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MIP	&	Daily	Fantasy	Sports



Example	Entry



100%	of	the	money	in	the	top	20%	lineups
26%	of	the	money	in	the	top	10	lineups	(0.04%)



Building	a	Lineup



Integer	Programming	Formulation

Decision	variables

• We	will	make	a	bunch	of	lineups	consisting	of	9	players	each

• Use	an	integer	programming	approach	to	find	these	lineups



Basic	Feasibility

• 9	different	players
• Salary	less	than	$50,000

Basic	constraints



Position	Feasibility

Position	constraints

• Between	2	and	3	centers
• Between	3	and	4	wingers
• Between	2	and	3	defensemen
• 1	goalie



Team	Feasibility

Team	constraints

• At	least	3	different	NHL	teams



Maximize	Points

Points	Objective	Function

• Forecasted	points	for	player	p:

Hunter, Vielma, and Zaman: Winning
6

Score type Points
Goal 3
Assist 2
Shot on Goal 0.5
Blocked Shot 0.5
Short Handed Point Bonus (Goal/Assist) 1
Shootout Goal 0.2
Hat Trick Bonus 1.5
Win (goalie only) 3
Save (goalie only) 0.2
Goal allowed (goalie only) -1
Shutout Bonus (goalie only) 2

Table 1 Points system for NHL contests in DraftKings.

construct our lineups. The first property concerns assists, which is passing the puck to a player who either

scores or who passes the puck to the player that scores. Each assist is worth two points and DraftKings

awards points for up to two assists per goal. This is an important aspect of the scoring system because it

means that for each goal scored, it is possible for a single lineup to receive seven points (three points for the

goal, and four points for the two assists that led to the goal). However, such a situation can only occur if all

players involved are on a single lineup. This suggests that to score many points, a lineup should contain all

players from a single line. By putting all players from a single line in a lineup, we are essentially increasing

the variance of the lineup. This is a popular fantasy sports tactic known as stacking. Many expert daily

fantasy sports players use stacking to win in a variety of sports contests (Drewby 2015), (Bales 2015b),

(Bales 2015a). The second property of the points system concerns goalies. If a goalie’s team wins the game,

an additional three points is awarded to the goalie. This is important because as we will see, it is possible

to predict who will win an NHL hockey game with relatively good accuracy, so by choosing goalies on

winning teams, an extra three points can be obtained, which is a significant amount in hockey contests given

that lineups average between 30 to 40 points.

2.2. Prediction Sites
Many fantasy sports players devote a substantial amount of effort in developing elaborate prediction mod-

els for players’ performance. Their advantage comes mainly from the power of their predictive models.

However, we do not have the domain knowledge required to improve upon the prediction models of the top

fantasy players. Therefore, we take a different approach. Publicly available player point predictions are pro-

vided by the websites Rotogrinders (Rotogrinders 2015) and Daily Fantasy Nerd (DailyFantasyNerd 2015).

We find the predictions from these sites to be relatively accurate, but the accuracy varies by position. We

plot in Figure 2 the mean absolute error in points of the two sites’ predictions for different hockey positions

using our data from the 2015 NHL season. We see that the prediction errors of both sites are very similar.

Therefore, it does not seem that either one has a superior prediction model. In Section 4.1 we build a simple

regression based prediction model which uses the data from both of these sites.



Lineup

W C C W WDD GUTIL
$4600 $6400 $5200 $5100$9500 $3800$4600 $8000$2700

23	points	on	average

5.4 4.23.2 3.5 3.43.4 3.02.5 5.7Projections:



Need	>	38	points	for	a	chance	to	win



Increase	variance	to	have	a	chance



Structural	Correlations	- Teams



Structural	Correlations	- Lines
• Goal	=	3	pt,	assist	=	2	pt



Structural	Correlations	– Lines	=	Stacking

1	complete	line	constraint

• At	least	1	complete	line	(3	players	per	line)
• At	least	2	partial	lines	(at	least	2	players	per	line)

2	partial	lines	constraint



Structural	Correlations	– Goalie	
Against	Opposing	Players



Structural	Correlations	– Goalie	
Against	Skaters

• No	skater	against	goalie

No	skater	against	goalie	constraint



Good,	but	not	great	chance



Play	many	diverse	Lineups

• Make	sure	lineup	l	has	no	more	than	g players	
in	common	with	lineups	1	to	l-1

Diversity	constraint



Were	we	able	to	do	it?

