Unary Encoding
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Alternate Meaning of 0-1 Variables

0T10T20T30T40 Q Zizlki:1
1 2 3 4 5

e V.and Nemhauser '08.

0< A +As <1 -
0< A3 < U1
O0< A4+ A5 <1 — o
0 <A1+ A <o

Pr={NeN : \;=0 jé{ii+1}}
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Alternate Meaning of 0-1 Variables

5
.T1.T2.T3.T4. Q Zi_l)\izl

1 2 3 4 5
0 1 1 0
1 _ 2 _ 3 __ 4
= (1) 2= (1) = () = (o)
 V.and Nemhauser '08.

O<Ai+A<1-—u ()\,y)EQﬂ(R5xZQ)
0< A3 < U1 0

O0< AM+A5< 11—
0 <A1+ A <o

y:hz A )\EPZ

Pr={NeN : \;=0 jé{ii+1}}
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Alternate Meaning of 0-1 Variables

5
0T10T2.T3.T40 Q Zi—lAi:1

1 2 3 4 5
0 1 1 0
1 _ 2 _ 3 __ 4
= (1) 2= (1) = () = (o)
 V.and Nemhauser '08.

O<AM+As<1—-u ()\,y)EQﬂ(R5xZQ)
0< A3 < U1 0

O0< A +A5 <1 — o
0< A1+ A <o

y:hz A )\EPZ
ha

RN

P, = {)\ c A5 - A =0 jé&{ii+ 1}} Binary Encoding
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Embedding Formulations for Union of Polyhedra

* Non-Extended formulation of \ & Un . P, CRY:
1=

— Encoding H = {hi}?:l C {0, 1}k, ht # h’

— Polyhedron ()C RY x R* st

Ny) eQN(RY XZF) & y=h AXEP
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Embedding Formulations for Union of Polyhedra

* Non-Extended formulation of \ & Un 1 P, CRY:
1=

~ Encoding H := {h'}" C{0,1}", K £ D

— Polyhedron (JC RY x R” st
Ny) eQN(RY XZF) & y=h AXEP
 Embedding formulation = strongest polyhedron (ideal):

n

Q(H) := COIlV( o P; x {h"})
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Embedding Formulations for Union of Polyhedra

* Non-Extended formulation of \ & Un 1 P, CRY:
1=

— Encoding H = {hi}?:l C {0, 1}k, ht # h’
— Polyhedron ()C RY x R” st
Ny) eQN(RY XZF) & y=h AXEP

 Embedding formulation = strongest polyhedron (ideal):

n

Q(H) := COIlV( . P; x {hz})

For unary encoding: Cayley Embedding

h' = ¢
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Embedding Formulations for Union of Polyhedra

* Non-Extended formulation of \ & Un 1 P, CRY:
1=

— Encoding H = {hz}n C {0, l}k, ht # h’

1=1 —
— Polyhedron ()C RY x R” st
Ny) eQN(RY XZF) & y=h AXEP

 Embedding formulation = strongest polyhedron (ideal):

n

Q(H) := COIlV( o P; x {h"})

size (()) := # of facets of () (usually function of n)
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Complexity of Family of Polyhedra P := {Pi}?zl
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Complexity of Family of Polyhedra P := {Pi}?zl

* Relaxation complexity = smallest formulation
rc (P) := ming, g {size(()) : ((), H) is formulation}
* Embedding complexity = smallest ideal formulation

xc (P) <mc (P) := miny {size () (H))}

* Hull complexity

xc (P) < he (P) := size (COl’lV (U;l Pz))
* Extension complexity
xc (P) := ming {Size (R) : proj, (R) = conv (Un PZ)}

1=1
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Complexity of Family of Polyhedra P := {Pi}?zl

* Relaxation complexity = smallest formulation
rc (P) := ming, g {size(()) : ((), H) is formulation}
* Embedding complexity = smallest ideal formulation

xc (P) <mc (P) := miny {size () (H))}+ |

* Hull complexity he ({P@ X hz}¢=1)

xc (P) < he (P) := size (COl’lV (Un P,L)) ‘

1=1

e Extension complexity
xc (P) := ming {Size (R) : proj, (R) = conv (Un PZ)}

1=1
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Complexity of Family of Polyhedra P := {Pi}?zl

