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Funciones Lineales por Trazos (FLT)

Aproximacion
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Economias de escala
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Costos Fijos y Descuentos
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2.Descuentos (e.g. Remates).
3.Descuentos en costos Fijos
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Funciones Lineales por Trazos

2) =40
J’:El; 39 22 +10 x € 10,1]
8r+24 x€|l,2]
£(5) =15 J@=93 4750 475 2,4
f;()g—l() —17.5x + x € [2,4]
' (4)=8 10z — 35 = € [4,5]

J

DEFINITION 1. Piecewise Linear f: D C R" — R:

f(x):= {mpm+cp reP VYPeP.

for finite family of polytopes P such that D =|Jp.p P

J
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Funciones Lineales por Trazos

Vs

f(x,y) (z,y) € P

{0,4895 +0.03y +6

—0.4x — 0.04y + 8.45 ((177 y) € Piog

-

P o={(z,y) €R:y>0,2<1,y—z<0}

Pog ={(z,y) ER:y>0,2>7,2+y <8}

J

DEFINITION 1. Piecewise Linear f: D C R" — R:

f(x):= {mpm+cp reP VYPeP.

for finite family of polytopes P such that D =|J,.p P

J
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Funciones Lineales por Trazos

| .

0.48z + 0.03y + 6

—0.42 — 0.04y + 8.45

(z.y) € P

((I?7y) S Plgg

f(x,y)
={(z,y) €R:y>0,2<1,y—z<0}

={(z,y) ER:y>0,2>T,a+y<8}

J

DEFINITION 1. Piecewise Linear f: D C R" — R:

f(x):= {mpm+cp reP VYPeP.

for finite family of polytopes P such that D =|J,p P

J
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Formulacion Tradicional 1 variable

Vs

, Jz+1 rel0,2] « Py

) fa) = 6-3/2z z€[2,4] «P,

1 V(P) = vertices of P.

) S S V(P) == V(P) UV(R) = {0,2,4}.

N

/
6721




Formulacion Tradicional 1 variable

Jr+1 T €|
ﬂ@'{63mxxeu]«32

V(P) = vertices of P.
V(P) =V (P)UV(P,) =

| « P

{0,2,4}.

Formulacion Tradicional 1 variable

Vs

/
6721

, x+1 x €10,2] « P
ﬂ@:{63mxxe[]«pl
’ 2
1 V(P) = vertices of P.
05 5 7 V(P) = V(Pl) U V(Pg) = {0, 2,4}.
idea: write (z,y) € epi(f)
as convex combination of
(v, f(v)) for v € V(P).
- o7

Formulacion Tradicional 1 variable

x € [0,

3

f@%{x+1

V(P) = vertices of P.
V(P) =V (P) UV (P) = {0,

2

2] « Py
6-3/2z z€(2,4] «P,

2,4}.

idea: write (z,y) € epi(f

L L

1—)\04‘)\24‘)\4,

as convex COHlblHathIl Of

(v, f(v)) for v € V(P). Aos A2, Aq > 0

/
6721

Formulacion Tradicional 1 variable

Vs

\ f) = x+1 rel0,2] « Py
6 —3/2x x€[2,4] <P,
V(P) = vertices of P.

N E— V(P) := V(P) UV(R,) = {0,2,4}.
Ao and A4 cannot be \o + 22 +
nonzero at the same No + 32 +
time. 1= )‘0 + A2 + Ag, /\0,>\2, A >0

) 571




Formulacion Tradicional 1 variable

Vs

\ fla) = xz+1 rel0,2] « Py
6-3/2z z€[2,4] «P,
V(P) = vertices of P.
) — = V(P)UV(P,) = {0,2,4}.
Ao and A4 cannot be \o + 22 +
nonzero at the same No + 32 +
time. 1= )\0 + Ao + )\4, )\0, )\2, A >0
)‘0 < yp, )‘2 < Yyp, + Ypy, )‘4 < Yyp,

1= yp, + Yps, Ypy,Yp, € {07 ]‘}

/
6721

Formulacion Tradicional 1 variable

Vs

: f@%{x+1

! V(P) = vertices of P.