200	lineups



Policy	Change

200	lineups	->	100	lineups



Were	we	able	to	continue	it?

December	 12,	2015

100	lineups

 

 

 
 

May 3, 2016 

 

David Scott Hunter, Juan Pablo Vielma, Tauhid Zaman 

6 Whittier Place 

Boston, MA, 02114 

 

Dear Mr. Hunter, Dr. Vielma, & Dr. Zaman, 

 

On behalf of The Greater Boston Food Bank (GBFB), I want to thank you for your recent gifts. Your 

$16,709.98 contribution will help our neighbors who struggle to have enough to eat and will promote 

healthy lives and communities in eastern Massachusetts. Generous and dedicated individuals like you 

have enabled GBFB to progress in our mission to End Hunger Here and work toward 

 

Your generous donations of $1,500.00 and $15,209.98, received on Wednesday, November 25, 2015, 

and Tuesday, May 3, 2016, respectively, will provide more than 50,000 nutritious meals to those at risk of 

hunger throughout eastern Massachusetts.  

 

As one of the largest food banks in the country, GBFB is proud to be a leader in the conversation around 

food insecurity, using our voice to highlight the importance of nutrition. We aim to improve community 

health by distributing safe, nutritious food and we are dedicated to increasing the volume of fresh produce 

we provide. Last year, GBFB distributed a record-breaking 54 million pounds of food, with 25% being 

fresh produce, a number that will grow to 35% over the next few years. We will continue to ensure that at 

least 80% of our food is of the highest nutritional quality.  

 

For single-parent families, veterans, low-income seniors, and community college students, the healthiest 

foods are often those too expensive to afford. GBFB works with our network of donors, food industry and 

corporate partners, and member agencies, to acquire and distribute high-quality and nutrient rich items 

sourced from local and national manufacturers, retailers and growers. By ensuring access to nutrient-

dense food, GBFB helps to provide the building blocks for healthy bodies and minds for those in need.   

 

GBFB is committed to the efficient use of resources. We are proud that 91 cents of every dollar donated 

goes directly to hunger-relief efforts, helping us to earn a 4-star rating from Charity Navigator. With your 

help, we employ innovative warehouse technology and food industry expertise to maximize our efficiency 

to have the greatest impact.  

 

You have my earnest gratitude for your partnership in helping to End Hunger Here. 

 

Sincerely, 

 

 

 

Suzanne J. Battit 

Vice President of External Affairs and Advancement 

 
We gratefully acknowledge your gift and confirm that no goods or services were provided in consideration of this charitable support.  

Please retain this letter for your tax records. Our Tax ID# is 04-2717782. 

>	$15K



How	can	you	do	it?
Download	Code	from	Github:

https://github.com/dscotthunter/Fantasy-Hockey-IP-Code
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MIP	and	Statistics:
Inference	for	the	
Chilean	Earthquake



The	2010	Chilean	Earthquake

Case study: impact of an earthquake on educational outcomes

The 2010 Chilean earthquake

José R. Zubizarreta (Columbia) Matching using Integer Programming 11/14/2016 7 / 30



6th Strongest	in	Recorded	History	(8.8)

Case study: impact of an earthquake on educational outcomes

4th strongest earthquake in the world

José R. Zubizarreta (Columbia) Matching using Integer Programming 11/14/2016 7 / 30



Impact	on	Educational	Achievement?	PSU	=	SAT
Case study: impact of an earthquake on educational outcomes

Impact of the earthquake on educational achievement?