* Relaxation complexity = smallest formulation

r%(P) ;= ming) y {sizg( ) : ((), H) is formulation}
* Embedding complexity = smallest ideal formulation

m%(P) = mingy {sizeG( (1))}

\ 1

e Hull complexity ~ General Inequalities

he (P) := size (COl’lV (U::1 Pz))

e Extension complexity
xc (P) := ming {Size (R) : proj, (R) = conv (Ué_l Pz)}
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Bounds on Relaxation Complexity
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Bounds on Relaxation Complexity

* DisjointCase: T, NT; = ()
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Bounds on Relaxation Complexity

* DisjointCase: T, NT; = ()
Ircqa (77): 2
2<rc(P) <2+ |V]|+n
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Bounds on Relaxation Complexity

* DisjointCase: T, NT; = ()
rcg (P)= 2
2<rc(P) <2+ 1|V]|+n
* SOS2 constraints : T; = {i,7 + 1}
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Bounds on Relaxation Complexity

* DisjointCase: T, NT; = ()
rcg (P)= 2
2<rc(P) <2+ |V|+n
* SOS2 constraints : T; = {i,7 + 1}
2 <rcg (P)<4
2<rc(P) <542n

e SOS(-1) constraints : 7; = V \ {i}
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Bounds on Relaxation Complexity

* DisjointCase: T, NT; = ()
rcg (P)= 2
2<rc(P) <2+ 1|V]|+n
* SOS2 constraints : T; = {i,7 + 1}
2 <rcg (P)<4
2<rc(P) <542n

e SOS(-1) constraints : 7; = V \ {i}
mcgqg (73): Icqa (77): n
n<rc(P) <mc(P)<3n

Embedding Formulations




Formulation for Disjoint Case

0 6—0 6—0 6—900—90
1 2 3 4 o . 9 10
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Formulation for Disjoint Case

*—0 6—0 6—0 6—00—90

1 2 3 4 o e 9 10
Zi:lp (A2i—1 + Ag;) < Zi:lp Yi
2n

D Ai=1 XeRY

mn
. — n
> . ui=1l yeR}
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Formulation for Disjoint Case

*—0 6—0 6—0 6—00—90

1 2 3 4 o . 9

Zi:lp (A2i—1 + A2i) < 27;:129 Yi
2n

D Ai=1 XeRY

mn
. — n
> . ui=1l yeR}

(= Ri, conv ({pj}j#) fpi

Embedding Formulations

10

B

4

3

2 o

1 O
12 3 4
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Formulation for Disjoint Case

*—0 6—0 6—0 6—00—90
1 2 3 4 o . 9 10

Z;lpi (A2i—1 + A2i) < Z;lpzyz 5
Y=t aerr f

> wi=1, yeRp |3

. . . 2 @
p' e Ri, Conv ({p3 }j#) £p* |
1 2 3 4
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Formulation for Disjoint Case

*—0 6—0 6—0 6—00—90

1 2 3 4
Zi:lp (A2i—1 + Ag;) < Zi:lp Yi
"N =1, AeR™
D Xi=1 XeR}
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Formulation for Disjoint Case

*—0 6—0 6—0 6—00—90

1 2 3 4
Zz’zlp (A2i—1 + Ag;) < Zi:lp Yi
"N =1, AeR™
D Xi=1 XeR}

(= Ri, conv ({pj}j#) fpi
* Polynomial sized coefficients:
e |, <5
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Formulation for Disjoint Case

*—0 6—0 6—0 6—00—90

1 2 3 4 o . 9

Zi:lp (A2i—1 + A2i) < Zizlp Yi

(= Ri, conv ({pj}j#) fpi
* Polynomial sized coefficients:
e |, <5

e 80 fractional extreme points for n=5

Embedding Formulations

15/24



Embedding Complexity:
size (() (H)) for SOS2



Embedding Formulation for SOS2: Part 1

* From encodings to hyperplanes:
° ® ® ®

() NN,

006
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Embedding Formulation for SOS2: Part 1