WS [0,2] (—P]_
6-3/2z z€[2,4] «P,

05 s " V(P):=V(P)UV(P) = {O,2,4}.J
( z = 0Ny + 22 + 404 )
2> 1Xg + 322 + 0Ny
1=Xog+ X+ A4, Ao, A2, A4 >0
Ao <yp, A2<yp typ, M <yp
l=yp, +yp,, ¥yp,yp, €{0,1}

/
6721

Formulacion Tradicional 2 variables

ez (zy)e P
f(xay) T {y (x,y) c Pl
={(z,y) 2 <1,0<y <z}, Pr:=...

V(P) = {(07 0)7 (17 0)7 (07 1)7 (17 1)}

J

N

J
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Formulacion Tradicional 2 variables

ez (zy)e P
f(xay) T {y (x,y) c Pl
={(z,y) 2 <1,0<y <z}, Pr:=...

V(P) = {(07 0)7 (17 0)7 (07 1)7 (17 1)}

J

x = 0X(0,0) + 1A(1,0) + 0A0,1) + 1A11)

Y = 0/\(0’0) + 0)\(1,0) + 1)\(0’1) + 1)\(1’1)

z 2 0X,0) + TA(1,0) + 1A0,1) + 1A(1,1)

1= X0,00 + A1,0) + Ao,1) + A1)y A©,0)5- -5 A,y =0
yp, +yp, =1, yp,yp, €1{0,1}

N

J
7721




Formulacion Tradicional 2 variables

Vs

) e 1% (x,y) € P
Jww): {y (e.9) € P,
<1, 0<y<z}, Pr:=...
V(P) :={(0,0))(1,0),(0,1),(1,1)}.

~/
J

N

x =[0R(0,0) + 1)\(170) + 0)\(0’1) + 1)\(1,1)

y =[0R0,0) + 0)\(1’0) + 1)\(0’1) + 1)\(171)

z 200,00 + 1A(1,0) + 1A0,1) + 1A1,1)

1= X0,00 + At,0) + Ao,1) + A1), A0,005-- -5 A1) =0
yp, +yp, =1, yp,yp €{0,1}

J
7721

Formulacion Tradicional 2 variables

) e 1% (z,y) € P
Ty {y (e,5) € P,

rrx<1,0<y<zx}, Pr:=.

V(P) = {(07 O)v (17 0)’ (07 1)7 (17 1)}

J

x = 0X(0,0) + 1A(1,0) + 0A0,1) + 1A11)
Y = 0/\(0’0) + 0)\(1’0) + 1)\(0’1) + 1)\(171)
2> 0A0.0) + W10y + Loy + LA
1= X0,00 + At,0) + Ao,1) + A1), A0,0)5-- -5 A1) =0

Mooy <yp, +yp - yp +yp =1, yp,yp €{0,1}

N

J
7721

Formulacion Tradicional 2 variables

Vs

o) e r (x,y) € P
Ty {y (e,5) € P,

<1, 0<y<z}, Pr:=...
)/ V(P) = {(07 O)v (17 O)a (07 1)7 (17 1)}

J

N

r = 0)\(0,0) + 1)\(170) + 0)\(071) + 1)\(1,1)
Yy = 0/\(0’0) + 0)\(1’0) -+ 1)\(0’1) + 1)\(1’1)
z 2 0,00 + TA(1,0) + 1A 0,1) + 12777)

Polytopes that have
(0,0) as a vertex.