José R. Zubizarreta (Columbia) Matching using Integer Programming 11/14/2016 7 / 30



Earthquake	Intensity	+	Great	Demographic	Info

Case study: impact of an earthquake on educational outcomes

Intensity of the earthquake

I Intensity of the earthquake in peak ground acceleration (PGA)

José R. Zubizarreta (Columbia) Matching using Integer Programming 11/14/2016 10 / 30



Randomized	experiment

• Treatment	/	control	have	similar	characteristics	
(covariates).

Treatment( Control(



Covariate	Balance	Important	for	Inference

New matching methods Stronger formulations

Fine balance (Rosenbaum et al., 2007; J. Am. Stat.

Assoc.)

Dose
Covariate 1 2
Gender

Male 462 462
Female 538 538

School SES
Low 75 75
Mid-low 327 327
Medium 294 294
Mid-high 189 189
High 115 115

Mother’s education
Primary 335 335
Secondary 426 426
Technical 114 114
College 114 114
Missing 11 11

...

José R. Zubizarreta (Columbia) Matching using Integer Programming 11/14/2016 23 / 30

Case study: impact of an earthquake on educational outcomes

Intensity of the earthquake

I Intensity of the earthquake in peak ground acceleration (PGA)

José R. Zubizarreta (Columbia) Matching using Integer Programming 11/14/2016 10 / 30



Observational	Study:	e.g.	After	Earthquake

• Treatment	/	control	can	have	different	characteristics.

Observational study
I In an observational study, by contrast, assignment is not at random

and groups tend to di↵er in their covariates.

Treatment( Control(

José R. Zubizarreta (Columbia) Matching using Integer Programming 11/14/2016 2 / 30

Solution	
=

Matching?



Matching

Treated Units: T = {t1, . . . , tT }
Control Units: C = {c1, . . . , cC}
Observed Covariates: P = {p1, . . . , pP }

Covariate Values: x

t
=

�
x

t
p

�
p2P , t 2 T

x

c
=

�
x

c
p

�
p2P , c 2 C



Nearest	Neighbor	Matching

Conventional matching methods

Matching using MIP (Z., 2012; J. Amer. Stat. Assoc.)

minimize
m

X

t2T

X

c2C
�t,cmt,c+

X

i2I
!iµi (m)

subject to
X

c2C
mt,c = m, t 2 T

X

t2T
mt,c  1, c 2 C

mt,c 2 {0, 1}, t 2 T , c 2 C
⌫i (m)  "i , i 2 I

José R. Zubizarreta (Columbia) Matching using Integer Programming 11/14/2016 18 / 30

1

e.g. �t,c =
��
x

t � x

c
��
2•

• Easy	to	solve

0  mt,c  1



Balance	Before	After	Matching

Conventional matching methods

Mean balance

Father's Ed (secondary)

Father's Ed (technical)

Father's Ed (college)

Father's Ed (miss)

Mother's Ed (secondary)

Mother's Ed (technical)

Mother's Ed (college)

Mother's Ed (miss)

Hh Income (100−200)

Hh Income (200−400)

Hh Income (400−600)

Hh Income (600−1400)

Hh Income (1400 or more)

Hh Income (miss)

N books (1−10)

N books (11−50)

N books (51−100)

N books (more than 100)

N books (miss)

Female

Indigenous

Indigenous (miss)

Voucher School

Public School

Mid−Low SES school

Mid SES school

Mid−High SES school

High SES school

Catholic school

Rural school

Attendance (decile)

GPA ranking (decile)

SIMCE student (decile)

SIMCE school (decile)

0.0 0.1 0.2 0.3 0.4 0.5

Absolute standardized differences in means

Before matching

Nearest−neighbor matching

José R. Zubizarreta (Columbia) Matching using Integer Programming 11/14/2016 16 / 30



Maximum	Cardinality	Matching

• Very	hard	to	solve	(	and	very	hard	to	understand!	)

max

X

t2T

X

c2C
mt,c

s.t.
X

t2T
mt,c  1, 8c 2 C

X

c2C
mt,c  1, 8t 2 T

X

t2Tp,k

X

c/2Cp,k

mt,c =

X

t/2Tp,k

X

c2Cp,k

mt,c 8p 2 P, k 2 K(p)

mt,c 2 {0, 1} 8t 2 T , c 2 C.