* From encodings to hyperplanes:
° ® ® ®

A /
{h }Zzl hl_G),m_(g),h?’—(é)

e+l e |
C —h h ,,,,,, ......................... 1

i n—1
'}

o«
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Embedding Formulation for SOS2: Part 1

* From encodings to hyperplanes:
° ® ® ®

(i -

06

ot — hz——l _ Rt
iy n—1
{¢'ims
I
Hyperplanes spanned by

{b" -y = O}jzl

Embedding Formulations



Embedding Formulation for SOS2: Part 2

L

{bz ‘Y = 0}321
Q(H): L(H):=aff (H)—h'
(b -h" YA 4+ min{b/ -0 BT A+ (VR ) A 0y
1=2
— (V- n") A=) max {B ALY R N = (V) A S =0 -y Vg
1=2
n—+1
d Ai=1, AeR™!
1=1

y € L(H)

 #general inequalities =2 x # of hyperplanes
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Embedding Complexity for SOS2
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Embedding Complexity for SOS2

* Unary encoding (Padberg/ Lee and Wilson, early OO’s)I

Sizec (O (H)) =2(n — 1), size (0 (H)) = 2n
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Embedding Complexity for SOS2

* Unary encoding (Padberg / Lee and Wilson, early OO’s)Z
Sivec (O(H)) =20 — 1), size(Q (H)) = 2n
 Smallest Binary encoding (v. and Nemhauser ’08, Muldoon '12):

sizeg (Q (H)) = 2 [log, n |,
2+ 2|logyn| <size(()(H)) <n-+1+2log,n|
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Embedding Complexity for SOS2

* Unary encoding (Padberg / Lee and Wilson, early OO's)Z
(0 (H)) =  size (O (H)) = 2n
* Smallest Binary encoding (v. and Nemhauser ’08, Muldoon ’12):
(C(H)) = ,
2+ 2[log,n| <size(()(H)) <n-+142|logyn]
Adding lower bounds (# hyperplanes = dimension):

)

n+1<xc(P)<mc(P)<n+1+2][log,n]
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Practical Constructions for Multivariate
Piecewise Linear Functions



Formulations and Complexity for Triangulations

n = 2m?
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Formulations and Complexity for Triangulations

2
eLower bound: n =2m

(F+1) < me (P)
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Formulations and Complexity for Triangulations

*Lower bound: n = 2m”
(\/ 2 + 1) < mc (P)

e Size of unary formulation is:
(Lee and Wilson ’'01)

me (P) < +(Varzer)
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Formulations and Complexity for Triangulations

*Lower bound: n = 2m”
(v/n/ +1) < me (P)

e Size of unary formulation is:
(Lee and Wilson ’01)

me (P) < (T%) (\/7 +1)

* Small binary formulation for

union jack triangulation of size:
(V. and Nemhauser '08)

P)§4log2\/n72+2+(\/n72+1)2
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Beyond Union Jack: Exploit Redundancy

 Embedding-like formulation for triangulations with
“even degree outside the boundary”

SE[E=RaN =l

*Formulation size slightly larger than for union jack:

4log, \/n/2 + 4+ (\/7/2+ 1)2

*Formulation fits independent branching framework
(V. and Nemhauser ‘08)
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Summary

Embedding Formulations = Systematic procedure
— Encoding can significantly affect size

 Complexity of Union of Polyhedra beyond convex hull
— Embedding Complexity (non-extended ideal formulation)
— Relaxation Complexity (any non-extended formulation)
— Still open questions on relations between complexity

More details (practical formulation construction)

— Embedding Formulations and Complexity for Unions of Polyhedra,
arXiv:1506.01417

* Application to facility layout problem (Huchette, Dey, V. ‘14)
— INFORMS 2015, Philadelphia, Nov 2"
* Extension to unions of convex sets = representability (Soon ©)
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