Semi-continuidad Inferior

J7(d) = lim,_q f(x)

x<d

fH(d) =limg_q f(x).

x>d

1= X0,0) T A1,0) + Ao, A1) A©0,0) -5 1,1y =0
Aoo) <(yp. +yr) .- ypotyr =1, yr,yp €1{0,1}

J
7721
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Semi-continuidad Inferior Semi-continua = epigrafo cerrado
( 7 N\ .
f(2)=40 40
f(1)=32 32
f(5)=15 » 15
s 5
0 0
) 0 1 2 4 5 0 1 2 4 5
® Semi-continuidad Inferior: (@) f. (b) epi(f).
8/21 9/21
Semi-continua = epigrafo cerrado Semi-continua = epigrafo cerrado
o o
3 3
2 / 2
1 1
Semi-continua Cerrado
00 2 4 0 2 4 00 2 4 00 2 4
L (@) /. (b) epi(f)- ) L @) /. (b) epi(f). )
9/21 9/21




Epigrafo de FLT es unién the PL’s

)

10/21
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Funciones LT semi-continuas

Vs

152 +1 x€l0,2)
BE z€[2,2]
) 15246 x<€(2,4]

2 — 7 x € (4, 5]

Vs

N

f(z) = {mpa: +cp x€P VP EP Finite family of
copolytopes

P={zeR" : ax <b;Vie{l,...,p}, /

a;x <b;Vie{p,...,m}}

11/21
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Funciones LT semi-continuas

152 +1 x€]0,2)
_ )2
) 15246 x < (2,4]
2 — 7 x € (4,5]
f(z) = {mpa: +cp x€P VP EP Finite family of
copolytopes

P={zeR" : ax<b;Vie{l,...,p}, /

a;ix <b;Vie{p,...,m}}

11/21
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Funciones LT semi-continuas

Vs

152 +1 x€l0,2)
E ze[2,2]
") 152 +6 (w e (2.4)

2 — 7 x € (4,5]

J

Vs

N

f(z) = {mpa: +cp x€P VP EP Finite family of
copolytopes

P={zeR" : ax<b;Vie{l,...,p}, /

a;x <b;Vie{p,...,m}}
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Funciones LT semi-continuas

Vs

f(x y) =

S N NWw

N

f(z) = {mpa: +cp x€P VP EP Finite family of
copolytopes

car < b Vie{l,...,p}, /

a;ix <b;Vie{p,...,m}}

P={zeR"

11/21
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Funciones LT semi-continuas

Vs

N

f(z) = {mpa: +cp x€P VP EP Finite family of
copolytopes

cae < b Vie{l,...,p}, /

a;x <b;Vie{p,...,m}}

P={zeR"

11/21
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Funciones LT semi-continuas

3 (z,y) € (0,1

2 (m,y)e{(m,y)GIRQ:m:O,y>0})
2 (z,y) €{(z,y) ER* : y=0,2z >0}
0 (z,y) €{(0,0)}.

J

Vs

N

f(z) = {mpa: +cp x€P VP EP Finite family of
copolytopes

ca;r < b Vie{l,...,p}, /

a;x <b;Vie{p,...,m}}

P={zeR"

11/21
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Funciones LT semi-continuas

f(x y) =

S N N w

—_—)

Vs

N

f(z) = {mpa: +cp x€P VP EP Finite family of
copolytopes

car < b Vie{l,...,p}, /

a;x <b;Vie{p,...,m}}

P={zeR"

11/21
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Discontinuous Case

O000O

Modelo para FLT semi-continuas

Vs

/
12721
12

Discontinuous Case

O000O

Modelo para FLT semi-continuas

DCC) Py P10+ P12

¢ P0+

f(z) = z+l 2€(0.2) 1_)‘P1,0+)‘P1,27
4—z x€[2,4]

Ap,0,Ap2 >0

|

Discontinuous Case 0]010)0)
Modelo para FLT semi-continuas
3
2 = U 2
1
\00 2 0 2 0 2 4 )
((DCC) )
_Jz+1 2€]0,2)
J(@) = {4—33 z € [2,4]
~ o701
12
Discontinuous Case 0]010)0)
Modelo para FLT semi-continuas
3
2 U 2
1
0 0 3 1~

z >

44— x¢€ [2+4] ]_=>\P2,2+AP2’4’