K(p) = {xc
p}c2P [ {xt

p}t2T

Cp,k = {c 2 C : xc
p = k}

Tp,k = {t 2 T : xt
p = k}



Advanced	Maximum	Cardinality	Matching

• Matching	without	matching	variables
• Easy	to	solve:	Small,	but	inherits	matching	properties

K(p) = {xc
p}c2P [ {xt

p}t2T

Cp,k = {c 2 C : xc
p = k}

Tp,k = {t 2 T : xt
p = k}

max

X

t2T
xt

s.t.

X

t2T
xt =

X

c2C
yc,

X

t2Tp,k

xt =

X

c2Cp,k

yc, 8p 2 P, k 2 K(p)

xt 2 {0, 1} 8t 2 T
yc 2 {0, 1} 8c 2 C.



Balance	Before	After	Cardinality	Matching

Conventional matching methods

Mean balance

Father's Ed (secondary)

Father's Ed (technical)

Father's Ed (college)

Father's Ed (miss)

Mother's Ed (secondary)

Mother's Ed (technical)

Mother's Ed (college)

Mother's Ed (miss)

Hh Income (100−200)

Hh Income (200−400)

Hh Income (400−600)

Hh Income (600−1400)

Hh Income (1400 or more)

Hh Income (miss)

N books (1−10)

N books (11−50)

N books (51−100)

N books (more than 100)

N books (miss)

Female

Indigenous

Indigenous (miss)

Voucher School

Public School

Mid−Low SES school

Mid SES school

Mid−High SES school

High SES school

Catholic school

Rural school

Attendance (decile)

GPA ranking (decile)

SIMCE student (decile)

SIMCE school (decile)

0.0 0.1 0.2 0.3 0.4 0.5

Absolute standardized differences in means

Before matching

IP cardinality matching (tol=0.05)

José R. Zubizarreta (Columbia) Matching using Integer Programming 11/14/2016 18 / 30



Can	Also	do	Multiple	Doses

Case study results

Covariate balance: fine balance with 3 doses

Dose
Covariate 1 2 3
Gender

Male 462 462 462
Female 538 538 538

School SES
Low 75 75 75
Mid-low 327 327 327
Medium 294 294 294
Mid-high 189 189 189
High 115 115 115

Mother’s education
Primary 335 335 335
Secondary 426 426 426
Technical 114 114 114
College 114 114 114
Missing 11 11 11

...

José R. Zubizarreta (Columbia) Matching using Integer Programming 11/14/2016 28 / 30

• Dose	
1. No	quake
2. Medium	quake
3. Bad	quake



Relative	(To	no	Quake)	Attendance	Impact

Case study results

Pair di↵erences in outcomes (w.r.t. dose 1): attendance
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Medium	quake Bad	quake



Relative	(To	no	Quake)	PSU	Score	Impact

Medium	quake Bad	quake

Case study results

Pair di↵erences in outcomes (w.r.t. dose 1): PSU scores
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MIP	and	Marketing:
Chewbacca	or	BB-8?



Feature SX530 RX100

Zoom 50x 3.6x

Prize $249.99 $399.99

Weight 15.68	lb 7.5	lb

Prefer � �

Feature SX530 RX100

Zoom 50x 3.6x

Prize $249.99 $399.99

Weight 15.68	ounces 7.5	ounces

Prefer � �

Feature TG-4	 G9

Waterproof Yes No

Prize $249.99 $399.99

Weight 7.36	lb 7.5	lb

Prefer � �

Feature TG-4	 Galaxy	2

Waterproof Yes No

Prize $249.99 $399.99

Viewfinder Electronic Optical

Prefer � �

We	recommend:	

Feature SX530 RX100

Zoom 50x 3.6x

Prize $249.99 $399.99

Weight 15.68	lb 7.5	lb

Prefer � �

Adaptive	Preference	Questionnaires



Choice-based	Conjoint	Analysis	(CBCA)

Feature Chewbacca BB-8

Wookiee Yes No

Droid No Yes

Blaster Yes No

I	would buy	toy � �

x

2
x

1
Product Profile

0

@
0
1
0

1

A = x

2



Preference	Model	and	Geometric	Interpretation

• Utilities	for	2	products,	d	features,	logit model

part-worths

product profile noise (gumbel)

U1 = � · x1 + ✏1 =
Xd

i=1
�ix

1
i + ✏1

U2 = � · x2 + ✏2 =
Xd

i=1
�ix

2
i + ✏2

�1

�2• Utility	maximizing	customer
– Geometric	interpretation	of	preference	
for	product	1	without	error	

� · �
x 1
�
x 2 �

�
0

x

1 ⌫ x

2 , U1 � U2



Next	Question	=	Minimize	(Expected)	Volume

�1

�2

�0

Good estimator for �?
Center of ellipsoid �0

�

Good Question?

1. Choice balance

� �

2. Postchoice symmetry

�

�



With	Error	=	Volume	of	Ellipsoid

Prior distribution

Answer likelihood

Posterior distribution

Prior ellipsoid

Question/Answer

Posterior ellipsoid

f

�
x

1
, x

2
�
:= E

�,x

1 �
/⌫ x

2

⇣
det(⌃

i

)1/p
⌘



Rules	of	Thumb	Still	Good	For	Ellipsoid	Volume

• Choice	balance:
–Minimize	distance to	center	

• Postchoice symmetry:
–Maximize	variance of	question

� �

µ

�

�

(� � µ)0 · ⌃�1 · (� � µ)  r

µ ·
�
x

1 � x

2
�

�
x

1 � x

2
�0 ·⌃ ·

�
x

1 � x

2
�



“Simple”	Formula	for	Expected	Volume

• Expected	Volume	=	Non-convex	function				 of
distance: d := µ ·

�
x

1 � x

2
�

variance: v :=
�
x

1 � x

2
�0 ·⌃ ·

�
x

1 � x

2
�

f(d, v)

Can	evaluate							
with	1-dim	integral	!

f(d, v)



min f(d, v)

s.t.

µ ·
�
x

1 � x

2
�
= d

�
x

1 � x

2
�0 ·⌃ ·

�
x

1 � x

2
�
= v

A

1
x

1 +A

2
x

2  b

x

1 6= x

2

x

1
, x

2 2 {0, 1}n

Optimization	Model

�

�

�

�

�

�

�linearize x

k
i · xl

j

Experimental	Design	with	MIP 50 /	27

Formulation	trick:



Technique	2:	Piecewise	Linear	Functions

• D-efficiency		=	Non-convex	function	 of
distance: d := µ ·

�
x

1 � x

2
�

variance: v :=
�
x

1 � x

2
�0 ·⌃ ·

�
x

1 � x

2
�

f(d, v)

Can	evaluate							
with	1-dim	integral	!

f(d, v)

MIP		formulation

Piecewise	Linear	
Interpolation	



Computational	Performance	

• Advanced	formulations	
provide	an	computational	
advantage

• Advantage	is	significantly	
more	important	for	free	
solvers

• State	of	the	art	commercial	
solvers	can	be	significantly	
better	that	free	solvers

• Still,	free	is	free!

●

Simple Advanced
0.5
1.0
1.5
2.0
2.5
3.0
3.5

Ti
m
e
[s
]

CPLEX

●

Simple Advanced

50
100

500
1000

5000
104
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m
e
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]

GLPK



• How	to	YOU	use	MIP	/	Optimization	/	OR	/	Analytics?	
– Study	for	the	2nd midterm!
– Use	JuMP and	Julia	Opt.
– How	about	grad	school	down	the	river?
• Masters	of	Business	Analytics	/	OR
• Ph.D.	in	Operations	Research

Summary	and	Main	Messages

• Always	choose	Chewbacca!

https://orc.mit.edu



How	Hard	is	MIP?



How	hard	is	MIP:	Traveling	Salesman	Problem	?

166     American Scientist, Volume 104 © 2016 Sigma Xi, The Scientific Research Society. Reproduction 
with permission only. Contact perms@amsci.org.