/
12721
12

Py

2D
2p

ApPy,2,Apy4 > 0

<
P2 HAPP, 4
P2 HOPP, 4

/
12721
12




Discontinuous Case 0000
Modelo para FLT semi-continuas

3

2 = U 2

1

\0 0 2 0 2 4 )
(DCC) x=0Ap, 0+ 2\p, 2+ 2\p, 0 +4Ap, 4

z > 1/\p170 + 3/\13172 + 2)\1:»2,2 + O)\p2’4
f(-T) = {x—i_ L [07 2) 1= )\P170 + )‘P1,27 )‘P1,07)‘P172 >0
1=Ap,2+Ap 4, Apy2,Apa >0

/
12721

12

Discontinuous Case 0000
Modelo para FLT semi-continuas

3

2 = U 2

1

0 0

L 0 2 0 2 2 4 )
(DCC) x=0Ap, 0+ 2\p, 2+ 2\p, 0+ 4Ap, 4

22> 1Ap, o+ 3Ap, 2+ 2Ap, 2 + 0Ap, 4
flz) = {x thecn YPi= Ap, o+ Ap,2, AP 0,Ap 2 >0
YPo= Ap,2 +Apy 4, APy 2, AP0 >0
L=yp, +ypr,, ¥Yr,yp, €1{0,1}

/
12721

12

Intermedio

13/21

13

Formulacion Tradicional de FLT

( )
z

40
32

15 '
10 epi(f)
5
0

14/21
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Formulacion Tradicional de FLT

Vs

40
32

15
10

z

5

epi(f)

Tr = 0)\1—|— 1)\2—|- 2)\3—{—4)\4
2 >10A14+32X2+40A3+5A4
4
ZA_l)\i =1, \>0Vie{l,... 4}

M <y, A<y +yo,

0
0

1

2

Zj:l Yi = 1)

4x)\4§y37 Z/E{Oal}g

)‘3 S Y2 +?/37

Disjunciones Especiales

(,’L' = O)\1—|— 1)\2—|- 2)\3—|—4)\4

4
4, L
Ael0,1]*: Zizl)\z_l
A<y, A2 <y + Y,
3

)\4 < Ys, Zi:l Yi = 17 Yy e {Oa 1}3

)\3 S Y2 +i937

14/21
14

-
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Disjunciones Especiales

(,’L' = O)\1—|— 1)\2—|- 2)\3—|—4)\4

\

4
Ael0,1]*: Z;lAi =1
)\2 Syl +y27

)\4 < Ys, Zi:l Yi = 17 Yy e {Oa 1}3

)\1 S?le

)\3 S Y2 +i937

J

-

15/21

15

Disjunciones Especiales

(,’L' = O)\1—|— 1)\2—|- 2)\3—|—4)\4

{)\ e [0,1)* - Z;Ai _ 1} Al

A<y, X<wyi+y2, A3y +ys,
3

)\4 < Ys, Zi:l Yi = 17 Yy e {Oa 1}3

\

J

-

15/21
15



Disjunciones Especiales

(,’L' = O)\1—|— 1)\2—|- 2)\3—|—4)\4

{)\ e [0,1)* : Z;Ai _ 1} Al

A<y, X<wyit+y, A3 y2+ys,

3
Ay < ys, Zi—l vi=1 ye€ {07 1}3

\ — J )

-

(i =1=aeP={reAt: A, A\ <0)
yp=1=XePy:={AeA: X\, \, <0}
y3:1:>)\€P32:{)\€A4I)\l,)\QSO}

Disjunciones Especiales

(,’L' = O)\1—|— 1)\2—|- 2)\3—|—4)\4

4 Ny
{)\6[0,1]4 : Z~1>\"':1} =: A* ,

A<y, X<uyit+y2, A3y +ys,

3
Ay < ys, Zi—l vi=1 ye€ {07 1}3

\ — J )

(i =1=reP={ et ), M\ <0}
yp=1=XePy:={AeA: X\, \, <0}

15/21
15

y3:1:>)\€P32:{)\€A4I)\l,)\QSO}

15/21
15

Disjunciones Especiales

(2= 0M+ Lot 2X54+4) )
O 32 40N 5 SOS2 Constraints

{)\ e [0,1)* : Z;Ai _ 1} Al

A<y, X<wyit+y, A3y +ys,

3
)\4 < Ys, Zi:l Yi = 17 Yy e {07 1}3

-

[(i=1=reP = eA ) <0}
yp=1=XePy:={Ae A : X\, \, <0}
y3:1:>)\€P32:{)\€A4I)\l,)\QSO}

15/21
15

Disjunciones Especiales (DE)

P(F):={\€ A" : \; <0Vj € F}}

A" = {)\ efo,1": 3" A= 1}

A€ 6 P(F;)

SOST:
SOS2:

Funciones Lineales por trazos.