Science and technology have 
always amazed us with their 
powers and ability to trans-
form our world and our lives. 

However, many results, particularly 
over the past century or so, have dem-
onstrated that there are limits to the 
abilities of science. Some of the most 
celebrated ideas in all of science, such 
as aspects of quantum mechanics and 
chaos theory, have implications for 
informing scientists about what can-
not be done. Researchers have discov-
ered boundaries beyond which science 
cannot go and, in a sense, science has 
found its limitations. Although these 
results are found in many different 
fields and areas of science, mathemat-
ics, and logic, they can be grouped and 
classified into four types of limitations. 
By closely examining these classifica-
tions and the way that these limita-
tions are found, we can learn much 
about the very structure of science. 

Discovering Limitations 
The various ways that some of these 
limitations are discovered is in itself 
informative. One of the more interest-
ing means of discovering a scientific 
limitation is through paradoxes. The 
word paradox is used in various ways 
and has several meanings. For our 
purposes, a paradox is present when 
an assumption is made and then, with 
valid reasoning, a contradiction or fal-

sity is derived. We can write this as:
AssumptionàContradiction. 
Because contradictions and falsehoods 
need to be avoided, and because only 
valid reasoning was employed, it must 
be that the assumption was incorrect. 
In a sense, a paradox is a proof that 
the assumption is not a valid part of 
reason. If it were, in fact, a valid part of 
reason, then no contradiction or false-
hood could have been derived. 

A classic example of a paradox is 
a cute little puzzle called the barber 
paradox. It concerns a small, isolated 
village with a single barber. The vil-
lage has the following strict rule: If you 
cut your own hair, you cannot go to 
the barber, and if you go to the barber, 
you cannot cut your own hair. It is one 
or the other, but not both. Now, pose 
the simple question: Who cuts the bar-
ber’s hair? If the barber cuts his own 
hair, then he is not permitted to go to 
the barber. But he is the barber! If, on 
the other hand, he goes to the barber, 
then he is cutting his own hair. This 
outcome is a contradiction. We might 
express this paradox as:
Village with ruleàContradiction. 

The resolution to the barber paradox 
is rather simple: The village with this 
strict rule does not exist. It cannot exist 
because it would cause a contradic-
tion. There are a lot of ways of getting 
around the rule: The barber could be 
bald, or an itinerant barber could come 
to the village every few months, or the 
wife of the barber could cut the bar-
ber’s hair. But all these are violations 
of the rule. The main point is that the 
physical universe cannot have such a 
village with such a rule. Such playful 
paradox games may seem superficial, 
but they are transparent ways of ex-
ploring logical contradictions that can 

exist in the physical world, where dis-
obeying the rules is not an option.

A special type of paradox is called 
a self-referential paradox, which results 
from something referring to itself. The 
classic example of a self-referential 
paradox is the liar paradox. Consider 
the sentence, “This sentence is false.” 
If it is true, then it is false, and if it is 
false, then because it says it is false, it 
is true—a clear contradiction. This par-
adox arises because the sentence refers 
to itself. Whenever there is a system 
in which some of its parts can refer 
to themselves, there will be self-refer-
ence. These parts might be able to ne-
gate some aspect of themselves, result-
ing in a contradiction. Mathematics, 
sets, computers, quantum mechanics,  
and several other systems possess 
such self-reference, and hence have as-
sociated limitations. 

Some of the stranger aspects of 
quantum mechanics can be seen as 
coming from self-reference. For ex-
ample, take the dual nature of light. 
One can perform experiments in which 
light acts like a wave, and others in 
which it acts like a particle. So which 
is it? The answer is that the nature of 
light depends upon which experiment 
is performed. Was a wave experiment 
performed, or was a particle experi-
ment performed? This duality ushers 
a whole new dimension into science. 
In classical science, the subject of an 
experiment is a closed system that re-
searchers poke and prod in order to de-
termine its properties. Now, with quan-
tum mechanics, the experiment—and 
more important, the experimenter— 
become part of the system being mea-
sured. By the act of measuring the 
system, we affect it. If we measure for 
waves, we affect the system so that we 

Noson S. Yanofsky is a professor of computer and 
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Quantum Computing for Computer Scientists 
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of The Outer Limits of Reason: What Science, 
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Press, 2013). Email: noson@sci.brooklyn.cuny.edu

Paradoxes, Contradictions, 
and the Limits of Science 
Many research results define boundaries of what cannot be known, predicted, or 
described. Classifying these limitations shows us the structure of science and reason. 

Noson S. Yanofsky

“A computer would have to 
check all these possible routes 
to find the shortest one.” 



MIP	=	Avoid	Enumeration

• Number	of	tours	for	49	cities	
• Fastest	supercomputer
• Assuming	one	floating	point	operation	per	tour:

• How	long	does	it	take	on	an	iphone?
– Less	than	a	second!
– 4	iterations	of	cutting	plane	method!
– Dantzig,	Fulkerson	and	Johnson	1954	did	it	by	hand!
– For	more	info	see	tutorial	in	ConcordeTSPapp
– Cutting	planes	are	the	key	for	effectively	solving	(even	NP-
hard)	MIP	problems	in	practice.

= 48!/2 ⇡ 1060

⇡ 10

17
flops

> 10

35
years ⇡ 10

25
times the age of the universe!



50+	Years	of	MIP	=	Significant	Solver	Speedups	

• Algorithmic	Improvements	(Machine	Independent):
– CPLEX v1.2	(1991)	– v11	(2007):	29,000x	speedup
– Gurobi v1	(2009)	– v6.5	(2015):	48.7x	speedup	
– Commercial,	but	free	for	academic	use

• (Reasonably)	effective	free	/	open	source	solvers:
– GLPK,	COIN-OR	(CBC)	and	SCIP	(only	for	non-commercial)	

• Easy	to	use,	fast	and	versatile	modeling	languages
– Julia	based	JuMP modelling	language
– http://julialang.org
– http://www.juliaopt.org
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2. Modeling Piecewise Linear Functions

An appropriate way of modeling a piecewise linear function f :D ⇢ Rn ! R is to model its epi-

graph given by epi(f) := {(x, z) 2D⇥R : f(x) z}. For example, the epigraph of the function in

Figure 2(a) is depicted in Figure 2(b).
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Figure 1 A continuous piecewise linear function and its epigraph as the union of polyhedra.
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Figure 2 A continuous piecewise linear function and its epigraph as the union of polyhedra.

For simplicity, we assume that the function domain D is bounded and f is only used in a

constraint of the form f(x) 0 or as an objective function that is being minimized. We then need

a model of epi(f) since f(x) 0 can be modeled as (x, z) 2 epi(f), z  0 and the minimization of

f can be achieved by minimizing z subject to (x, z)2 epi(f). For continuous functions we can also

work with its graph, but modeling the epigraph will allow us to extend most of the results to some

discontinuous functions and will simplify the analysis of formulation properties.

Simple	Formulation	for	Univariate	Functions
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2. Modeling Piecewise Linear Functions

An appropriate way of modeling a piecewise linear function f :D ⇢ Rn ! R is to model its epi-

graph given by epi(f) := {(x, z) 2D⇥R : f(x) z}. For example, the epigraph of the function in

Figure 2(a) is depicted in Figure 2(b).
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Figure 1 A continuous piecewise linear function and its epigraph as the union of polyhedra.
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Figure 2 A continuous piecewise linear function and its epigraph as the union of polyhedra.

For simplicity, we assume that the function domain D is bounded and f is only used in a

constraint of the form f(x) 0 or as an objective function that is being minimized. We then need

a model of epi(f) since f(x) 0 can be modeled as (x, z) 2 epi(f), z  0 and the minimization of

f can be achieved by minimizing z subject to (x, z)2 epi(f). For continuous functions we can also

work with its graph, but modeling the epigraph will allow us to extend most of the results to some

discontinuous functions and will simplify the analysis of formulation properties.

Advanced	Formulation	for	Univariate	Functions
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