16/21
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Formulacion Estandar

Vs

xGGPiC]R”

i=1 ' ' ﬁ
P:={zeR: Az <b'}

A* e R™" b € R"

Z%Zl

=1
y € {0,1}M

Sharp y localmente Ideal.

variables y

restricciones.

17/21
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Formulacién Estandar para DE

xe | JPF) P(F):={\€ A" : \; <0Vj € F}}
=1

A" = {A efo,1": 3" A= 1}
> = >N

0< XN <y Vj¢F Z Yi =

J

~N

SOS1, SOS2 and Piecewise Linear

=1
0< X <0 VjeF, ye{0,1}™

(& J

Sharp y localmente Ideal.

18/21
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Eliminar copias de en formulacion

ijl)‘;’:yi
0<\; <y Vj¢FL
0< X <0 VjeF,

Z:;)\i:)\
>

y € {0,1}™

19/21
19

SOS1, SOS2 and Piecewise Linear

Eliminar copias de en formulacion

[Z:l)\;:yi ] [Z;nl)\i)\] N

19/21
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SOS1, SOS2 and Piecewise Linear

Eliminar copias de en formulacion

19/21
19

SOS1, SOS2 and Piecewise Linear

SOS1, SOS2 and Piecewise Linear

Eliminar copias de en formulacion

ST - =)

-
(&

19/21
19

Eliminar copias de en formulacion

Zj:1 )‘; — Vi Zi:l A=A
0<>‘;‘<yz V]¢Fz Zi:lyz:
0<\, <0 VjeF ye{0,1}™
STN=1 220, A<Dy Yoy =1, ye{o1}"

19/21
19

SOS1, SOS2 and Piecewise Linear

Eliminar copias de en formulacion

Z]‘:1 )‘; =Y Zi:l A=

0<Ni<y; Vj¢F > vi=
0<\;, <0 VjeF ye{0,1}™
STN=1 220, A<Dy Yoy =1 ye{01}"

19/21
19




SOS1, SOS2 and Piecewise Linear

Eliminar copias de en formulacion

Z]‘:1 )‘; — Vi Zi:l A=
0< N <y Vj¢F Zizlyzz
0<X <0 VjieF y € {0,1}™
Su=1 A0, A<D Yy y=1, yef{o,1}”
j=1 i:j¢ F =1

Formulacion Tradicional para FLT

Sharp pero no localmente ideal.

19/21
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Formulacion Logaritmica para SOS1

3

E , Ox\j =1, Ao, A1, A2, A3 >0, at most 1 A; is nonzero.
]:

Allowed sets: Sp = {0}, S1 = {1}, So = {2}, S5 = {3}.

20/21
20

Formulacion Logaritmica para SOS1

Vs

3

Z, Ox\j =1, Ao, A1, A2, A3 >0, at most 1 A; is nonzero.
]:

Allowed sets: Sp = {0}, S1 = {1}, So = {2}, S5 = {3}.

-

Vs

i S B(i) Injective function:

0

1 ([()—={1]0] Variables:

2 ((2he—{0 1] q

ea:
» @—{1]
wy wy € {0,1}

\ J 20/21

20

Formulacion Logaritmica para SOS1

Vs

-

3

E , Ox\j =1, Ao, A1, A2, A3 >0, at most 1 A; is nonzero.
]:

Allowed sets: Sp = {0}, S1 = {1}, So = {2}, S5 = {3}.

Vs

-

i S B(i) Injective function:
0
1 @4_, Variables:
2 ({2he—{0][1]
3 |dea:
wy w2 € {0,1}

J 20/21

20




Formulacion Logaritmica para SOS1

Vs

3

E , Ox\j =1, Ao, A1, A2, A3 >0, at most 1 A; is nonzero.
]:

Allowed sets: Sp = {0}, S1 = {1}, So = {2}, S5 = {3}.

-

Vs

Si B(4)

0 (@)rflo]
' @)(lel
2 @rio 1
@

wy wp € {0,1}
—

\ J 20/21
20

Injective function:
)\1 + )\3 S w1

Variables:

|dea:

Formulacion Logaritmica para SOS1

Vs

-

3

E , Ox\j =1, Ao, A1, A2, A3 >0, at most 1 A; is nonzero.
]:

Allowed sets: Sp = {0}, S1 = {1}, So = {2}, S5 = {3}.

Vs

-

iog 50) Injective function:
0 *@ @g AL+ Az <wy
1 @«—» X+ e < (1—wi)| ® Variables:
2 (2D—{0}]
|dea:
wy we € {0,1}
— ) 20/21

20

Formulacion Logaritmica para SOS1

Vs

3

Z, Ox\j =1, Ao, A1, A2, A3 >0, at most 1 A; is nonzero.
]:

Allowed sets: Sp = {0}, S1 = {1}, So = {2}, S5 = {3}.

(i S B(i)
0 .<—>
v ({1 o]
2 @<—>

wlﬂe {0, 1}

\ J 20/21
20

Injective function:
)\1 + )\3 S w1

Xo+ X2 < (1-wi)| ® Variables:

|dea:

Formulacion Logaritmica para SOS1

Vs

-

3

E , Ox\j =1, Ao, A1, A2, A3 >0, at most 1 A; is nonzero.
]:

Allowed sets: Sp = {0}, S1 = {1}, So = {2}, S5 = {3}.

Vs

-

i S B(i) Injective function:
0 A+ A3 <wy
1 @«—» X+ < (1-wi)| ® Variables:
2 @<—> Ao+ A1 < (1 —wo)
) @4_) s < |dea:
wy we € {0,1}
— ) 20/21

20




Formulacion Logaritmica para SOS1

Vs

3

E , Ox\j =1, Ao, A1, A2, A3 >0, at most 1 A; is nonzero.
]:

Allowed sets: Sp = {0}, S1 = {1}, So = {2}, S5 = {3}.

-

Vs

i S B(i)

0
v ({1 o]
2@<—>

w1 W € {0,1}

\ J 20/21
20

In general:
)\1 + )\3 S w1

Ao+ A2 < (1—wy)
Ao+ A1 < (1—wy)

>\2+)\3§w2

Formulacion Logaritmica para SOS2

4
ijo Aj =1, Xo,..., Ay >0, only 2 adjacent \;’s ar nonzero.

Allowed sets: S; = {i,i+1} forie{0,...,3}.

21/21
21

Formulacion Logaritmica para SOS2

Ve

4

Z, 0 Aj=1, Xo,..., Ay >0, only 2 adjacent \;’s ar nonzero.
]:

Allowed sets: S; = {i,i+1} forie{0,...,3}.

-
Vs

i S B(i) Injective function:
0

1 Variables:

’ |dea:

\ J 21/21
21

Formulacion Logaritmica para SOS2

Ve

4

Z, 0 Aj =1, Xo,..., Ay >0, only 2 adjacent \;’s ar nonzero.
]:

Allowed sets: S; = {i,i+1} forie{0,...,3}.

-
Vs

i S B(i) Injective function:
0
1 Variables:
’ ldea:
; |
w1y 2 € {0,1}
_ J 21/21

21
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Logarithmic Formulations

Ramificacion Independiente para FLT

Seleccionar triangulo prohibiendo vértices.

2 etapas:
Seleccionar cuadrado con SOS2 por variable.
Seleccionar 1 triangulo de cada cuadtado.
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r even and s odd}
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